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Fractal patterns, cluster dynamics, and elastic properties of magnetorheological suspensions

J. L. Carrillo, F. Donado, and M. E. Mendoza
Instituto de Fı´sica de la Universidad Auto´noma de Puebla, Apartado Postal J-48, Puebla 72570, Puebla, Me´xico

~Received 5 March 2003; revised manuscript received 30 July 2003; published 24 December 2003!

We study pattern formation and the aggregation processes in magnetorheological suspensions in the presence
of a static magnetic field, and some of their associated physical properties. In particular, we analyze the elastic
modes as a function of the intensity of the applied field and for several particle concentrations. We observe that
the clusters formed in these systems have multifractal characteristics, which are the result of three well defined
stages of the aggregation process. In these stages three generations of clusters are produced sequentially. The
structure of the suspension can be well characterized by its mass fractal dimensions and the mass radial
distribution. The size distribution of the second-generation clusters written in terms of their mass fractal
dimension allows us to calculate the sound speed of the longitudinal modes in the large wavelength regime.
This multifractal analysis applied to several kinds of aggregates reveals that the occurrence of at least three
stages of aggregation is a common feature to several physical aggregation processes.
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I. INTRODUCTION

During the last few years rheological suspensions of
polar particles have been a subject of great interest for b
as well as for applied research. The many body interacti
among the particles, which cause the complex structure
the suspension, and the link between this structure and
macroscopic physical properties of the system, still pres
several unanswered fundamental questions@1#. Upon the ap-
plication of an external magnetic field, magnetorheologi
suspensions~MRS’s! suffer a quasireversible transition from
a liquid system to almost a solid body in times of the order
a few milliseconds. Obviously, this change in the mechan
properties of the dispersion is due to the structure formed
the particles. The understanding of these phenomena req
of some insights in the knowledge about the behavior
systems of interacting dipolar particles. In the presence o
external field, the MRS’s acquire a fibrous structure, wh
sometimes has been described as bunches of chains fo
by piledup particles@2#. However, it has been theoretical
discussed that for dipolar particles this situation is poss
only as a limiting law case, under the conditions of lo
particle concentration and intense applied field@3#. However,
experimental results indicate that in more general conditio
the acquired cluster structure in the dispersion is in f
much more complex.

It has been found in many classes of condensed ma
systems that clusters produced by an aggregation proces
hibit a structure where a statistical short range order ex
However, at larger scales there appears a symmetry dila
which confers a fractal feature to the structure@4#. Moreover,
there exists evidence that also some complex fluids, in
ticular the magnetorheological suspensions in the presenc
a magnetic field, arrange locally in hcc or in tetragonal str
tures @2#, although, in some of those complex systems
larger scales, fractal characteristics of the clusters have b
observed@2,5,6#. It has been shown that there exists a re
tionship between the hierarchical nature of the structure
the aggregation processes which generate it@5#. The internal
structure of the clusters is determined by several factors s
1063-651X/2003/68~6!/061509~8!/$20.00 68 0615
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as the intensity of the interaction among the particles,
interaction with external fields, the thermal energy, the liqu
viscosity, the polarizability, the shape, the mean size, and
main symmetries of the suspended particles. Some mo
have been proposed to describe the structure of rheolog
fluids @2,7#. In most of these models, however, a simplific
tion in the calculation of the rheological response and
physical properties of the suspension is introduced, nam
it is assumed that, under the application of a magnetic fi
the particles in the system form an ordered structure.
though, it has been observed that a complex structur
formed even for small concentrations, aboutf50.01 in vol-
ume fraction@3,8,9#. We have observed that clustering
ordered structures is only the first one, of at least th
stages, of the aggregation processes which build up the s
ture in a MRS.

In this work we discuss our observations of pattern f
mation and its relationship with some of the physical pro
erties of the MRS, particularly with the elastic propertie
First, we briefly describe the preparation and characteriza
of the iron oxide particles which we use for the rheologic
suspensions. Then, we discuss our observations by op
microscopy of complex pattern formation in the MRS i
duced by the applied field. The observed patterns are c
acterized by means of their mass fractal dimension and
radial mass distribution. On this basis, we discuss how
intensity of the applied magnetic field and other exter
parameters can change the cluster structure. By using a
fective media approach we calculate the elastic propertie
the suspension. Our attention is focused on the propaga
of elastic perturbations in these systems. The sound spee
the suspension under different physical conditions is stud
Finally, we discuss the application of our multifractal ana
sis to other condensed matter aggregates. We found tha
occurrence of at least three stages of aggregation is a c
mon feature to the aggregation process in several phys
systems.

II. AGGREGATION PATTERNS

For the preparation of the MRS we synthesize iron ox
particles (Fe3O4) of prismatic morphology by means of
©2003 The American Physical Society09-1
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coprecipitation procedure. These particles are obtained
precipitates in a small volume reaction of aqueous soluti
of ammonium oxalate, iron~III ! nitrate, and iron~II ! chlo-
ride, followed by thermal decomposition. We used x-ray d
fraction to determine the obtained phases. The difractogr
show the presence of magnetite and some traces
maghemite. Figure 1, shows a scanning electron microsc
~SEM! photograph of the particles. Note the unusual pr
matic habit of the particles. They are homogenous in fo
and with a sharp distribution of sizes about 10mm @10#. To
prepare the MRS, these particles were dispersed in silic
oil. To be able to observe the structure by optical micr
copy, we use low particle concentrations, less than 0.1
volume fraction.

Using cover glass we prepare square cells, 15-mm w
and 1-mm thick, to contain the dispersion. To observe
pattern formation, one of these cells is set on the stage o
optical microscope and the magnetic field is applied us
electromagnets. We use the light transmitted mode for
observations.

The process of pattern formation is filmed with a digi
camera. We observe the whole process, beginning some
before applying the field. In absence of the applied field
particles are homogeneously dispersed in the silicone oil
we can observe the individual particles moving through
liquid. The processes of aggregation when the field is tur
on are as follows: the magnetization induced in the partic
produces an attraction among nearest neighbors, which l
to the aggregation of particles. This clustering process dri
by the dipolar interaction occurs throughout the system, p
ducing relatively small first-generation clusters, whose str
ture is often crystallinelike arranged. In this latter aspect
observations agree with the results of some reported num
cal simulations which indicate that the structure of the s
tem is statistically and locally ordered@2#.

After this relatively rapid aggregation stage there follo
the aggregation of the first-generation clusters. Now, due
the larger average diameter of the clusters, viscosity eff
become more important. Also, as a consequence of the fi
size of the particles and the noncompact structure of the c

FIG. 1. Iron oxide particles with prismatic habit used in t
preparation of the MRS.
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ters, the dipolar interaction intensity and range do not sc
with cluster size. Hence, due to the relatively short range
the dipolar potential, the mechanical interactions amo
clusters, and the viscosity effects, the order of the structur
lost in this aggregation stage. More properly described, th
occurs a symmetry dilation in the structure of the seco
generation clusters formed in this stage. We have observ
third aggregation stage. In this stage, second-generation
ters aggregate and rearrange to form the final fibrous st
ture of the dispersion. One expects that this sequence
stages or patterns of aggregation would be correlated w
the change in the rheological behavior of the system, wh
the first and second aggregation stages would contribut
these changes. Note that these patterns and their relation
the interactions driving the aggregation processes are as
pected in the time evolution of an out of equilibrium syste
namely, the more intense the interaction, the shorter the t
in which its effect is felt.

Since the first-generation clusters are the building blo
for the second- and the third-generation clusters, this imp
that, locally, throughout the fibrous structure, there exist s
tistically ordered small arrays of particles. The average ra
of this order is as long as the mean size of the first-genera
clusters.

The existence of this statistical local order has been u
ally interpreted as the formation of chains or bunches
chains along the system. We have observed in MRS of p
matic, but also of spheroidal magnetic, particles that the c
ters of the different generations exhibit some asymmetry
their shape; they are usually longer in the direction of
applied field. This has been interpreted as the incomp
aggregation of chains@11#. There has been some discussi
regarding the cause of this asymmetry. It has been arg
that in the aggregation process, the hydrodynamic inte
tions cause anisotropic diffusion of the particles along a
normal to their axes@12#. Due to the presence of the stat
magnetic field the aggregation process driven by dipolar
teractions is essentially anisotropic for any shape of the p
ticles. For no very low particle concentration (f.0.01), not
only the hydrodynamic interactions might contribute to t
loss of order in the structure, but also some other phenom
of entropic nature. For instance, in the aggregation proc
the particles or clusters, in its respective stage of aggre
tion, obstruct each other denying an ordered arrangemen

To specify and quantify the features of this pattern form
tion, we measure the cluster mass fractal dimensionD, de-
fined by the well known power lawm;r D, wherem is the
mass contained in a circle of radiusr. To measure the fracta
dimension of the complex structure generated in the sys
by the application of a magnetic field, we proceed as follow
From the sequences of digital video we take some picture
different regions of the structure in its final configuratio
Then we make an image treatment to obtain a more c
trasted image, so as to define only one plane of the struc
Then, we draw a number of equally separated concen
circles, starting with a circle of diameter of the order of t
mean size of the particles, up to circles as large as the ob
vation field allows, the separation between contiguous circ
being also of the order of the particle mean size. Provid
9-2
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FRACTAL PATTERNS, CLUSTER DYNAMICS, AND . . . PHYSICAL REVIEW E68, 061509 ~2003!
that the number of pixels is proportional to the mass in
given element of area, we count the number of pixels c
tained in the circles. We repeat this procedure taking dif
ent sites, arbitrarily chosen, as centers of the set of circ
For all the sites we obtain relatively close values for t
corresponding number of pixels. However, in order to av
the effects of small local inhomogeneities and, mainly,
statistically capture the trends of the global structure,
average the number of pixels obtained for the correspond
circles for all the sites in the structure. Empirically we ha
found that a set of 30 circles and 10 sites is enough to ob
no significant differences. In this way, we determine t
mass fractal dimension, characteristic of the stages of ag
gation by which the hierarchical structure of the system
formed.

Figure 2 shows the behavior of the mass fractal dimens
for two particle concentrations, 0.04 and 0.06 in volum
fraction, and for different intensities of applied field. Ther
we have depicted the graph of log10Ni versus log10r i , where
Ni is the number of pixels contained in the circle of radi
r i . Note that for both cases the corresponding graph
three clearly distinguishable portions, associated to the th
aggregation stages mentioned above.

Each portion has a linear behavior and has been fitted
a straight line using the least squares method, consideri
statistical error given by the dispersion of the log10Ni values
for the respectiver i . The lower curve corresponds to a MR
of Fe3O4 particles dispersed in silicone oil with a volum
fraction off50.04 with an applied magnetic field of 700 G
the upper one to a volume fraction off50.06. We have
shifted the figures vertically to make the comparison cle
Note the close similarity between both curves, show
straight portions revealing clearly similar aggregation p
cesses yielding the hierarchical patterning. The change
the aggregation stages are more evident in the radial sca
of the mass density. The inset shows the behavior of the m
radial distribution log10(Ni2Ni 21) as a function of log10 r i ,
corresponding to the lower curve. On the right side of

FIG. 2. log10N versus log10r for structures formed in a magne
torheological system, for two particle volume fractions, lower cu
f50.04 and upperf50.06. The values ofr are expressed in term
of the particle mean sizes. Inset: log10(Ni2Ni 21) vs log10 r i cor-
responding to the lower curve. Right side, micrographs of the c
ter structure:~a! 700 G and~b! 400 G, both of them withf
50.06. ~c! 500 G and~d! 400 G, both withf50.04.
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figure appear pictures of agglomerates in a MRS for differ
conditions:~a! 700 G and~b! 400 G, both with a volume
fraction f50.06. ~c! 500 G and~d! 400 G, both withf
50.04. The elongated structures observed in the pictures
the second-generation clusters. We have noted that the a
age length of these substructures has some dependenc
the intensity of the applied field.

Because the aggregation processes are driven essen
by dipolar interactions, with the corresponding scaling
the different generations, one may expect that the aver
size of the clusters, and their average formation time, sho
depend on the volume fraction as well as on the applied fi
intensity.

Figure 3 shows the average sizer g1
of the first-generation

clusters as a function of the applied magnetic field for t
values of the volume fraction, as well as the correspond
situation for the second-generation clusters. From Figs. 2
3 one may infer that the volume fraction and the applied fi
intensity are important parameters which determine
ranges in which the aggregation processes are predomin
individual particle aggregation, and this in turn determin
the average size of the statistically ordered first-genera
structures, yielding a change in the average size of
second-generation clusters. However, for the third-genera
structures the relative changes in the average size are m
smaller. We have extended the measurements to 55 cir
with the same separation as before and the trend observe
radii larger thanr g2

remains the same. This characterizati
of the different stages of the pattern formation clearly exh
its the multifractal nature of the structure and allows us
determine the average size of the substructures in the sys
Obviously, the interaction among these substructures m
determine some of the physical properties of the system

We have also studied how the cluster geometrical cha
teristics are affected by external variables such as the t
perature, the field intensity, and the particle concentrati
Due to the micrometric size of the particles, the thermal r
domization of the magnetization can be neglected. Howe
we observed that the speed of the aggregation process

s-

FIG. 3. The average size of the first-generationr g1
and the

second-generation clustersr g2
in a magnetorheological system as

function of the applied field for two values of the volume fractio
9-3
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CARRILLO, DONADO, AND MENDOZA PHYSICAL REVIEW E68, 061509 ~2003!
influenced by the temperature, rather than by the shap
size of the clusters. This effect is more noticeable at l
temperatures, in the range where the viscosity of silicone
increases.

By using videomicroscopy a direct measurement of
times characteristic of the aggregation stages is rather d
cult, except for very low particle concentration (f,0.01).
Nevertheless, even in this range of low particle concentra
it is possible to observe that the characteristic times decr
with the increasing of the particle concentration. This co
be understood by considering that the characteristic times
mainly determined by the intensity of the applied field, t
volume fraction, and the viscosity of the liquid, becau
these three factors must strongly determine the intensit
the interaction driving the aggregation at the different stag
namely,t i;1/Vi , Vi being the interaction potential magn
tude and the subindexi labels the aggregation stages. It fo
lows that, for the first stage, where the dipole interact
produces the particle aggregation, one may expect a de
dencet1;r 3, r being the distance between two particle
Then, because of the dependence ofr on the volume fraction
we are led tot i;f21. On the other hand, one may expe
that the viscosity effects become important as the charac
istic diameter of the moving clusters increases. Conside
Stokes approximation, it is easily seen that the character
times of the aggregation at the different stages must be
portional to the effective diameter of the aggregating e
ments, namely,t i;s i , with s i being s, r g1, and r g2, re-
spectively. This allows us to obtain the following simp
relation among the characteristic times

t1

t2
;

s

r g1
,

t1

t3
;

s

r g2
. ~1!

The values ofr g1 and r g2 can be obtained from the multi
fractal analysis as shown in Figs. 2 and 3. Measured tim
for the formation of the structure in MRS of about 100 m
have been reported@13#. Assuming a volume fraction suc
that the formation of the third-generation clusters takes
characteristic time, one obtains by using the above relati
the following estimated characteristic times for the format
of the first- and second-generation clusters:t1'6 ms and
t2'35 ms.

The kinetics of the aggregation processes of dipolar m
netic particles has been studied both theoretically@12# and
experimentally @14,15#, under several schemes and tec
niques. In particular the time scaling regimes in the aggre
tion of magnetic dipolar particles have been studied
means of scattering dichroism. It is worth noting that also
those dynamical conditions, different time scaling regim
are detected@15#.

In the low particle concentration condition, secon
generation clusters are substructures whose shape is cl
distinguishable in the global structure of the dispersion.
search for the effect of the intensity of the applied field
the fractal properties of the second-generation clusters
Fig. 4 we show our measurements of the mass fractal dim
sion of three dimensional second-generation clusters D2g as a
function of the applied field. The mass fractal dimension
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the three-dimensional clusters can be estimated from
measured values of the two-dimensional ones, by mean
the relationD353/2D2. It is an easy task to prove that th
relation is exact for Cantor-like fractal structures.

Note that for this range of relatively small magnitudes
applied field, the fractal dimension of the second-genera
clusters does not exhibit a definite dependence. Howeve
is clear that the mass dimension does depend on the pa
concentration.

The above results lead us to assume that, given a par
concentration,D2g depends only on the fundamental symm
tries of the particles and on their magnetic properties. Si
these particles have soft magnetic properties, in this rang
applied field, the polarizability does not change drastica
This is why the mass fractal dimension does not show
strong dependence on the magnitude of the applied field

III. ELASTIC PROPERTIES

Presently, the study of classical waves propagating
complex condensed matter systems is a subject of great
evance. Despite the fact that this has been a topic wid
studied for long time, the novel techniques and the capab
ties of finely controlling the characteristics of the compl
media have made it possible to find new surprising and
teresting results and a vast amount of data@16#.

In the calculation of the elastic properties of the fibro
structure acquired by the rheological dispersion in the pr
ence of an external magnetic field, the complex structur
often treated as an arrangement of chains, or, in the oppo
extreme, as homogeneous dispersion. However, these c
models of the structure predict quantitatively wrong elas
properties. We wish to explore how the multifractal clus
nature of the structure can be incorporated into the calc
tions.

According to Fig. 3 the typical size of the secon
generation clusters is about 10 or 20 times the particle m
size. Consequently, one expects that these clusters m

FIG. 4. The three-dimensional fractal dimension of the seco
generation clusters as a function of the applied field, for two val
of the volume fraction: triangles,f50.04 and dots,f50.06.
9-4
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FRACTAL PATTERNS, CLUSTER DYNAMICS, AND . . . PHYSICAL REVIEW E68, 061509 ~2003!
have an important role in determining some of the ela
properties of the rheological dispersions. To investigate
situation, we measure directly from the photographs the
of the second-generation clusters and construct a size
quency distribution; then, we compare it with the results o
tained from the analysis of the mass fractal behavior, as
pears in Fig. 3.

Figure 5 shows the measured cluster longitudinal-size
tribution for an applied magnetic field of 500 G and for
volume fractionf50.06. In the same sample we made t
measurement of the cluster size distribution for another va
of the applied field~350 G!, previously redispersing the sus
pension. From the comparison of the envelops, which
pears in the inset, one sees that, as expected, the mos
quent cluster size increases with the intensity of the app
field. Note that the agreement of these measurements
the second-generation cluster size predicted by the multif
tal analysis, Fig. 3, is quite good. However, we think that
estimation of the average size via the fractal dimension
more reliable procedure, since, in the direct measuremen
the cluster size in the photographs, one introduces some
with the choice of the ending part of the clusters, for tho
portions of them that touch or overlap with other clusters

It has been shown that in systems with complex corre
tions, the expected distribution of the relevant physical qu
tities has the formf (x)5Cxpep(q), p andq being real num-
bers @17#. The following phenomenological expressio
which fits well the measured second-generation cluster
distribution, can be obtained by using some heuristic ar
ments:

R~x!5a~f!xDle2D/l. ~2!

Herel5Bm/kT is the ratio of the magnetic to the therm
energy,m being the particle magnetization,B the local mag-
netic field, which can be estimated by means of a Weiss-
mean field approximation,T is an effective temperatur
which incorporates the viscosity effects, andD is the mass

FIG. 5. The measured size distribution of the second-genera
clusters for a volume fractionf50.06. Inset: Comparison of th
size distribution for two different intensities of applied field, 350
~left! and 500 G~right!.
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fractal dimension. SinceD can be measured andl estimated,
there are no free or fitting parameters in this expression.
worth remarking that the most frequent cluster size isS
5l2, and the quantitya(f) is a constant which can b
calculated by means of a normalization condition@18#.

We have found that for low to moderate intensities
applied magnetic field, 500–5000 G, the above express
fits well the frequency size distribution of the thre
dimensional second-generation clusters formed in disp
sions of iron oxide particles, with a size distribution in th
range 10–40mm @18#. In fact, the envelops of the measure
distributions, which appear in Fig. 5, were calculated us
this expression. Furthermore, we have found that Eq.~2!
describes accurately the cluster size distribution in MRS p
pared with iron particles and also, under similar conditio
of particle concentration and moderate intensities of app
electric field, in electrorheological dispersions@19#. In this
sense, Eq.~2! reveals a general trend in the aggregation p
cesses and in the pattern formation in dispersions of dip
particles.

We search now the role played by the clusters of differ
generations, in the elastic properties of a rheological disp
sion in the presence of a magnetic field.

Sound speed

The elastic properties of a MRS are determined by
interactions among the particles and among the clusters o
generations. The elastic response of the system will dep
on the wavelength of the elastic perturbation propagat
through the dispersion. We focus our attention in the lo
wavelength elastic perturbations by which sound propag
in complex liquids. For these elastic perturbations, w
wavelength much larger than the particle mean size, so
approximations are commonly used. Provided that diss
tive effects can be neglected, one may adopt one of the s
plest effective media approximations to calculate the so
speed. We assume that the system behaves as a contin
medium with effective elastic modulus and density; then,
sound speed can be evaluated by means of the expre
@20#

v5S b

r D 1/2

, ~3!

where the effective density is given by

r5frs1~12f!r f ~4!

and the effective elastic modulus is

b5bs
21f1b f

21~12f!, ~5!

where the subindex labels the solid and liquid phases.
For dispersions of smaller particles, in the regime

wavelength much larger than the particle mean size, only
elastic longitudinal mode is expected to propagate. Also,
cause the fluid does not support any shear, transversal m
cannot exist in these systems. However, still in this regim

n

9-5
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CARRILLO, DONADO, AND MENDOZA PHYSICAL REVIEW E68, 061509 ~2003!
one could expect that the intensity of the applied field h
some influence on the elastic longitudinal mode in MRS.

The surprising and intriguing observation of two longit
dinal elastic modes propagating in a magnetorheolog
slurry in the long wavelength regime@21# has been reported
One of them, called the first mode, was associated with
expected sound propagation through channels in the s
ture, where essentially the oil is the medium which suppo
the elastic perturbation. This is because the propaga
speed of this mode was measured to be close to the s
speed in the pure liquid.

The unexpected second mode was observed to be sl
than the first one and appears only in the presence o
applied magnetic field. It was associated with the propa
tion of sound through the fibrous structure formed by
particles. The propagation speed of both modes was
served to depend on the intensity of the applied magn
field @21#.

The simple effective media approximation, Eqs.~3!–~5!,
was used to describe the first one of the observed mode
provides an accurate description of the experimental res
for the sound speed, as a function of the particle volu
fraction and as a function of the applied field intensity@21#,
however, it fails to describe correctly the second mo
propagation. We now proceed to incorporate the multifrac
nature of the MRS structure in the study of the propagat
of elastic modes.

IV. RESULTS AND DISCUSSION

To calculate the sound speed for the two observed lo
tudinal modes we assume that the first mode propag
through almost clear oil channels. Considering only the
erage value of the density, we obtain a better agreement
the measured results in comparison to those obtained by
ing the effective values for the density and the elastic mo
lus @21#. For weak magnetic fields, the oil channels contai
dilute dispersion of iron particles, which affects only the i
ertial properties of the composite medium, namely, the va
of the density, but it does not not modify the elastic prop
ties. This would be more suitable for high magnetic fiel
because as we have discussed above, cluster size incr
with the magnetic energy, and then, more particles stick
the clusters, fewer of them remaining in the oil channels. T
second mode was associated with the propagation of an
tic mode through the fibrous structure of the suspension
calculate the sound speed of this second mode, we use
same effective media approximation but model the system
a suspension of effective macroparticles~second-generation
clusters! dispersed in the oil. We need then to evaluate
effective density and elastic modulus of the seco
generation clusters. This can be easily done by conside
the mass scaling and the second-generation cluster m
size, and the following procedure to evaluate the elastic c
stant of the clusters in terms of a first-neighbors magn
interaction. The dipolar force between two magnetic sphe
whose centers are separated by a distancer is given by
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r 4
, ~6!

wherem0 is the magnetic permeability andms is the mag-
netic polarization of the spheres.

Dividing this expression by the cross section area of
structure formed by the second-generation clusters, the
gitudinal stress is obtained. Then, taking the derivative w
respect to the longitudinal strain, namely,r (]/]r ), one ob-
tains the elastic modulusb5 2

3 m0M2, M being the cluster
magnetization.

We have conducted experiments with iron spheroidal p
ticles dispersed in glycerine, our multifractal analysis repo
very similar results to those obtained for iron oxide prisma
particles dispersed in silicone oil, namely, the mean clus
size of each generation has practically the same value. A
the scaling behavior is closely the same. These charact
tics are shown in Fig. 6. In the right side of this figure the
is a picture of the structure of a MRS prepared with ir
particles, with average size about 20mm, dispersed in glyc-
erine, with a volume fractionf50.06, and applied field of
650 G. There appears also a micrograph of individual p
ticles. The mass scaling behavior is shown in the left s
with a graph of log10Ni versus log10 r i . Comparing with Fig.
2, one observes the very close agreement, even quan
tively, between both MR systems. The mass fractal dim
sion as a function ofr appears in the inset, showing clear
the different mass scaling regions corresponding to the
gregation stages.

In Fig. 7~a! we show our results for the sound speed
both modes as a function of the volume fraction of the s
pended particles. The dots and the dashed line are the ex
mental results for the first and second modes, respecti
@21#. The continuous lines are the results obtained by
effective media approximation, Eqs.~2!–~5!, averaging only
the density for the first mode, and considering seco
generation clusters as macroparticles dispersed in the oi
the second one. The scale for this second mode appears
right side. The arrow indicates the particle volume fracti
used for the measurements of the sound speed in terms o
applied field@21#.

FIG. 6. log10N vs log10r for structures formed in MRS prepare
with iron spheroidal particles dispersed in glycerine,f50.06. The
values ofr are expressed in terms of the particle mean sizes. Inset:
The mass fractal dimension as a function ofr. Right side: Micro-
graphs of the cluster structure~a! and particles~b!.
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FRACTAL PATTERNS, CLUSTER DYNAMICS, AND . . . PHYSICAL REVIEW E68, 061509 ~2003!
Figure 7~b! shows our results~continuous line! for the
sound speed as a function of the intensity of the magn
field. Dots and squares are the measured values@21# for in-
creasing and decreasing intensities, respectively.

V. SIMILARITIES WITH OTHER AGGREGATES

Using the procedure discussed in Sec. II, we have a
lyzed some other cluster structures formed by aggrega
processes, after considering the proper changes in the s
for the analysis. We have found in all of them a behavior
the fractal dimension analogous to that of the MRS discus
with relation to Fig. 2. In Fig. 8 we show a comparison of t
fractal dimension for clusters of~a! an aggregate of coagu
lated blood,~b! a tetraethoxisilane~TEOS! gel, and ~c! a
cluster numerically generated by diffusion limited aggreg
tion ~DLA !.

Except for case~c!, we note a qualitatively analogou
behavior to that found for the MRS aggregates. Again, th
are three different stages clearly differentiated. We conclu
then, that this procedure of analyzing the fractal dimens
of the final structure in complex systems allows us to sta
tically define the stages of the aggregation processes as
ated to the predominant interactions, as well as the ave
size of the clusters of the respective generations. Some
lated results had been obtained for aggregates of smaller
ticles @4,5,22#.

The cluster generated by DLA exhibits qualitatively im
portant differences. One of them is that the whole structur
accurately described by a single fractal dimension. One m
conclude that DLA, in general, is not able to describe r
aggregation processes, because DLA does not account p

FIG. 7. ~a! The sound speed of the first and second modes
function of the particle volume fraction. The scale for the seco
mode appears at the right side.~b! The sound speed for the secon
mode as a function of the field intensity. Dots and squares are
measured values for increasing and decreasing intensities, re
tively
l
to
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erly for the scaling of the different variables and also beca
it does not incorporate information, of entropic nature,
instance, which could be determinant factors, at least
clusters formed by weakly interacting particles.

In the case of aged TEOS gels and making a more
tailed multifractal analysis, we have observed a poss
fourth stage suggested by the trend of its fractal dimens
In this later stage the patterning indicates an aggregation
cess which yields a structure whose mass fractal dimen
tends to reach its maximum value. We have analyzed sev
kinds of aged gels and we obtain this trend invariably. W
suggest that this behavior could be associated to the s
events of aggregation in the latest polymerization ste
Analogous conclusions for the scaling behavior in gels h
been obtained from studies by small angle x-ray scatte
SAXS, performed on silica aerogels@23# and from dynami-
cal analysis by static light scattering and dynamic light sc
tering, of the aging processes on colloidal gels@24#.
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FIG. 8. For different systems formed by aggregation proces
the behavior of the fractal dimension exhibits similar characte
tics. Curve~a! a coagulated blood cluster,~b! a TEOS gel cluster,
and ~c! a cluster obtained numerically by DLA.
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