
PHYSICAL REVIEW E 68, 061203 ~2003!
Structural transformations in ferrofluids

A. Yu. Zubarev* and L. Yu. Iskakova
Ural State University, 620083 Ekaterinburg, Russia

~Received 2 July 2003; published 18 December 2003!

We present results of theoretical study of internal structural transformations in magnetic liquids consisting of
identical spherical magnetic particles suspended in a carrier liquid. As the results show, when the dimensionless
characteristic energy of magnetic interaction« between particles is less than a certain critical value«8, the
system of particles is in spatially homogeneous state with linear chainlike aggregates. When« exceeds«8, bulk
droplike aggregates, consisting of large number of particles, can occur in this system. The critical parameter«8
decreases when external magnetic field increases. This means that, in accordance with all known experiments,
magnetic field stimulates the phase separation. Our estimates of«8 are in agreement with magnitudes of the
parameter of interaction between particles in typical ferrofluids where these phase transitions have been
observed experimentally. Analysis shows that the bulk dense structures can occur provided that the total
numberN of particles in the system exceeds a threshold valueN8, which is about a thousand by order of
magnitude. We think that this result explains why the bulk dense clusters, observed in many real experiments,
have never been observed in three-dimensional computer simulations of ferrofluids—the total number of
particles in these simulations was too small to provide the formation of bulk structures.

DOI: 10.1103/PhysRevE.68.061203 PACS number~s!: 75.50.Mm, 45.20.Dd, 47.50.1d
To
d
e
u
n
o

s
st

s
m
p
e

on
s

fo
e
ns
at

id

s
e

er

ro
lon
bo

the
e

na-
he
the
ure
ther

eri-
as

ens
ase

er
es,
en-

ical
s is
eg-
to
can
the
peri-
k-

face
over,
the
ons

the
all-
g-
be-
t be
eri-
I. INTRODUCTION

Ferrofluids ~magnetic liquids, ferrocolloids! are stable
colloidal suspensions of fine~about 10 nm in diameter!
single-domain ferromagnetic particles in a carrier liquid.
prevent coagulation of the particles under molecular van
Waals forces, they are covered by special polymer lay
screening this interaction. The typical thickness of the s
face layers is 2–3 nm. As a result only magnetodipole a
steric interactions act between the particles. A rich set
unique and valuable, for modern technologies, propertie
ferrofluids attracts a rising interest of engineers and inve
gators to these systems.

Many experiments~see, for example, Refs.@1–8#! dem-
onstrate that ferrofluids exhibit a rich phase behavior a
function of temperature, magnetic field, and physical para
eters of the systems. When magnetic interaction between
ticles is sufficiently strong, they form various bulk droplik
aggregates consisting of tremendous, up to several milli
number of the particles. Magnetic field stimulates the
transformations and elongates the aggregates along its
lines. Because of tremendous number of particles in th
‘‘drops,’’ they can be considered as domains of new de
phase, and their appearance as a first-kind condens
phase transition in the ensemble of the particles.

The first theories of the phase transitions in ferroflu
were suggested in Refs.@9–12#. All these models, being
quite different, have a point in common—they treat the
phenomena as classical gas-liquid phase transitions in
sembles of interacting, but individual particles. Howev
many computer experiments~for example, Refs.@13–17#!
demonstrate that linear chainlike clusters occur in mac
scopically homogeneous systems of magnetic particles
before the bulk phase transitions. In contrast with the la
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ratory experiments, no bulk aggregates were detected in
majority of three-dimensional computer simulations. W
know the only computer model@16# of the systems of dipole
particles, which demonstrates some bulklike structures. A
lytical models @18,19# demonstrate that appearance of t
chains makes the van der Waals-like phase transition in
systems of dipole particles impossible—when temperat
decreases, it is more preferable for the chains to grow ra
than to condense into the bulk liquidlike phases.

This contradiction between numerous laboratory exp
ments, on the one hand, and the computer simulations
well as analytical studies of the systems, on the other, op
a question of the fundamental physical reasons for the ph
transitions in real ferrofluids.

An idea, suggested in Ref.@18# in order to explain these
phenomena, is that there are ‘‘tails’’ of the central van d
Waals interaction between the colloidal magnetic particl
and, namely, these tails are responsible for the bulk cond
sation. However, simple estimates show that the typ
thickness 2–3 nm of the surface shells on the particle
quite enough to consider the central interaction as being n
ligible. Thus this interaction can be significant only due
defects of the surface layers. Theoretically these defects
take place, of course. However, quite similar scenarios of
phase transitions have been observed in numerous ex
ments with various ferrofluids. This fact gives us a bac
ground to conclude that the occasional defects of the sur
shells cannot be responsible for these phenomena. More
the fact that external magnetic field strongly stimulates
phase transitions shows directly that the dipole interacti
play a decisive role in these transformations.

The second reason for the phase transitions can lie in
fact that real ferrofluids are always polydisperse. The sm
est particles, almost neutral from the viewpoint of the ma
netic interaction, can create entropic depletion forces
tween the biggest particles, and these interactions migh
sufficient to induce the phase transitions. However, in exp
©2003 The American Physical Society03-1
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ments@8# these transitions have been observed in the syst
where the smallest particles were separated from the big
ones and polydispersity has been strongly reduced. In s
conditions the depletion interactions cannot be strong a
therefore, they cannot induce the phase transitions.

Thus, the complex of known experiments provide reas
enough to consider the dipole forces between the particle
being responsible for the bulk condensation phase transit
in magnetic liquids. However, if this is the case, the quest
arises why the bulk phases have not been observed in c
puter experiments with dipole particles?

In this work we suggest a scenario of the condensa
phase transitions in ferrofluids which takes into account b
linear chains and bulk domains of a new phase. The ana
shows that there is a certain critical magnitude«8 of the ratio
« of energy of dipole-dipole interaction between the partic
and thermal energykT of the system. If«,«8, the system is
in spatially homogeneous state with chainlike aggregate
«.«8, the phase transition occurs and the system of p
ticles is separated into dilute and dense phases where th
can be presented in the form of bulk droplike aggregates
accordance with all known experiments, magnetic fi
stimulates the phase transition. At the same time our ca
lations demonstrate that this phase separation can occur
vided that the total numberN of particles in the system ex
ceeds a certain threshold valueN8. This threshold magnitude
N8 varies from several hundreds to several thousands
pending on«, applied magnetic field and volume concentr
tion of the particles as well. In modern computer simulatio
of ferrofluids the total number of particles varies just in th
region. From our point of view, this result allows us to u
derstand why in three-dimensional computer simulations
contrast with the laboratory experiments, the bulk drop cl
ters have not been observed. We think that the numbe
particles in these numerical experiments was not sufficien
provide the bulk transformations.

II. BASIC MODEL

To simplify the analysis we ignore the polydispersity
ferrofluid and consider a suspension of identical spher
magnetic particles of hydrodynamical~with the surface lay-
ers! diameterd, magnetic momentm, and hydrodynamica
volume concentrationw. The magnetic interaction betwee
particles is supposed to be strong enough to provide the
mation of chainlike and droplike aggregates. We neglect
interaction between different chains or drops. It will b
shown below that the last approximation does not influe
significantly on the final results.

The free energy of a volume unit of the system can
presented as

F5kTF (
n51

N S gn ln
gnv
e

1gnf nD1 (
n51

N S qn ln
qnv
e

1qnwnD G .

~1!

Heregn andqn are the numbers ofn-particle chains and
drops in a volume unit of the system,v5pd3/6 is the hy-
drodynamical volume of the particle, andN is the total num-
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ber of particles in the whole system. For real ferrofluidsN
may be associated with infinity, whereas in computer exp
mentsN is large, but finite number. The first terms in eve
sum of Eq.~1! present free energies of the ideal gases
n-particle chains and drops, respectively. The termsf n and
wn are the dimensionless works of the formation~free ener-
gies! of n-particle clusters. Our aim is to determine the d
tribution functionsgn and qn and to estimate what part o
total number of the particles, under a given condition,
united into the chains and what part into the drops. It wo
be noted that, for small number of particles in the aggrega
(n51,2 . . . ), thedrops cannot be considered as bulk th
modynamical domains of a new dense phase and for then
the terms in the second sum of Eq.~1! have no physical
sense. However, it will be shown below that in real situati
the terms with smalln in the first sum of Eq.~1! far exceed
the corresponding negligible terms of the second sum. T
the fact that we begin the second sum in Eq.~1! with n51
does not influence on the final results.

The equilibrium distribution functionsgn andqn provide
minimum of the free energyF under the obvious condition o
conservation of the total number of particles in the volum
unit:

(
n51

N

ngn1 (
n51

N

nqn5
w

v
. ~2!

The standard calculations give

gn5
1

v
exp~2 f n1ln!, qn5

1

v
exp~2wn1ln!, ~3!

wherel is undefined Lagrange multiplier. Combining Eq
~3! and~1!, one can show thatl is the chemical potential o
particles in the system. To determinegn andqn , one needs to
substitute Eq.~3! into Eq. ~2! that leads to a transcendent
equation forl. This equation can be solved numerically.

In order to calculatel and therefore to determinegn and
qn , we need to estimate the own dimensionless free ener
of the clustersf n andwn .

A. The own free energy of the chain

The dimensionless free energyf n of the n-particle chain
can be presented asf n52 ln Zn , whereZn is the statistical
integral of the linear cluster. This integral can be calcula
by using regular methods of statistical physics only if t
applied magnetic field is zero or infinite. For both limitin
casesZn has been estimated in Ref.@19#. These estimates
give the following expression for the dimensionless free
ergy of the chain:

f n52~n21!«ch2kn, ~4!

where

«ch5«2 ln
3«3

8
~5!
3-2
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STRUCTURAL TRANSFORMATIONS IN FERROFLUIDS PHYSICAL REVIEW E68, 061203 ~2003!
for zero magnetic field~the multiplier 4p in denominator of
the ratio under the sign of logarithm in Ref.@19# is a mistake
of calculations! and

«ch5«2 ln
3«2

4
~6!

for infinite field.
Here and below

«5
m0

2p

m2

d3kT
, k5m0

mH

kT
,

where« is the dimensionless, with respect to temperatu
energy of magnetic interaction of closely situated partic
and k is dimensionless energy of interaction of the parti
with the applied magnetic fieldH. Parameter«ch is the ef-
fective free energy of one particle in a chain due to its int
action with the neighboring particles. This magnitude is d
termined taking into account thermal fluctuations
positions and orientations of the particles in the chain.

B. The own free energy of the drop

Now let us estimate the free energywn of the dense bulk
cluster consisting ofn magnetic particles. It is important t
note that, in contrast to polymer macromolecules which c
serve linear structure even in the bulk globule state, in
dense phase of ferrofluid the linear contour of chain mus
lost. From topological point of view, this dense phase is
homogeneous fluid of particles rather than dense coil of
ear macromolecules. Therefore, to estimatewn we may use
the methods of statistical thermodynamics developed
dense homogeneous ferrofluids.

Classical results of the theory of nucleation@20# and elec-
trodynamics of continuum media@22# give us the following
formula for dimensionless minimal work~free energy! of the
formation of the bulk cluster:

wn5w01wm1ws , ~7!

kTwm52m0VE
0

H

MddH, kTws5sS.

HerekTw0 is the free energy of this cluster without ma
netic field,V and S are the volume and surface of the dro
~globule!, Md is the magnetization inside the drop,s is the
surface tension,kTwm is the free energy of the cluster in
duced by the external fieldH and kTws is the surface free
energy.

Using the model@12#, one can presentw0 and Md as
follows:

w05whs~wd!2n 1
3 «2wd , ~8!

Md5m
n

V
L~kd!S 114«wd

dL~kd!

dkd
D ,

where
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L~x!5coth~x!2
1

x
, wd5

nv
V

, kd5m0

mHd

kT
.

HereL(x) is the Langevine function,wd is the hydrody-
namical volume concentration of particles inside the dr
andHd is the magnetic field inside this aggregate.

The magnitudewhs in Eq. ~7! is dimensionless free energ
of dense gas of hard spheres with volume concentrationwd .
Let us take into account that, due to the strong magnet
pole interaction, the density of particles inside the globule
expected to be high. Then, in order to estimatewhs we may
use the equation of state suggested by Hall in Ref.@22#:

phs5
kT

v
wd

A

wm2wd
, ~9!

wherewm50.74 is the density of close packing of sphere
phs is the osmotic pressure of gas of these particles andA is
a parameter. Using standard thermodynamical relations
tween the free energy and the pressure, we get

whs5
v

kTE phs~wd!

wd
2

dwd5nS A

wm
ln

wd

wm2wd
1CD ,

~10!

whereC is a constant of integration. Following Refs.@22,23#,
the parametersA and C can be determined from conditio
that gas of hard spheres undergoes entropy driven phase
sition with volume concentrations of particles 0.494 a
0.545 for relatively dilute and dense phases, respectiv
Using relations~9! and ~10! for thermodynamical functions
of the dense phase and classical Carnagan-Starling equ
for the dilute phase, one can obtain from equations of equ
ties of osmotic pressures as well as of chemical potential
these phases thatA'2.2,C'1.255.

To find the magnetic fieldHd inside the globule, we need
to determine the shape of this cluster. The exact shap
magnetic drop in nonmagnetic environment is unknown. I
first approximation one may present the aggregate as e
soid of revolution with long axis aligned along external fie
H. As shown in Refs.@5,7#, the results of this approximation
are in a good agreement with the experimental evidenc
weak and moderate magnetic fields. Below we use this e
soidal presentation for shape of the globule. Inside homo
neous ellipsoid, the dimensionless magnetic fieldkd is con-
nected with the external onek by the relation~see in Ref.
@21#!

kd5
k

11xdj~c!
, ~11!

where

xd54p
Md

Hd
524wd«

L~kd!

kd
S 114wd«

dL

dkd
D

3-3
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A. YU. ZUBAREV AND L. YU. ISKAKOVA PHYSICAL REVIEW E 68, 061203 ~2003!
is the magnetic susceptibility, calculated in model@12#, c
,1 the ratio of minor and major axes of the ellipsoid,j(c)
the demagnetizing factor which is determined from the f
lowing relation@21#:

j~c!5
c2

2~12c2!3/2F ln
11A12c2

12A12c2
22A12c2G . ~12!

Let us return now to expression~7!. The interfacial ten-
sion s between dense and dilute phases of ferrofluid
been estimated in Ref.@24# and can be presented as

s; 1
2 kTwd

2v22/3G~«,kd!, ~13!

G52«L~kd!21 1
3 «2.

It should be noted that Eq.~13! is an estimate of the
surface tension by the order of magnitude only. Howev
any exact or precise result for this magnitude has not b
obtained theoretically even for relatively simple, for analys
systems with short-range central interaction between
ticles. That is why we use here simple approximation~13!,
which leads to reasonable agreement with experiments
least by the order of magnitude.

The surfaceS of the ellipsoidal cluster can be calculate
from the well-known formula

S52pS 3

4p
VD 2/3

S~c!, ~14!

S5c2/3S 11
arcsin~A12c2!

cA12c2 D ,

Combining Eqs.~7!–~14! and taking into accountV
5nv/wd , we come to expression forw as a function ofwd ,
c and dependent onn,«, andk as parameters. To determin
wd one can use the condition of mechanical equilibrium
tween the globule and environment. With the help of a
proximation of zero concentration of particles outside
globule, this condition can be written down as

pd2ps2pM50. ~15!

Here pd is the osmotic pressure inside the globule,ps is
the capillary pressure proportional tos, pM is the Maxwell
pressure proportional to square of normal component
magnetization. Estimates show that two last terms on the
side of Eq.~15! are smaller than the first one. Therefore,
the first approximation they can be neglected. Using the
sults of the model@12# and expression~9! for the osmotic
pressure of dense gas of hard spheres, one can presentpd in
the form

pd5
kT

v Fwd

A

wm2wd
2wd

2GG . ~16!

Thus, the conditionpd50 of mechanical equilibrium be
tween the bulk cluster and empty environment gives
06120
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wd5
wm1Awm

2 24A/G

2
. ~17!

Formula~17! shows that bulk aggregates, being in a m
chanical equilibrium with dilute environment, can occur pr
vided that the parameter« of dipole-dipole interaction be-
tween particles is high enough and inequalityG.4A/wm

2

holds true.
To determine the form factorc of the ellipsoidal cluster,

the condition of minimum ofwn , with respect toc, must be
used, i.e.,

]wn

]c
50. ~18!

Taking into account Eqs.~11! and ~17!, representingkd
andwd throughk,«, andn, the solution of Eq.~18! gives us
c as a function of the three last magnitudes. Substitut
c(k,«) into Eqs.~7! and ~8! and keeping in mind Eqs.~9!,
~10!–~14!, and~17!, we obtainwn as a function ofn,«, and
k.

In the general case, the described calculations are not
ficult from a principal point of view, but cumbersome. Belo
we consider two limiting cases with respect to the dime
sionless magnetic field :k50 andk→`.

Zero field(k50). In this case we have

wm50, G5
1

3
«2, c51, S54pS 3

4p
VD 2/3

.

Combining these relations with Eqs.~7!, ~8!, and ~14!,
and taking into account thatV5nv/wd , we obtain

wn52n«d1n2/3s, ~19!

where

«d52whs1
1

3
«2wd , s5

4p

6 S 3

4pwd
D 2/3

«2wd
2 , ~20!

wd5
wm1Awm

2 212A/«2

2
, k50.

Infinitely strong field (κ→`). The following relations are
valid now:

G52«1 1
3 «2, ~21!

kd'kS 1224
wd

k
j~c! D .

The form factorc can be determined by using conditio
~18! of minimum of wn with respect to this parameter. Sub
stituting Eq.~21! into Eqs.~7!, ~8!, and~14!, and taking into
account thatk,kd@1, after simple calculations we get
3-4
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STRUCTURAL TRANSFORMATIONS IN FERROFLUIDS PHYSICAL REVIEW E68, 061203 ~2003!
wn5nS A

wm
ln

wd

wm2wd
1C2Gwd2kdD

3pS 3n

4pwd
D 2/3

Gwd
2S~c!. ~22!

Equation~18! can be presented in the form

]wn

]kd

]kd

]c
1

]wn

]c U
kd

50.

Combining this equation with Eqs.~21! and ~22!, in the
limit k,kd→` we come to the following equation forc:

j8~c!

S8~c!
52

p

24S 3

4p D 2/3

Gwd
1/3n21/3, ~23!

where prime denotes derivation with respect toc. Transcen-
dental equation~23! can be solved numerically. Substitutin
solution of this equation into Eq.~22!, we come to the energy
wn as a function of« andk. In the considered asymptotic
k→` we may presentwn as

wn52n«d1n2/3s2nk,

where

«d52whs1G, ~24!

s5pS 3

4pwd
D 2/3

wd
2GS~c!, G52«1

1

3
«2.

III. THE STRUCTURAL STATES OF THE FERROFLUID

Now we are in a position to estimategn andqn . In order
to study the influence of magnetic field on the internal str
ture of the system without cumbersome mathematics,
consider two limiting cases of zero and infinite magne
field. In both cases the free energies of the particles in
chains and drops can be presented as

f n52~n21!«ch1n3const, ~25!

wn52n«d1n2/3s1n3const.

where«ch ,«d and s are given in Eqs.~5! and ~20! for zero
field, and in Eqs.~6! and ~24! for the infinite one; const is
unessential term identical for both functionsf n andwn .

Let us comparef n with wn . As is easily seen, if«ch
.«d , then f n,wn for all n. This means that the chainlik
state is more preferable for clusters with any number of p
ticles than the droplike state and, therefore, probability
appearance of the drops is very small. The situation is ill
trated in Fig. 1~a!.

The opposite case, when«ch,«d , is illustrated in Fig.
1~b!. Whenn is less than a certain critical numbernc , the
free energy f n is below wn and the linear state for th
n-particle cluster is more preferable. Otherwise, whenn
.nc , the bulk droplike state is more stable. Thusnc can be
06120
-
e

e

r-
f
-

considered as a threshold number of particles in the clu
for the chain-drop transformation. The results of calculatio
of nc as a function of the dimensionless parameter« of mag-
netic interaction between particles are shown in Fig. 2
both zero and infinite fields.

The result thatnc in infinite field is slightly less than in
the zero field, seems to be unexpected since under the
the chain becomes more rigid («ch increases!. Obviously this
factor leads to an increase ofnc . However, at the same time
the dimensionless absolute magnitude«d of energy of the
particle inside the drop also increases under the field. T
factor makes the state of the drop more preferable and
creasesnc . Our results show that in infinite field the secon
factor dominates. This is possible that in weak but fin
fields, the first factor is stronger than the second one andnc
in the field increases. However the case of finite fields
quires a separate study.

It should be noted that, in order to avoid very cumb
some mathematics, we have used in calculations off n the
approximation of nearest neighbors in the chain. At the sa
time, calculatingwn , we have considered the drops as th
modynamical domains of dense phase with a homogene
internal structure. As a result we obtained the sharp ch
drop transition at a certainnc . In the theory of polymer
chains, there is a finite region ofn for the ‘‘chain-globule’’
transformation. Numerical simulations of the chain-globu
transitions in the Stockmayer fluids with strong dipole-dipo
and weak Lennard-Jones central interaction between
spherical particles has been done in Ref.@25#. Considering
the Lennard-Jones diameter of the soft particle as a diam

FIG. 1. Illustrations of plots of dimensionless own free energ
of chainsf n ~solid line! and dropwn ~the dashed one! vs numbern
of particles in the cluster;~a! «ch.«d , ~b! «ch,«d .

FIG. 2. Dependencies of critical, for the ‘‘chain-drop’’ trans
tion, numbernc of particles in cluster on dimensionless energy« of
magnetic interaction between particles. Solid line—infinite ma
netic field, dashed one—zero.
3-5
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A. YU. ZUBAREV AND L. YU. ISKAKOVA PHYSICAL REVIEW E 68, 061203 ~2003!
of the rigid sphere, for the parameters of the system, use
Ref. @25#, with our notation we obtain«'9. For zero mag-
netic field and«59 our estimates givenc'97. The com-
puter experiments of Ref.@25# without the field exhibit a
transition zone between the chain and globule states whic
completed whenn'1002120. Our estimatenc'97 is close
to these magnitudes. Thus, in the first approximation,
simple model is in agreement with the computer expe
ments.

The inequality«d.«ch is fulfilled when the parameter«
exceeds a threshold magnitude«8. This magnitude must be
large enough to provide real values ofwd in Eq. ~17!. Direct
calculations show that for all«, providing real values ofwd ,
the inequality«d.«ch holds true. Thus, we can consider th
minimal «, for which the relation under the square root
Eq. ~17! is positive, as the threshold magnitude«8 for a
given magnitude ofk. When «,«8, the system is macro
scopically homogeneous with chainlike aggregates. Whe«
.«8, the bulk drops of a new phase can appear in the
rofluid. Our estimates give«8'6.9 for zero field and«8
'4.56 for the infinite one. The fact that in strong magne
field the threshold parameter«8 is much less than without th
field means that magnetic field stimulates the appearanc
the bulk dense phase, and this is in agreement with all kno
experimental results.

The result that the inequality«d.«ch , thus wn, f n for
high n, is fulfilled when« exceeds a certain critical magn
tude «c , is not a consequence of concrete statistical e
mates of these magnitudes, but follows from general phys
considerations. Indeed, consider twon-particle chains in the
limiting case of zero temperature when the entropy of
chain and globule is zero. In this case the free energie
these clusters are determined by the energies of particle
side them. We compare absolute magnitudes of energ
attraction of these chains when they form a stripe or
2n-particle linear chain. This situation is illustrated in Fig.
where I and II are number of the chains.

FIG. 3. Two chains united into stripelike and linear cluste
Short lines between particles illustrate magnetic interactions wh
are taken into account.
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Let E1 be the mean magnitude of energy of attraction
particle from the chain I to the chain II. The energy of a
traction of these chains in the stripe state in the order
magnitude isnE1. Consider now chains I and II, united int
one 2n- particle chain and denote byE2 the absolute value
of energy of attraction of two particles at the edges of th
chains. In the first approximationE2 can be considered a
energy of attraction of the chains in the linear state. Ob
ously, uE2u.uE1u, however whenn is high enough,unE1u
.uE2u. This means that attraction of two short chains
stronger when they form a new chain; attraction betwe
long chains is stronger when they form the stripe or, in thr
dimensional case, a bulk cluster. Thus, in the case of z
temperature, for clusters with high enough number of p
ticles wn, f n . Since these dimensionless free energies
continuous functions of temperature, this means that for
but finite temperatures~i.e., high magnitudes of«) the in-
equalitywn, f n is valid for largen.

Let us turn now to estimates of the parts of total numb
of the particles united into the chains as well as into
drops. Combining Eqs.~7! and ~3!, we may present the bal
ance equation~2! as follows:

Fch1Fd5w,

Fch5exp~2«ch!(
n

N

n exp@n~«ch1l!#, ~26!

Fd5(
n

N

n exp@n~«d1l!2n2/3s#,

HereFch andFd are volume concentrations of the particl
united into the chains and drops, respectively.

Let «d1l52z, «d2«ch5u. Using this notation in Eq.
~26!, we can rewrite the concentrations as

Fch5exp~2«ch!(
n

N

n exp@2n~u1z!#,

~27!

Fd5(
n

N

n exp~2nz2n2/3s!.

Let us suppose, first, that«ch.«d . In this situation every
term in the first sum of Eq.~27! exceeds the term with the
samen in the second sum. Calculations show that now for
cases, being of physical interest, the concentrationFd is neg-
ligible as compared withFch . This means that the probabi
ity of appearance of the drops is vanishing and the partic
are in single state or united into chains.

Now we study the case when«ch,«d ~i.e., «.«8) and
thereforeu.0. Let us suppose that the total number of p
ticles N in the system is large, but finite. Roughly speakin
now the parameter z can be estimated a
z;N21 ln(w/N)—negative and small, in absolute valu

.
h
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STRUCTURAL TRANSFORMATIONS IN FERROFLUIDS PHYSICAL REVIEW E68, 061203 ~2003!
magnitude. Consider the concentrationFch in Eq. ~27!. Our
estimates show that for zero fieldu(«8)52.65, for the infi-
nite field u(«8)52.8. In both cases this function increas
fast with «.

Thus, if « and thereforeu are large, and the absolut
magnitude ofz is very small, then even the first term i
expression for this concentration is negligible as compa
with w ~of course, if the last is not too small!. Hence, the
solution of Eq.~26! is provided by the second term in the le
part of this equation. This means that the majority of t
particles are collected in the bulk drops. Some results
calculations of the volume concentrationcn5vnqn of the
particles united into then-particle drops are shown in Fig. 4
As seen from the plot, the majority of particles are collec
in large drops, whose number is small. Analysis shows
the higher the value ofN the sharper increase of this conce
tration with n. Therefore, in the thermodynamic limit, whe
N tends to infinity, we have one massive domain of the de
phase in a surrounding medium of single particles. T
means that the condensation phase transition takes place
parameter«8 can be considered as a threshold magnitude
«, providing the phase transition.

Finishing, we would like to discuss the problem, why t
condensation phase transitions, in contrast to numerous l
ratory experiments, have not been observed in majority
three-dimensional computer simulations. Our calculatio
show that if«.«8 ~the phase transition can occur!, the con-
centrationsFch andFd strongly depend on the upper limitN
of the sums in Eq.~26!. We remind that this number is equ
to the total number of the particles in the system. Some
sults of calculations ofFch and Fd as functions ofN are
shown in Fig. 5. WhenN is less than a certain magnitudeN8
depending on«, w, and magnetic field, then the number
particles united into the drops is negligible, and the syst
can be considered as macroscopically homogeneous g
the single particles and chains. WhenN significantly exceeds
N8, the absolute majority of the particles are in the bu
drops. By the order of magnitudeN8 coincides with total
number of particles used in modern computer experime

FIG. 4. Results of calculations of volume concentrationscn of
particles, united inton-particle drops forw50.05, N51000. Mag-
netic field is zero.
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From our viewpoint, this result allows us to explain, at lea
qualitatively, the contradiction between computer and la
ratory experiments.

IV. CONCLUSION

The structural transformations in the systems of identi
magnetic particles are considered. The results show
when the ratio« of energy of magnetic particle interactio
and kT is smaller than a critical value«8, depending on
magnetic field, then only chainlike aggregates, not b
drops, can take place in the system. When« exceeds«8, the
bulk droplike clusters consisting of large number of partic
can occur. Appearance of these drops may be considere
the condensation phase transition in the system of the
ticles.

It should be noted, first, that the conclusion about
occurrence of phase transition in the system of ident
magnetic particles at sufficiently large values of paramete«
is not a result of concrete statistical estimates of the ther
dynamical magnitudes of the system. This is a direct con
quence of the fact that ground state of the many-part
cluster is bulk, not linear. Second, our approximation of t
noninteracting clusters cannot significantly influence on
results of presented analysis. Indeed, the interaction betw
different clusters must be weaker than the interaction
tween the particles inside one cluster, otherwise these c
ters would be united into one aggregate. Thus the clus
cluster interaction cannot significantly influence on t
equilibrium thermodynamical state of the system.

Let us discuss now our estimates of«8. For zero and
infinite magnetic fields they are 6.9 and 4.564, respectiv
One can show that in typical magnetite ferrofluids with t
thickness of the surface layers on the particles of about 3
at room temperatures these magnitudes of« correspond to
diameter of the particles in the range 16–18 nm. The p
ticles of these sizes are always in real ferrofluids, theref
they can condensate into droplike domains of new pha
Thus our estimates of the critical magnitude of« are in
agreement with the results of observations of phase tra
tions in ferrofluids.

Our analysis shows that the bulk structures can appea
the system of magnetic particles provided that their to
numberN is large enough. We think that this result reflec
the well-known result of the theory of phase transition—on

FIG. 5. Dependencies of volume concentrationsFch ~solid
lines! andFdr ~dashed ones! of the particles, united into the chain
and drops, respectively, on the total numberN of particles in the
system for w50.05; ~a! zero field, «59; ~b! infinite field, «
57.5.
3-7
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large enough, overcritical nuclei of new~dense! phase in a
metastable system can be viable. WhenN is too small, no
overcritical drops can appear in the system. From our p
of view, it allows us to explain why the bulk drops of ma
netic particles have not been observed in many comp
experiments—the total number of particles in these simu
tions was too small to form the viable overcritical drops.
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