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Efficiency optimization in a correlation ratchet with asymmetric unbiased fluctuations
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The efficiency of a Brownian particle moving in a periodic potential in the presence of asymmetric unbiased
fluctuations is investigated. We found that even on the quasistatic limit there is a regime where the efficiency
can be a peaked function of temperature, which proves that thermal fluctuations facilitate the efficiency of
energy transformation, contradicting the earlier findings@H. Kamegawaet al., Phys. Rev. Lett.80, 5251
~1998!#. It is also found that the mutual interplay between temporal asymmetry and spatial asymmetry may
induce optimized efficiency at finite temperatures. The ratchet is not most efficient when it gives maximum
current.
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I. INTRODUCTION

For some years the problem of noise-induced trans
has attracted much interest in theoretical as well as exp
mental physics@1–4#. This subject was motivated by th
challenge to explain unidirectional transport in biologic
systems, as well as their potential technological applicati
ranging from classical nonequilibrium models@4,5# to quan-
tum systems@6–8#. Several models have been proposed
describe a muscle’s contraction@9–11#, or the asymmetric
polymerization for actin filaments responsible for cell mot
ity @1,12#.

The rectification of noise leading to unidirectional motio
in ratchet systems has been an active field of research
the last decade. In these systems the directed Brownian
tion of particles is induced by nonequilibrium noise in t
absence of any net macroscopic forces and potential gr
ents. Several physical models have been proposed: roc
ratchets@13#, fashing ratchets@14#, diffusion ratchets@15#,
correlation ratchets@16#, etc. In all these models the potenti
is taken to be asymmetric in space. For these nonequilibr
systems external random force should be time asymmetr
the presence of space dependent mobility is required.

In recent years the energetics of these systems, which
tify the zero-mean fluctuations, are investigated@17–19#. To
define optimal models for such ratchet systems, the max
zation of the efficiency of energy transformation is necess
Much of the interest was motivated by the elegant piece
work done by Magnasco@13#, which showed that a Brown
ian particle, subject to external fluctuations, can underg
nonzero drift while moving under the influence of an asy
metric potential. The temperature dependence of the cur
has been studied and it has been shown that the curren
be a peaked function of temperature. He claimed that the
a region where the efficiency can be optimized at finite te
peratures and the existence of thermal fluctuations facili
the efficiency of energy transformation. His claim is intere
ing because thermal noise is usually known to disturb
operation of machines. Based on energetic analysis of
same model Kamegawaet al. @19# made an importan
conclusion—that the efficiency of energy transformati
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cannot be optimized at finite temperatures and that the t
mal fluctuations do not facilitate it. However, the discussi
in that paper was only on the quasistatic limit, where t
change of the external of force is slow enough and Tak
and Hondou@20# found that thermal noise may facilitate th
energy conversion in the forced thermal ratchet when
ratchet is not quasistatic. Recently, investigation of Danet al.
@17# showed that the efficiency can be optimized at fin
temperatures in inhomogeneous systems with a spat
varying friction coefficient in an adiabatically rocked rache
and efficiency optimization in homogeneous nonadiabat

FIG. 1. ~a! Schematic illustration of the potential,V(x)
5V0(x)1VL(x); V0(x) is a piecewise linear and periodic pote
tial. VL is a potential due to the load. The period of the potentia
l5l11l2, andD5l12l2. ~b! The driving forceF(t) which pre-
served the zero mean^F(t)&50, where the temporal asymmetry
given by the parameter«.
©2003 The American Physical Society05-1
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rachet systems was observed by Sumithraet al. @18#. The
question of whether the thermal fluctuations actually fac
tate the energy transformation in forced homogeneous a
batical ratchet systems is still unknown and it is the sub
of the current investigation.

II. THE MODEL

We consider a rocking ratchet system subject to an ex
nal load,

dx

dt
52

]V0~x!

]x
2

]VL~x!

]x
1F~ t !1A2kBTj~ t !, ~1!

wherex represents the position of the ratchet.V0 is a peri-
odic potential,j(t) is a randomly fluctuating Gaussian whi
noise with zero mean and with the autocorrelation funct
^j(t)j(s)&5d(t2s). Here^•••& denotes an ensemble ave
age over the distribution of the fluctuating forcesj(t). VL is
e
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a potential against which the work is done and]VL /]x5L
.0 is the load force. The geometry of the potentialV(x)
5V0(x)1VL(x) is displayed in Fig. 1~a!. F(t) is some ex-
ternal driving force which is shown in Fig. 1~b!. The evolu-
tion of the probability density forx is given by the associate
Fokker-Planck equation,

]P~x,t !

]t
5

]

]x FkBT
]P~x,t !

]x
1[V8~x!2F~ t !] P~x,t !G

52
] j

]x
. ~2!

If F(t) changes very slowly, there exists a quasistation
state. In this case, the average current of the particle ca
solved by evaluating the constants of integration under
normalization condition and the periodicity condition
P(x), and the current can be obtained and expressed as@13#
j „F~ t !…5
P2

2 sinh$l@F~ t !2L#/2kBT%

kBT~l/Q!2P32~l/Q!P1P2sinh$l@F~ t !2L#/2kBT%
~3!
o
t
en,

al
where

P15D1
l22D2

4

F~ t !2L

Q
, ~4!

P25S 12
D@F~ t !2L#

2Q D 2

2S l@F~ t !2L#

2Q D 2

, ~5!

P35cosh„$Q20.5D@F~ t !2L#%/kBT…

2cosh$l@F~ t !2L#/2kBT%, ~6!

wherel5l11l2 andD5l12l2. The average current, th
quantity of primary interest, is given by

J5
1

tE0

t

j „F~ t !…dt, ~7!

where t is the period of the driving forceF(t), which is
assumed longer than any other time scale of the system
this adiabatic limit. Magnasco considered this case, but o
for F(t) symmetric in time. Here we will again consider
driving with a zero mean,̂F(t)&50, but which is asymmet-
ric in time @21#

F~ t !5
11«

12«
F@nt<t,nt1 1

2 t~12«!#, ~8!

52F@nt1 1
2 t~12«!,t<~n11!t#. ~9!

In this case the time-averaged current is easily calcula
in
ly

d,

J5 1
2 ~ j 11 j 2!, ~10!

where j 15(12«) j $@(11«)/(12«)#F% and j 25(1
1«) j (2F).

The input energyR per unit time from an external force t
the ratchet and the workW per unit time that the ratche
system extracts from the fluctuation into the work are giv
respectively@19#,

R5
1

t j2t i
E

x(t i )

x(t j )

F~ t !dx~ t !, ~11!

W5
1

t j2t i
E

x(t i )

x(t j )

dV„x~ t !…. ~12!

For the square wave, they yield

^R&5 1
2 F~ j 12 j 2!, ~13!

^W&5 1
2 L~ j 11 j 2!. ~14!

Thus the efficiencyh of the system to transform the extern
fluctuation to useful work is given by

h5
^W&

^R&
5

L~ j 11 j 2!

F~ j 12 j 2!
, ~15!

which in turn, beingj 2 / j 1,0, can be written as

h5
L

F S 12u j 2 / j 1u
11u j 2 / j 1u D . ~16!
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III. RESULTS AND DISCUSSION

We have calculated the efficiency and the net current
function of temperatureT for the case where asymmetr
unbiased fluctuations are applied, and the results are sh
in Figs. 2–6.

In Fig. 2 we plot the efficiencyh as a function of the
temperature for different values of« («,0)with the param-
eter values,F51.0, l51.0, D50.7, Q51.0, andL50.01.
From the figure we can see that the efficiency is a decrea
function of temperature for the cases of«520.5 and«5
20.6, which shows that the presence of thermal fluctua
does not help the efficient energy transformation by ratc
But for the cases of«520.7 and«520.8 the efficiency can
be optimized at finite temperatures. In contradiction with
results of Ref.@19# we found a region where the efficienc
attains a maximum at a finite temperature. This shows
thermal fluctuations may facilitate the energy conversion
asymmetric unbiased fluctuations. The current is a pea

FIG. 2. Efficiencyh as a function of temperatureT for different
values of asymmetric parameters«520.5,20.6,20.7,20.8, F
51.0, l51.0, D50.7, Q51.0, andL50.01. The inset shows th
net currentJ as function ofT for the same parameters.

FIG. 3. Plot of currentsj 1 , j 2, andu j 2 / j 1u. The condition is the
same as the case«520.5 in Fig. 2.
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function of temperature for corresponding parameters
shown in the inset. The highest temperature of the ratc
decreases with the value of the asymmetric parameters« of
fluctuations and the lowest temperature of the ratchet d
not change with the«, which indicates that the asymmetr
parameters are sensitive to the highest working tempera
of the ratchet. The peak shifts to the lower temperature
gion with a decreasing value of the asymmetric parame
«. Comparing Fig. 2 with the inset we can see that the te
perature corresponding to the maximum current is not
same as the temperature at which the efficiency is maxim
which is consistent with the previous results@17–19#.

From Eq.~16! we can know that the efficiencyh depends
on the ratiou j 2 / j 1u. If the function is monotonically increas
ing, h should be a monotonically decreasing function of t
temperature.

In Fig. 3 we plot the fluxes obtained for the case
«520.5 ~shown in Fig. 2!. From Fig. 3 we can see that th

FIG. 4. Plot of currentsj 1 , j 2 and u j 2 / j 1u. The condition is the
same as the case«520.7 in Fig. 2

FIG. 5. Efficiencyh as a function of temperatureT for different
values of asymmetric parametersD520.6,20.7,20.8, F51.0, l
51.0, «50.7, Q51.0, andL50.01. The inset shows the net cu
rent J as a function ofT for the same parameters.
5-3
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ratio u j 2 / j 1u is a monotonically increasing function of tem
perature, which indicates that the efficiencyh is a decreasing
function of temperature. However, for the case of«520.7
~see Fig. 4! the ratiou j 2 / j 1u displays a clear minimum at th
same value of the temperature which corresponds to a m
mum of h in Fig. 2.

In Fig. 5 we plot the efficiencyh as a function of the
temperatureT for different values of the slope degree
potenial D (D,0)with the parameter valuesF51.0, l
51.0, «50.7, Q51.0, andL50.01. From the figure, we
can see that with the decreasing ofD the efficiency function
of the temperature becomes from a monotonically decrea
function to a peaked function. This shows that the therm
fluctuations actually facilitate the energy transformation
some region. The corresponding current is a peaked func
of temperature for the same parameters as shown in the i
The height of the peak decreases with the value ofD. The
lowest temperature of the ratchet changes withD drastically
while the highest temperature of the ratchet does not cha

FIG. 6. Plot of currentsj 1 , j 2, andu j 2 / j 1u. The condition is the
same as the caseD520.7 in Fig. 5
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with the D and the peak shift to a higher temperature reg
with a decreasing value ofD, which is opposite of the inse
of the Fig. 2.

In Fig. 6, we plot the fluxes of the temperature for t
case ofD520.7 ~shown in Fig. 5!. From Fig. 6 we can see
that the ratiou j 2 / j 1u displays a minimum at the same valu
of the temperature, which corresponds to a maximum ofh in
Fig. 5.

IV. CONCLUSION

In the present paper the transport of a Brownian part
moving in a spatially asymmetric potential in the presence
asymmetric unbiased fluctuations is investigated. In con
diction with the previous findings, our results show that t
mutual interplay between the asymmetry of fluctuation a
the asymmetry of potential may cause an optimized e
ciency of energy conversion. This proves the claim made
Magnasco that there is a regime where the efficiency can
optimized at finite temperatures. The temperature co
sponding to the maximum current is not the same as
temperature at which the efficiency is maximum. The asy
metry« of the fluctuation is sensitive to the high temperatu
working region of the ratchet while the asymmetryD of the
potential affects the low temperature working region dra
cally.

In our paper the main features introduced by the tempo
asymmetry are the interplay of lower potential barriers in
positive direction relative to the negative direction and in t
corresponding shorter and longer times, respectively. Th
type of competitive effects appear ubiquitously in syste
@21# where there is an interplay between thermal activat
and dynamics.
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