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Calculation of ionization balance and electrical conductivity in nonideal aluminum plasma
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A practical approach has been implemented to calculate the ionization balance and electrical conductivity of
warm dense aluminum plasma with the Coulomb coupling effect taken into account. The correction term for
ionization potential is formulated with a number of basic dimensionless parameters that characterize nonideal
plasma and incorporated with the fitted formulas of excess free energy given by Tanaka, Mitake, and Ichimaru
[Phys. Rev. A32, 1896(1985] and Chabrier and Potekh[Phys. Rev. E58, 4941(1998] to determine the
ionization balance in an equilibrium state. The calculated degree of ionization of aluminum plasma exhibits a
sudden increase near the solid density g/cn? at temperatures of a few eV, which effectively demonstrates
the pressure-induced ionization. The electrical conductivity is evaluated in a partially ionized plasma regime
based on a linear mixture rule that takes into account both the electron-ion and electron-neutral collisions and
then the computed results are compared with available data from recent experiments. It is shown that the
calculation well reproduces the overall trend of measured electrical conductivity of nonideal aluminum plasma
accounting for the metal-insulator transition.
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[. INTRODUCTION required to have a wide-range model with a full consider-
ation of the Coulomb coupling effect on the ionization bal-
Nonideal plasma is characterized by strong Coulomb couance for extensively exploring the nonideal plasma proper-
plings between charged particles, which significantly affecties.
the ionization balances, and frequently encountered in mat- In this paper, we describe an approach practically useful
ters under extreme conditions such as the interior materiak® calculate the electrical conductivity of nonideal plasma
of a star or a heavy plangt], shock-induced plasmag,3], over a large density-temperature space by introducing a gen-
and exploding metal wirep4]. A key parameter that mea- e€ralized formulation of the corrected potential term for ion-
sures the degree of nonideality of plasma is the Coulomtization balances in an equilibrium state and then present
coupling constant which is defined as the ratio of the averagéomparisons of the calculated results with recent experimen-
Coulomb energy between Charged partides to the averad@' data for aluminum. In formulating the corrected potential
thermal energy. In the case where the Coulomb Coup”n@erm, we make use of the fitted formulas of excess free en-
constant remains small enough, the classical Deb'yd(elu ergy given as functions of basic dimensionless parameters by
theory can be app“ed to describe the p|asma Cond[mn Tanaka, Mitake, and |Ch|mal{@] and Chabrier and Potekhin
However, when the Coulomb interaction energy become§l12], which have been derived from massive analytical and
comparable to the thermal energy, the classical theory is neomputational procedures including Monte Carlo simulations
longer valid and thus the strong Coulomb coupling effectand hypernetted-chaiiNC) calculations. Evaluation of the
should be introduced in the theory. To date, many effortslectrical conductivity in partially ionized aluminum plasma
have been made to provide Comprehensive know|edge aﬂa based on a linear mixture rule in the form of additive
physical insight of nonideal plasmas on the theoretical basigollision frequencies for fully and weakly ionized plasmas,
[6-12). which proves efficient with the reasonably acceptable accu-
In recent years, the electrical conductivities of nonidealracy and minimized computational effort. The validity of the
metal plasmas have been successfully measured by mamjysical model employed in this work is to be verified
authors in the regime of metal-insulator transition owing tothrough the comparisons between calculations and measure-
the advanced experimental techniques such as the short-pulgents.
laser heating and the capillary wire discharge of solid metals
[13-18, which also enabled implementation of a semiempir-
ical pressure-ionization model for practical applicatiphg]. Il. IONIZATION BALANCE
However, there are only a limited number of theoretical
models available for comparisons with the measured data in
a wide density-temperature domain since most theoretical
studies that involve self-consistent approaches mainly bas
on the quantum statistical theory or standard kinetic theor
are subject to restrictions on their valid parameter space a
companied by inherent complexitigg0—25. It is essentially

The condition of nonideal plasma can be described with a
umber of dimensionless parameters. The Coulomb coupling

nstant is generally used to measure the correlated strength
etween charged patrticles in plasma and is defined for both
don and electron, respectively, by

szfe2 1  (interionic Coulomb energy
Trea kT . (1a
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r e? 1 B (interelectronic Coulomb energy » = z 5
¢ Amega kgT (thermal energy : Zet=2 Egl ZiN/N;, (7)
(1b)

where Z.;; is the effective charge number of plasma ions,t0 finally obtain

a;=(4mn,)"® anda,=(2mwn,) 2 are the average dis- o2 (afiéi) 1{ o2 (afiée)

tances between ions and electrons, respectively, known as th&l, ;= —(2k+1) ——

Wigner-Seitz radiin; is the total number density of ions, and Ameoai| ol | 3z| 4meode | ol
Ne is the electron number density. Also useful is the electron ie 2 ce
density parameter —rk T(af_c —KeTfee— 1_e (e
SPBY org . BY'C 34mepa,| T
rs=a./ag (2
. . 2 afee
to represent the density effect, wheag=4meyh2/mee? is +Z ngT(_C) _ ®)
the Bohr radius andn, is the electron mass. In addition, 3 70 |

since the electron degeneracy becomes important in dense
plasma, it is necessary to introduce the Fermi degeneracy Now inserting proper forms of the free energy functions
parameter and their partial derivatives in the potential correction term,
Eq. (8), and solving a full set of coupled equations for ion-
0=kgT/Ee, 3 ization balance given by E@5), one can obtain the concen-
320 2 \2/3 : : _ trations of ion and electron species in nonideal plasma. Here,
where Er=A%(3m"ne)"/2m, is the Fermi energy of elec we adopt the analytic formulas presented by Chabrier and

tron. : : . :
These dimensionless parameters are commonly used fptekhin[12] for the excess free energies associated with the
-ion and ion-electron interactions denotedfbyandfZ®,

give generalized expressions of the excess free energy or tH!

internal energy for nonideal plasmas with the mathematicafeSPectively, which accurately fit the results from large-scale
complexity significantly reduce@9—12. The total excess Monte Carlo slmulatlons and HNC calculations for fully ion-
free energy can be decomposed into three independent terrif§d €lectron-ion Coulomb plasmas. For electron-electron in-
each associated with different type of Coulomb correlationi€ractions, an analytic expressi6® given by Tanaka, Mi-
ion-ion (i-i), ion-electron {-e), and electron-electroree) ~ take, and Ichimar(i9] is employed, which has been derived
interactions. Here, the excess part of Helmholtz free energffOm an extensive theoretical study of electron fluids based

is then written as on the Singwi-Tosi-Land-S|ander approximatioh26].
Fo=F¢ +F+FE =Nk T[ e () + f8(Te.ro)] lll. ELECTRICAL CONDUCTIVITY
+NekgT e (e, ), 4 The electrical conductivity of a plasma medium crucially

) depends on the degree of ionization: In fully ionized plasma,
whereN; andN, are the total number of ions and electrons, the motions of current-carrying electrons are governed by
respectively,fc', ¢, and f¢® are the excess free energy Coulomb interactions between electrons and ions while those
density functions of corresponding interaction types whichin weakly ionized plasma are significantly influenced by the
are reduced to dimensionless expressions. head-on collisions between electrons and neutral atoms. A

The equilibrium ionization balance equation of an atomicreasonably accurate estimation of the electrical conductivity
elementM for its interactionM*—M***+e” is derived in partially ionized plasmag, can be given by a rather

from a mass action law following the minimum free energy simple model of additive collision frequencies that makes a

principle to be compromise between the fully and weakly ionized conditions
" [3,27,28
nk+1ne:2 Mekg T Ulg+lex'{_|k+1_A|k+1)
N 2mh? Uy kT ’ £:i+ ! (9)
©) 0 Oei Oep’

wherek=0, ... Z—1 is the charge number of ion&,is the  whereo,; and o, are the electrical conductivities associ-
atomic number,U'; andl, , are the partition function and ated with the electron-ion and electron-neutral collisions, re-
the ionization potential energy of tlkefold ion, respectively, spectively. This formula yields the exact values in both lim-
andAl, ; is the correction term for ionization potential due iting boundaries though there may be uncertainties at an
to the excess free energy, of which the expression is given bintermediate degree of ionization.
In classical plasmasg,; can be obtained from the
AlkH:(&Fc) _( dFc ) _(&Fc) . ® Spitzer-Ham formula[29]. This classical plasma conductiv-
TV TV TV

INy 11 INg ity, however, displays a diverging characteristic in strongly
coupled conditions because the value of Coulomb logarithm
We use the effective charge number defined by tends to be inaccurate approaching zero as the plasma den-
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sity increases to a solid level. There are several theoretical
models devised to be applicable to nonideal plasmas in a
fully ionized regime[30—33. Among them, the Zollweg-
Liebermann modef32], which is based on a more accurate
evaluation of the electron-ion collision cross section with the
lower limit of the cutoff shielding length defined by the in-
terionic distance, appears more preferable for its simplicity
in mathematical expression and reasonable agreement with
experimental data and can be readily incorporated with our
ionization balance calculation being written as

13

10

B 1 T3/2 Ve
38 Zetr In(1+1.4A2) V2

Electron Concentration
~

(10

Oeij

6
IOg r 5
where yg is the correction factor for electron-electron colli- 0 [/\7 4-5 o0
sions, A,,=A[1+ (a;/\p)?]*? is the ratio of the modified
cutoff shielding length to the impact parameter with the clas- FIG. 1. Electron concentration in aluminum plasma obtained
sical definition of A [29], and A is the Debye shielding from fully iterative calculations using the present ionization balance
radius. model in a density-temperature space.
For calculation ofo.,, we make use of a simple formula
usual pattern in the electron concentration profile. A sudden
nee’ increase of the degree of ionization occurs near the solid
Ten= = (1) density at low temperaturéb< 10° K, which, we consider,
eVen effectively demonstrates the physical situation referred to as
the pressure ionization that eventually leads to the metal-
insulator transition.

where v, is the mean electron-neutral collision frequency.

From the first Sonine-polynomial approximation of the exact  The getailed aluminum ion concentrations are presented
Chapman-Enskog theory, this collision frequency is given by, rig 2 for various charge states at different temperatures of
Ven=CeNoQen, WhereCe=(8kgT/7m,)*? is the electron (a) 10000 K, (b) 14 000 K, (c) 20000 K, and(d) 31600 K.
mean thermal speedh, is the number density of neutral Here, the maximum value of ion charge number is found to
atoms, and..., is the average momentum transfer cross secbe +3 under the regime of pressure ionization in the density
tion of electron-neutral collisiof28,34). Here, we obtain the range of p=(1-10) g/cmi. Therefore, the assumption of
momentum transfer cross section by using a fitted formuldimited charge number up teé-3 used in the previous calcu-
presented by Desjarlais as a function of density and temperdation by Redmeif24] seems acceptable at least for alumi-
ture for practical uses in numerical proceduf&8]. The re-  num plasma within this physical parameter range. Our results
sulting values oR,, for aluminum atom appear in the range aPPear overall consistent with those of Redmer’s except for
of (0.2—3.0)x 10~ 28 m?2 for temperatures of a few eV and the case off=10000 K, see Fig. @), where we have the
densities ofp<10 g/cn?, which is of the same order of Maximum charge number of 3 instead of+2. In Figs.

magnitude as those found in other papr 19. 2(b)-2(d), it is shown that the sharply rising curve of the
electron concentration at~1 g/cn? becomes smoother as

the temperature increases because the relative strength of
Coulomb coupling is gradually reduced; and further, for
A. Plasma composition much higher temperatures, i.@3>10° K, as shown in Fig.

. . . . , the density effect is substantially overridden by the ther-
Calculations are carried out using the atomic energy leve - AT
o : . mal effect so that the contribution by pressure ionization is
data for all ionic charge states of aluminy®5] without

considering the electronic excitation. Figure 1 shows the prohardly distinguishable within the density range considered

file of electron concentration,=n./(ng+n;) in aluminum here.

plasma in a two-dimensional parameter space of density _ .

=(10"5-10) g/cn? and temperaturd = (10*-~10') K ob- B. Electrical conductivity

tained by solving the coupled equations of ionization balance Figure 3 shows the electrical conductivities of aluminum
through fully iterative numerical procedures with the cor-plasma calculated by a number of theoretical models using
rected ionization potentials. The electron concentration, hereghe plasma compositions obtained above in comparison with
exhibits a behavior of strong dependence on temperaturgata from recent experiments measured by Mostovych and
rather than on density in the density range far below the soliChan[13], DeSilva and Katsourogl4], Krisch and Kunze
density level, i.e.p<1 g/cn?. The stepwise shape of this [15], and Benage, Shanahan, and Muri[tt6,17]. In this
profile along the temperature axis reveals the electronic corfigure, the dotted and dashed lines represent the electrical
figuration of aluminum atom. At higher densities, on theconductivities given by Spitzer and Ha [29] and Zollweg
other hand, the Coulomb coupling effect results in an unand Liebermanf32], respectively, with no neutral effect in-

IV. RESULTS AND DISCUSSION
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FIG. 2. Electron and ion concentrations in aluminum plasma computed for different temperatiagd @900 K, (b) 14 000 K, (c)
20000 K, and(d) 31600 K as a function of density.

cluded under the assumption of fully ionized plasma whereathe critical density at which the pressure ionization occurs,
the solid lines are computed in a partially ionized plasmaparticularly, for low temperatures where neutral particles
regime by a linear mixture rule of additive collision frequen- dominate. In Fig. 8), for example, the partially ionized
cies, Eq.(9), which takes into account both the electron-ion plasma conductivity computed fdr=10000 K has its local
and electron-neutral collisions by incorporating the Zollweg-minimum atp~0.1 g/cn? with the minimum value found to
Liebermann conductivit)[32]_with the electron-neutral mo- pe |ower than that predicted by the Zollweg-Liebermann
mentum transfer cross section of Desjar{di§]. model by about an order of magnitude. Compared with the
The Spitzer-Ham conductivities appear with reasonable easyred data of DeSilva and Katsouros at the same tem-
values in the low-density limit but tend to become uncontrol-po ot re. the present mixture-rule calculation seems to over-
lably larger as the density increases. On the other hand, t timate the neutrals’ contribution leading to a steeper slope

Zollweg-Liebermann ”f‘Ode' .W.h'Ch takes_ Into_account theof the conductivity-density curve but, nevertheless, success-
dense plasma effect yields finite conductivities at high den;

sities and seems to agree well with the measurements ma(%”y reproduces the metal-insulator - transition. = At

by Benage, Shanahan, and Murillo in the upper regime of_ 31600 K, on the contrary, see Fig(d}, due to the van-

pressure ionization where plasma is fully ionized. For suffi-Shing population of neutral particles as a result of thermal
ciently low densities, the Zollweg-Liebermann conductivity /oniZation, the electrical conductivities calculated by ).
well recovers the Spitzerim value. However, the foOr partially ionized plasma become very close to those by
Zollweg-Liebermann model neglecting the electron-neutrafhe fully ionized model given by Zollweg and Liebermann
collisions is unable to describe the conductivity behavior inoVer the entire density range. This signifies that it may be
the physical range where a considerable fraction of neutragufficient to use a conductivity model that takes account only
atoms exist. of the electron-ion collisions for temperaturés= 30 000 K

With the neutral effect taken into account, E€) yields  in the density range g=<10 g/cn? reducing the computa-
remarkably decreased values of electrical conductivity belowtional effort.
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FIG. 3. Electrical conductivity of aluminum plasma computed by the present partially ionized plasma model based on a linear mixture
rule (LMR) for different temperatures dfa) 10 000 K, (b) 14 000 K, (c) 20000 K, and(d) 31600 K as a function of mass density in
comparison with the experimental data measured by DeSilva and Katd@gsBenage, Shanahan, and MurilBSM), Mostovych and
Chan(MC), and Krisch and Kunzé&K) along with the theoretical predictions for fully ionized plasma given by Spitzer amah kBH) and
Zollweg and LiebermaniZL).

Discrepancies between calculations and experiments cdonization potential was formulated using the dimensionless
be attributed to the fact that the laboratory plasma is in mosparameters characterizing nonideal plasmas. A set of fitted
cases away from the equilibrium state if the density is lowformulas of excess free energy, which have been derived
and some experiments resort to their own equation-of-statéom extensive theoretical studies and massive numerical
models for data interpretations, aside from the inherent inadProcedures, were utilized to determine the ionization bal-
curacy in Eq(9). Nevertheless, the present calculation seem@nce. The evaluation of electrical conductivity in a partially
to well reproduce the general trend of measured data overig@nized condition is based on a linear mixture rule of addi-

significant physical range supporting the validity of the the-tive collision frequencies for electron-ion and electron-
oretical models employed in this work for the excess fredheutral interactions. The calculated plasma compositions ap-

energy and the electrical conductivity in a practical aspectP€d' 10 We". demon_strate the pressure ionization occurring
9y y P P ear the solid density at temperatures of a few eV. The re-

Further, we recognize that it would effectively enhance the!

L . . .. sulting electrical conductivity profiles also reproduce the
reliability of calculated r_e_sults to |mplem(_ant amore r.eal.'s“coverall trend of recently measured data to a substantial de-
model for electron collision processes in partially ionized

lasmas instead of using a simole linear mixture rulegree. From the results, i_t fqllov_vs that the present physi_cal
P 9 P models for the corrected ionization balance and the electrical
[24,28,38. conductivity in nonideal plasma are reasonably acceptable in

depicting the metal-insulator transition.
V. SUMMARY
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