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Calculation of ionization balance and electrical conductivity in nonideal aluminum plasma

Deok-Kyu Kim* and Inho Kim
Agency for Defense Development, P.O. Box 35-5, Yuseong, Daejeon 305-600, Korea

~Received 10 June 2003; published 25 November 2003!

A practical approach has been implemented to calculate the ionization balance and electrical conductivity of
warm dense aluminum plasma with the Coulomb coupling effect taken into account. The correction term for
ionization potential is formulated with a number of basic dimensionless parameters that characterize nonideal
plasma and incorporated with the fitted formulas of excess free energy given by Tanaka, Mitake, and Ichimaru
@Phys. Rev. A32, 1896 ~1985!# and Chabrier and Potekhin@Phys. Rev. E58, 4941 ~1998!# to determine the
ionization balance in an equilibrium state. The calculated degree of ionization of aluminum plasma exhibits a
sudden increase near the solid density;1 g/cm3 at temperatures of a few eV, which effectively demonstrates
the pressure-induced ionization. The electrical conductivity is evaluated in a partially ionized plasma regime
based on a linear mixture rule that takes into account both the electron-ion and electron-neutral collisions and
then the computed results are compared with available data from recent experiments. It is shown that the
calculation well reproduces the overall trend of measured electrical conductivity of nonideal aluminum plasma
accounting for the metal-insulator transition.
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I. INTRODUCTION

Nonideal plasma is characterized by strong Coulomb c
plings between charged particles, which significantly aff
the ionization balances, and frequently encountered in m
ters under extreme conditions such as the interior mate
of a star or a heavy planet@1#, shock-induced plasmas@2,3#,
and exploding metal wires@4#. A key parameter that mea
sures the degree of nonideality of plasma is the Coulo
coupling constant which is defined as the ratio of the aver
Coulomb energy between charged particles to the ave
thermal energy. In the case where the Coulomb coup
constant remains small enough, the classical Debye-Hu¨ckel
theory can be applied to describe the plasma condition@5#.
However, when the Coulomb interaction energy becom
comparable to the thermal energy, the classical theory is
longer valid and thus the strong Coulomb coupling eff
should be introduced in the theory. To date, many effo
have been made to provide comprehensive knowledge
physical insight of nonideal plasmas on the theoretical b
@6–12#.

In recent years, the electrical conductivities of nonid
metal plasmas have been successfully measured by m
authors in the regime of metal-insulator transition owing
the advanced experimental techniques such as the short-
laser heating and the capillary wire discharge of solid me
@13–18#, which also enabled implementation of a semiemp
ical pressure-ionization model for practical applications@19#.
However, there are only a limited number of theoretic
models available for comparisons with the measured dat
a wide density-temperature domain since most theore
studies that involve self-consistent approaches mainly ba
on the quantum statistical theory or standard kinetic the
are subject to restrictions on their valid parameter space
companied by inherent complexities@20–25#. It is essentially
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required to have a wide-range model with a full consid
ation of the Coulomb coupling effect on the ionization ba
ance for extensively exploring the nonideal plasma prop
ties.

In this paper, we describe an approach practically use
to calculate the electrical conductivity of nonideal plasm
over a large density-temperature space by introducing a g
eralized formulation of the corrected potential term for io
ization balances in an equilibrium state and then pres
comparisons of the calculated results with recent experim
tal data for aluminum. In formulating the corrected potent
term, we make use of the fitted formulas of excess free
ergy given as functions of basic dimensionless parameter
Tanaka, Mitake, and Ichimaru@9# and Chabrier and Potekhi
@12#, which have been derived from massive analytical a
computational procedures including Monte Carlo simulatio
and hypernetted-chain~HNC! calculations. Evaluation of the
electrical conductivity in partially ionized aluminum plasm
is based on a linear mixture rule in the form of additi
collision frequencies for fully and weakly ionized plasma
which proves efficient with the reasonably acceptable ac
racy and minimized computational effort. The validity of th
physical model employed in this work is to be verifie
through the comparisons between calculations and meas
ments.

II. IONIZATION BALANCE

The condition of nonideal plasma can be described wit
number of dimensionless parameters. The Coulomb coup
constant is generally used to measure the correlated stre
between charged particles in plasma and is defined for b
ion and electron, respectively, by

G i5
Ze f f

2 e2

4pe0ai

1

kBT
5

~ interionic Coulomb energy!

~ thermal energy!
, ~1a!
©2003 The American Physical Society10-1



s

-
s
d
ro

,
en
ra

-

d
r
ic

er
on

rg

s
y
ic

ic

gy

e
n

ns
m,
n-
-
ere,
and
the

ale
-
in-

d
sed

lly
a,
by
ose
he
s. A
vity
r
s a
ns

i-
re-
-
an

-
ly
hm
den-

D.-K. KIM AND I. KIM PHYSICAL REVIEW E 68, 056410 ~2003!
Ge5
e2

4pe0ae

1

kBT
5

~ interelectronic Coulomb energy!

~ thermal energy!
,

~1b!

where Ze f f is the effective charge number of plasma ion

ai5( 4
3 pni)

21/3, and ae5( 4
3 pne)

21/3 are the average dis
tances between ions and electrons, respectively, known a
Wigner-Seitz radii,ni is the total number density of ions, an
ne is the electron number density. Also useful is the elect
density parameter

r s5ae /aB ~2!

to represent the density effect, whereaB54pe0\2/mee
2 is

the Bohr radius andme is the electron mass. In addition
since the electron degeneracy becomes important in d
plasma, it is necessary to introduce the Fermi degene
parameter

u5kBT/EF , ~3!

whereEF5\2(3p2ne)
2/3/2me is the Fermi energy of elec

tron.
These dimensionless parameters are commonly use

give generalized expressions of the excess free energy o
internal energy for nonideal plasmas with the mathemat
complexity significantly reduced@9–12#. The total excess
free energy can be decomposed into three independent t
each associated with different type of Coulomb correlati
ion-ion (i -i ), ion-electron (i -e), and electron-electron (e-e)
interactions. Here, the excess part of Helmholtz free ene
is then written as

FC5FC
i -i1FC

i -e1FC
e-e5NikBT@ f C

i -i~G i !1 f C
i -e~Ge ,r s!#

1NekBT fC
e-e~Ge ,u!, ~4!

whereNi andNe are the total number of ions and electron
respectively,f C

i -i , f C
i -e , and f C

e-e are the excess free energ
density functions of corresponding interaction types wh
are reduced to dimensionless expressions.

The equilibrium ionization balance equation of an atom
elementM for its interaction Mk↔Mk111e2 is derived
from a mass action law following the minimum free ener
principle to be

nk11ne

nk
52S mekBT

2p\2 D 3/2
Up

k11

Up
k

expS 2
I k112DI k11

kBT D ,

~5!

wherek50, . . . ,Z21 is the charge number of ions,Z is the
atomic number,Up

k and I k11 are the partition function and
the ionization potential energy of thek-fold ion, respectively,
andDI k11 is the correction term for ionization potential du
to the excess free energy, of which the expression is give

DI k115S ]FC

]Nk
D

T,V

2S ]FC

]Nk11
D

T,V

2S ]FC

]Ne
D

T,V

. ~6!

We use the effective charge number defined by
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Ze f f
2 5z2[(

k51

Z

zk
2Nk /Ni , ~7!

to finally obtain

DI k1152~2k11!
e2

4pe0ai
S ] f C

i -i

]G i
D 2

1

3z̄F e2

4pe0ae
S ] f C

i -e

]Ge
D

r s

2r skBTS ] f C
i -e

]r s
D

Ge

G2kBT fC
e-e2

1

3

e2

4pe0ae
S ] f C

e-e

]Ge
D

u

1
2

3
ukBTS ] f C

e-e

]u D
Ge

. ~8!

Now inserting proper forms of the free energy functio
and their partial derivatives in the potential correction ter
Eq. ~8!, and solving a full set of coupled equations for io
ization balance given by Eq.~5!, one can obtain the concen
trations of ion and electron species in nonideal plasma. H
we adopt the analytic formulas presented by Chabrier
Potekhin@12# for the excess free energies associated with
ion-ion and ion-electron interactions denoted byf C

i -i and f C
i -e ,

respectively, which accurately fit the results from large-sc
Monte Carlo simulations and HNC calculations for fully ion
ized electron-ion Coulomb plasmas. For electron-electron
teractions, an analytic expressionf C

e-e given by Tanaka, Mi-
take, and Ichimaru@9# is employed, which has been derive
from an extensive theoretical study of electron fluids ba
on the Singwi-Tosi-Land-Sjo¨lander approximation@26#.

III. ELECTRICAL CONDUCTIVITY

The electrical conductivity of a plasma medium crucia
depends on the degree of ionization: In fully ionized plasm
the motions of current-carrying electrons are governed
Coulomb interactions between electrons and ions while th
in weakly ionized plasma are significantly influenced by t
head-on collisions between electrons and neutral atom
reasonably accurate estimation of the electrical conducti
in partially ionized plasma,s, can be given by a rathe
simple model of additive collision frequencies that make
compromise between the fully and weakly ionized conditio
@3,27,28#:

1

s
5

1

se-i
1

1

se-n
, ~9!

wherese-i and se-n are the electrical conductivities assoc
ated with the electron-ion and electron-neutral collisions,
spectively. This formula yields the exact values in both lim
iting boundaries though there may be uncertainties at
intermediate degree of ionization.

In classical plasmas,se-i can be obtained from the
Spitzer-Härm formula@29#. This classical plasma conductiv
ity, however, displays a diverging characteristic in strong
coupled conditions because the value of Coulomb logarit
tends to be inaccurate approaching zero as the plasma
0-2
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sity increases to a solid level. There are several theore
models devised to be applicable to nonideal plasmas
fully ionized regime@30–33#. Among them, the Zollweg-
Liebermann model@32#, which is based on a more accura
evaluation of the electron-ion collision cross section with
lower limit of the cutoff shielding length defined by the in
terionic distance, appears more preferable for its simplic
in mathematical expression and reasonable agreement
experimental data and can be readily incorporated with
ionization balance calculation being written as

se-i5
1

38

T3/2

Ze f f

gE

ln~111.4Lm
2 !1/2

, ~10!

wheregE is the correction factor for electron-electron col
sions,Lm5L@11(ai /lD)2#1/2 is the ratio of the modified
cutoff shielding length to the impact parameter with the cl
sical definition ofL @29#, and lD is the Debye shielding
radius.

For calculation ofse-n , we make use of a simple formul

se-n5
nee

2

men̄e-n

, ~11!

where n̄e-n is the mean electron-neutral collision frequenc
From the first Sonine-polynomial approximation of the ex
Chapman-Enskog theory, this collision frequency is given
n̄e-n5C̄en0Q̄e-n , whereC̄e5(8kBT/pme)

1/2 is the electron
mean thermal speed,n0 is the number density of neutra
atoms, andQ̄e-n is the average momentum transfer cross s
tion of electron-neutral collision@28,34#. Here, we obtain the
momentum transfer cross section by using a fitted form
presented by Desjarlais as a function of density and temp
ture for practical uses in numerical procedures@19#. The re-
sulting values ofQ̄e-n for aluminum atom appear in the rang
of (0.2–3.0)310218 m2 for temperatures of a few eV an
densities ofr<10 g/cm3, which is of the same order o
magnitude as those found in other papers@17,19#.

IV. RESULTS AND DISCUSSION

A. Plasma composition

Calculations are carried out using the atomic energy le
data for all ionic charge states of aluminum@35# without
considering the electronic excitation. Figure 1 shows the p
file of electron concentrationae5ne /(n01ni) in aluminum
plasma in a two-dimensional parameter space of densir
5(1025–10) g/cm3 and temperatureT5(104–107) K ob-
tained by solving the coupled equations of ionization bala
through fully iterative numerical procedures with the co
rected ionization potentials. The electron concentration, h
exhibits a behavior of strong dependence on tempera
rather than on density in the density range far below the s
density level, i.e.,r,1 g/cm3. The stepwise shape of thi
profile along the temperature axis reveals the electronic c
figuration of aluminum atom. At higher densities, on t
other hand, the Coulomb coupling effect results in an
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usual pattern in the electron concentration profile. A sudd
increase of the degree of ionization occurs near the s
density at low temperaturesT,105 K, which, we consider,
effectively demonstrates the physical situation referred to
the pressure ionization that eventually leads to the me
insulator transition.

The detailed aluminum ion concentrations are presen
in Fig. 2 for various charge states at different temperature
~a! 10 000 K,~b! 14 000 K,~c! 20 000 K, and~d! 31 600 K.
Here, the maximum value of ion charge number is found
be13 under the regime of pressure ionization in the dens
range of r5(1 –10) g/cm3. Therefore, the assumption o
limited charge number up to13 used in the previous calcu
lation by Redmer@24# seems acceptable at least for alum
num plasma within this physical parameter range. Our res
appear overall consistent with those of Redmer’s except
the case ofT510 000 K, see Fig. 2~a!, where we have the
maximum charge number of13 instead of12. In Figs.
2~b!–2~d!, it is shown that the sharply rising curve of th
electron concentration atr;1 g/cm3 becomes smoother a
the temperature increases because the relative streng
Coulomb coupling is gradually reduced; and further, f
much higher temperatures, i.e.,T.105 K, as shown in Fig.
1, the density effect is substantially overridden by the th
mal effect so that the contribution by pressure ionization
hardly distinguishable within the density range conside
here.

B. Electrical conductivity

Figure 3 shows the electrical conductivities of aluminu
plasma calculated by a number of theoretical models us
the plasma compositions obtained above in comparison w
data from recent experiments measured by Mostovych
Chan @13#, DeSilva and Katsouros@14#, Krisch and Kunze
@15#, and Benage, Shanahan, and Murillo@16,17#. In this
figure, the dotted and dashed lines represent the elect
conductivities given by Spitzer and Ha¨rm @29# and Zollweg
and Liebermann@32#, respectively, with no neutral effect in
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FIG. 1. Electron concentration in aluminum plasma obtain
from fully iterative calculations using the present ionization balan
model in a density-temperature space.
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FIG. 2. Electron and ion concentrations in aluminum plasma computed for different temperatures of~a! 10 000 K, ~b! 14 000 K, ~c!
20 000 K, and~d! 31 600 K as a function of density.
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cluded under the assumption of fully ionized plasma wher
the solid lines are computed in a partially ionized plas
regime by a linear mixture rule of additive collision freque
cies, Eq.~9!, which takes into account both the electron-i
and electron-neutral collisions by incorporating the Zollwe
Liebermann conductivity@32# with the electron-neutral mo
mentum transfer cross section of Desjarlais@19#.

The Spitzer-Ha¨rm conductivities appear with reasonab
values in the low-density limit but tend to become uncontr
lably larger as the density increases. On the other hand
Zollweg-Liebermann model which takes into account t
dense plasma effect yields finite conductivities at high d
sities and seems to agree well with the measurements m
by Benage, Shanahan, and Murillo in the upper regime
pressure ionization where plasma is fully ionized. For su
ciently low densities, the Zollweg-Liebermann conductiv
well recovers the Spitzer-Ha¨rm value. However, the
Zollweg-Liebermann model neglecting the electron-neu
collisions is unable to describe the conductivity behavior
the physical range where a considerable fraction of neu
atoms exist.

With the neutral effect taken into account, Eq.~9! yields
remarkably decreased values of electrical conductivity be
05641
s
a

-

-
he

-
de
f

-

l

al

w

the critical density at which the pressure ionization occu
particularly, for low temperatures where neutral partic
dominate. In Fig. 3~a!, for example, the partially ionized
plasma conductivity computed forT510 000 K has its local
minimum atr;0.1 g/cm3 with the minimum value found to
be lower than that predicted by the Zollweg-Lieberma
model by about an order of magnitude. Compared with
measured data of DeSilva and Katsouros at the same
perature, the present mixture-rule calculation seems to o
estimate the neutrals’ contribution leading to a steeper sl
of the conductivity-density curve but, nevertheless, succe
fully reproduces the metal-insulator transition. AtT
531 600 K, on the contrary, see Fig. 3~d!, due to the van-
ishing population of neutral particles as a result of therm
ionization, the electrical conductivities calculated by Eq.~9!
for partially ionized plasma become very close to those
the fully ionized model given by Zollweg and Lieberman
over the entire density range. This signifies that it may
sufficient to use a conductivity model that takes account o
of the electron-ion collisions for temperaturesT>30 000 K
in the density range ofr<10 g/cm3 reducing the computa
tional effort.
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FIG. 3. Electrical conductivity of aluminum plasma computed by the present partially ionized plasma model based on a linear
rule ~LMR! for different temperatures of~a! 10 000 K, ~b! 14 000 K, ~c! 20 000 K, and~d! 31 600 K as a function of mass density
comparison with the experimental data measured by DeSilva and Katsouros~DK!, Benage, Shanahan, and Murillo~BSM!, Mostovych and
Chan~MC!, and Krisch and Kunze~KK ! along with the theoretical predictions for fully ionized plasma given by Spitzer and Ha¨rm ~SH! and
Zollweg and Liebermann~ZL!.
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Discrepancies between calculations and experiments
be attributed to the fact that the laboratory plasma is in m
cases away from the equilibrium state if the density is l
and some experiments resort to their own equation-of-s
models for data interpretations, aside from the inherent in
curacy in Eq.~9!. Nevertheless, the present calculation see
to well reproduce the general trend of measured data ov
significant physical range supporting the validity of the th
oretical models employed in this work for the excess f
energy and the electrical conductivity in a practical aspe
Further, we recognize that it would effectively enhance
reliability of calculated results to implement a more realis
model for electron collision processes in partially ioniz
plasmas instead of using a simple linear mixture r
@24,28,36#.

V. SUMMARY

In this paper, we calculated the electrical conductivity
aluminum plasma in a wide density-temperature range c
ering the strongly coupled regime. The correction term
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ionization potential was formulated using the dimensionl
parameters characterizing nonideal plasmas. A set of fi
formulas of excess free energy, which have been deri
from extensive theoretical studies and massive numer
procedures, were utilized to determine the ionization b
ance. The evaluation of electrical conductivity in a partia
ionized condition is based on a linear mixture rule of ad
tive collision frequencies for electron-ion and electro
neutral interactions. The calculated plasma compositions
pear to well demonstrate the pressure ionization occur
near the solid density at temperatures of a few eV. The
sulting electrical conductivity profiles also reproduce t
overall trend of recently measured data to a substantial
gree. From the results, it follows that the present phys
models for the corrected ionization balance and the electr
conductivity in nonideal plasma are reasonably acceptabl
depicting the metal-insulator transition.
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