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Forces between elongated particles in a nematic colloid
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Using molecular dynamics simulations we study the interactions between elongated colloidal particles
~length to breath ratio@1) in a nematic host. The simulation results are compared to the results of a
Landau–de Gennes elastic free energy. We find that depletion forces dominate for the sizes of the colloidal
particles studied. The tangential component of the force, however, allows us to resolve the elastic contribution
to the total interaction. We find that this contribution differs from the quadrupolar interaction predicted at large
separations. The difference is due to the presence of nonlinear effects, namely, the change in the positions and
structure of the defects and their annihilation at small separations.
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I. INTRODUCTION

Liquid crystal colloids belong to a special class of collo
dal systems. Long-range orientational order of the liq
crystal molecules gives rise to additionallong-rangeinterac-
tions between the colloidal particles@1,2#. The presence o
defects, due to topological restrictions, controls the symm
try of this interaction that may be of dipolar or quadrupo
symmetry@3–5#. Clustering, superstructures, and new pha
are immediate consequences of additional anisotropic in
actions@6–8#.

The long-range forces between particles of any shape
in principle, be calculated using direct integration over t
director field@9#. Ready-to-use expressions are available
spherical particles@10#, two-dimensional disks@11#, etc. For
smaller particle-particle separations nonlinear effects fr
the elastic free energy come into play. Minimization of t
Landau–de Gennes free energy with respect to the te
order parameter can be used to take into account the rel
position of the defects and the variation of the nematic or
parameter around the colloids@11#. For even smaller separa
tions, depletion forces, density variation, and presmectic
dering of a nematic liquid crystal near colloidal particles ca
not be ignored. Then a density functional approach@12–14#
or, alternatively, computer simulation techniques@15–17#
can be used.

In this paper we study the interaction between elonga
colloidal particles suspended in a nematic liquid crystal. T
liquid crystal molecules are taken to behomeotropically an-
chored, that is, their preferred orientation is normal to t
colloid surface. We compare the results of two methods: m
lecular dynamics simulation and minimization of the ph
nomenological Landau–de Gennes free energy.

It has already been shown theoretically@18# and using
molecular dynamics~MD! simulation@14# that isolated small
elongated particles, with homeotropic boundary conditio
minimize the free energy by orienting perpendicularly to t
director. Thus, we consider the particle symmetry axes p
allel to each other and perpendicular to the far field direc
1063-651X/2003/68~5!/051702~5!/$20.00 68 0517
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In this geometry, the defect structure around a single part
has been studied in detail@19#. The configuration with two
1/2 strength defects is preferable energetically, giving rise
a quadrupolar-type of interaction between two such partic
@10#. Analytical expressions for thelong-range forces de-
rived from the Frank elastic free energy exist, as well
numerical studies based on the tensor order parameter
malism @11,20#.

However, more detailed studies of the forces showed
the interaction between the particles is no longer quadrup
at small separations@11#, due to a change in the relativ
position of the defects. It was shown that the long-ran
repulsive interactions can become attractive for small
choring strengths while the remaining become repulsive
all orientations for strong anchoring. As the distance betw
the particles decreases, their preferred relative orienta
with respect to the far field nematic director changes fr
oblique (p/4 for the pure quadrupolar interaction! to perpen-
dicular.

In this paper we use MD simulations to confirm this co
clusion at even smaller separations, where the deple
forces play an important role. To resolve the elastic con
bution to the total force we measure separately thenormal
and thetangentialcomponents of the force. The normal com
ponent is much larger than the tangential component and
practically unaffected by the relative position of the defec
The tangential component, however, has a dependence o
particle separation that is qualitatively the same as that
dicted by the minimization of the Landau–de Gennes f
energy.

The paper is organized as follows. In Sec. II we descr
the geometry, the molecular model used for MD simulatio
and the technique of minimization with adaptive meshin
The director orientation, order parameter, and density ma
as well as forces between the particles, are presented in
III. In Sec. IV we make some concluding remarks.

II. MOLECULAR MODEL AND SIMULATION METHODS

The geometry considered in this work is shown in Fig.
Two cylindrically shaped colloidal particles of radiusR are
©2003 The American Physical Society02-1
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immersed in a liquid crystal. The particles are separated b
distanced measured from their symmetry axes. The direc
orientation is fixed at the top and the bottom walls, para
to thez axis and perpendicular to the symmetry axes of
cylinders. Boundary conditions ensure that the directorn far
from the colloidal particles is parallel to thez axis. The rod
length is considered to be infinite: in the simulations t
simply means that the cylinder spans thex dimension of the
periodic box.

A. MD simulation

Molecular dynamics simulations were carried out usin
soft repulsive potential, describing~approximately! ellipsoi-
dal molecules of elongationk53 @16#. The systems con
sisted ofN58 000 and 64 000 particles~see Table I for de-
tails!. A reduced temperaturekBT/e051 was used
throughout. The system size was chosen so that the num
density isrs0

350.32, within the nematic phase for this sy
tem. Heres0 is a size parameter ande0 is an energy param
eter ~both taken to be unity!.

The system is confined in thez direction, to provide uni-
form orientation of the director far from the particles alo
the z axis. The interaction of moleculei with the colloidal
particle ~rod! and the wall is given by a shifted Lennard
Jones repulsion potential having exactly the same form a
Refs. @16,19#. This provides homeotropic orientation with
strong anchoring of the molecules at the wall.

The radius and the length of the rod were steadily
creased from zero to the desired value during 103 steps. Then

y

R

α

z

homeotropic    anchoring

d

n

FIG. 1. Geometry (yz cross section is shown!: two cylinders of
radiusR are immersed in a liquid crystal host. The host is mode
as a solution of Gay-Berne particles and the orientation of the
rector is fixed at the top and bottom walls of the simulation b
(z56Lz/2). Periodic boundary conditions are applied in thex,y
directions.

TABLE I. Systems studied.

Colloid radius Particles Box size Productio
R/s0 N x/s0 ,y/s0 ,z/s0 ~steps, 105)

3 8 000 10, 50, 50 10
5 64 000 20, 100, 100 5
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the system was equilibrated for 105 steps. During equilibra-
tion we scaled the velocities of the molecules to achie
kBT/e051. An equilibrated snapshot of the system is sho
in Fig. 2.

The production run for every anglea was 106 steps. The
forceF on the rod was calculated using the repulsive forcef i
from the rod on the particlei:

F52(
i 51

N

f i . ~1!

The local tensor order parameterQ(r) was calculated as

Qab~zi ,yj !5
1

n$ i , j %
(
k51

n$ i , j % H 3

2
^ukaukb&2

1

2
dabJ , ~2!

where there aren$ i , j % molecules present in each bin$ i , j %,
dab is the Kronecker delta,̂•••& denotes an ensemble ave
age, anda,b5x,y,z. Diagonalizing theQab tensor, for each
bin, gives three eigenvaluesQ1 , Q2, andQ3, plus the three
corresponding eigenvectors. The eigenvalue with the larg
absolute value defines the order parameterS for each bin.
The biaxiality B is calculated as the absolute value of t
difference between the remaining two eigenvalues of the
sor order parameter.

B. Landau–de Gennes free energy minimization

In the framework of the continuum theory, the system c
be described by the Landau–de Gennes free energy@21#

F$Q%5E
V
FL

2
u“Qu21 f ~Q!G , ~3!

d
i-

FIG. 2. ~Color online! MD simulation results: snapshot of th
system. Number of particlesN58000, colloid radiusR/s053, col-
loid separationd/s0510 and a50. System size 10s0350s0

350s0. Color coding emphasizes the particle orientations.
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wheref (Q) is a function of the invariants ofQ, the symmet-
ric tensor order parameter, and the integration extends
the sample volume. Here we adopted the one-constant
proximation for the elastic free energy~decoupling of the
spatial and spin rotations!.

To simplify the calculations, we used a two-dimension
representation of the tensor order parameter. This repre
tation is justified for a uniaxial nematic with the director
the yz plane. Indeed, as we will see, the MD simulatio
results show that the director is constrained in theyz plane.
The nematic is uniaxial in the bulk and is slightly biaxial
the defect core.

In this approach it is possible to rewriteQ in terms of
components of the directorn and the scalar order paramet
Q:

Qi j 5Q~ninj2
1
2 d i j !. ~4!

Then the Landau–de Gennes free energy density rea

f ~Q!52
a

2
TrQ21

c

4
@TrQ2#2, ~5!

wherea is assumed to depend linearly on the temperatu
whereas the positive constantc is considered temperatur
independent. Note that the invariant that corresponds to
cubic term of the tensor order parameter vanishes in the t
dimensional nematic.

Within this model the liquid crystal in the nematic sta
has the order parameterQeq5A2a/c. The elastic constantL
is related to the Frank elastic constant byK54La/c. In our
calculations we useda51,c52 which givesQeq51.

The free energyF$Q% was minimized numerically, using
finite elements with adaptive meshes. The geometry use
the numerical calculation is shown schematically in Fig.
During minimization we used a square integration regionV
of size 40R340R, where R is the radius of the colloida
particle. The areaV was triangulated using a BL2D subrou
tine @22#. The tensor order parameterQ was set at all vertices
of the mesh and was linearly interpolated within each
angle. Using standard numerical procedures the free en
was minimized under the constraints imposed by the bou
ary conditions, i.e., strong homeotropic anchoring at the p
ticle perimeters and uniform alignment at the outer bound

Finally, a new adapted mesh was generated iterativ
from the result of the previous minimization. The new loc
triangle size was determined by the free energy variation
the previous solution, ensuring a constant numerical we
for each minimization variable. The final meshes with
minimal length of;1023R had about 23104 minimization
variables.

The tangential component of the interparticle forceFt
was calculated numerically from the free energy,Ft5
2r 21]F/]a.

III. RESULTS

A. Defect structures

A typical director orientation together with the densit
order parameter, and biaxiality maps are shown in Fig. 3
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large separations, a pair of defect lines forms next to e
particle, perpendicular to the director, as in the single col
dal particle. The director distortion vanishes very quickly
the liquid crystal bulk, and the core region extends ove
few molecular lengths@19#.

On reducing the separation, the positions of the defe
start to change, as well as their inner structure@see Figs.
3~b,c!#. First, at relatively large separations, the plane w
the defect lines tilts with respect to the particle-particle se
ration vector. On closer approach, the defect linesbetween
the particles move away from the particles; each defec
now shared between two particles. The defect cores bec
more extended and lose their original, almost circular, sha
Finally, when the particles are at close contact, two out of
four defects vanish to ensure that the total topological cha
in the system is zero@Fig. 3~d!#.

This scenario agrees qualitatively with the results of
minimization of the Landau–de Gennes free energy@11#. In
addition, in the MD simulations, we were able to observe
annihilation of the defects, which is not accessible on
length scales where the phenomenological approach is a
cable. From the density map shown in Fig. 3~a! one can
already see the strong influence of depletion at small sep
tions. The order parameter map@Fig. 3~b!# illustrates the
movement of the defects and the changes in the defect co

B. Force between the particles

Figure 4 shows typical force curves as a function of t
particle-particle separationd for colloidal particles of size

FIG. 3. ~Color online! MD simulation results. Maps of~a! den-
sity at the separationd/s0516, ~b! order parameter at the separ
tion d/s0513 and ~c! biaxiality at the separationd/s0513. ~d!
shows the map of theny component of the director at the separati
d/s056. Theyz cross section of the system is shown. Rod rad
R53s0. System size 10s0350s0350s0. The director far from
the particle is constrained along thez axis.
2-3
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R/s053. From the parallel component of the force~projec-
tion of the force on the particle-particle separation vect!
one can see that the depletion forces indeed dominate
force has oscillations due to the density modulation of
liquid crystal close to the particle surfaces~presmectic order-
ing!. A more detailed analysis of the force curves, shown
the inset of Fig. 4, reveals that there is a small difference
the decaying tails of the force curves, which can be attribu
to the elastic contribution of the order parameter field/defe
around the colloidal particles to the total interparticle int
action.

To resolve the contribution of the elastic force, we plot t
tangential component of the force~perpendicular to the
particle-particle separation vector! that vanishes for isotropic
systems, in Fig. 5. We first look at the situation witha
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FIG. 4. ~Color online! MD simulation results: components o
the force parallel to the particle-particle separation vectorF i as a
function of the particle-particle separationd. Colloid radiusR/s0

53.
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FIG. 5. ~Color online! MD simulation results: component of th
force perpendicular to the particle-particle separation vectorFt as a
function of the particle-particle separationd. Colloid radiusR/s0

53. We performed a much longer run (43106 steps! in order to
reduce the error bars fora50. Error bars fora5p/2, which was
run for 106 steps, are too large to show on the plot. Smooth cur
are to guide the eye.
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5p/4. It is clear that there is a nonzero tangential comp
nent, which decays with the distance, i.e., there is a nonz
force which tends to align the particle-particle separat
vector perpendicular to the director~or at some angle which
is less thanp/4). This is already different from the quadru
polar interaction predicted by the linear theory, where
minimum of the free energy occurs ata5p/4, and agrees
with the results of the Landau–de Gennes free energy m
mization for small particle separations, see Ref.@11#.

The situation fora50,p/2 is somewhat different: there i
a scatter in the value of the tangential component of
force, accompanied by large errors in the measureme
Analysis of the configurations suggests that this is due t
degeneracy of the defect positions. Indeed, when the
ticles move close to each other, the defects change their
sitions. The vector between the defects belonging to the s
particle tilts with respect to the director. Ifa50 or p/2, the
tilt angle can be either positive or negative: both configu
tions are equivalent and have the same energy. Howe
there is a barrier between these configurations. For sm
particles, this barrier is of the order ofkBT, and the defects
can switch between two equivalent configurations during
simulation run. This ‘‘drift’’ of the defects does not affect th
parallel component of the force, but leads to the ‘‘averagin
of the tangential component to zero. In addition, this drift
slow on the time scale of a molecular simulation, and thu
leads to a large scatter in the value of the tangential forc

To overcome this problem, we studied particles with
larger radiusR55s0. Correspondingly, we increased th
system size to avoid self-interaction of the particles due
the periodic boundary conditions, see Table I for details. T
elastic contribution to the force is larger in this case. As
consequence, the energy barrier between the two equiva
defect configurations also increases. It is thus harder for
defects to overcome this barrier that is larger thankBT for
this size of the colloids. This is clearly seen from the tang
tial component of the force plotted in Fig. 6; the scatter
the data is smaller and there is a marked decrease with
s
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FIG. 6. ~Color online! MD simulation results: component of th
force perpendicular to the particle-particle separation vectorFt as a
function of the particle-particle separationd. Colloid radiusR/s0

55. System size 20s03100s03100s0. Smooth curves are a
guide to the eye.
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creasing particle-particle angle. One can also see that the
a nonzero tangential force fora5p/2,p/4, i.e., the particles
tend to align with their center-center separation vector p
pendicular to the director.

Finally, we show the results of the Landau–de Gen
theory in Fig. 7. The tangential component of the force
plotted as a function of the interparticle distanced, for three
different orientations of the particle-particle separation v
tor, a50,p/4,p/2.

Comparing the results of the Landau–de Gennes the
Fig. 7, to the MD simulation results, Fig. 6, one finds qua
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FIG. 7. ~Color online! Landau–de Gennes theory: component
the force perpendicular to the vector joining the centers of the
loids as a function of the colloid separationd at three different
orientations (a50,p/4,p/2). d is in units of the nematic correlation
lengthz5AL/a. ~a! z/R50.2; ~b! z/R50.633.
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tative agreement for a value ofz/R50.2, wherez5AL/a is
the nematic correlation length. To establish quantitat
agreement between the two approaches, larger colloidal
ticles would have to be simulated~with radii of at least a few
nematic correlation lengths!. Simulations on such scales re
quire a huge number of liquid crystal molecules, maki
them prohibitive. On the other hand, it is not possible
study very small colloidal particles using the Landau–
Gennes theory, since the theory is not valid for particles t
are smaller than a few nematic correlation lengths. Con
quently, the two approaches are complementary and th
detailed quantitative comparison of the simulation and th
retical results is not meaningful.

IV. CONCLUSIONS

We used two independent techniques, molecular dynam
simulation and minimization of the Landau–de Gennes f
energy, to study the interaction of two elongated colloid
particles embedded in a nematic host. Our results show
the particle-particle interaction is no longer quadrupolar
short distances due to a change in the relative position of
defects. MD simulation results also show that for small p
ticles the depletion force dominates but contributes mostly
the interparticle radial force. The tangential contribution
the force is of elastic origin. Its dependence on the cen
center separation is in qualitative agreement with the res
of the free energy minimization.
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