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Analytical results for a three-phase traffic model
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We study analytically a cellular automaton model, which is able to present three different traffic phases on
a homogeneous highway. The characteristics displayed in the fundamental diagram can be well discerned by
analyzing the evolution of density configurations. Analytical expressions for the traffic flow and shock speed
are obtained. The synchronized flow in the intermediate-density region is the result of aggressive driving
scheme and determined mainly by the stochastic noise.
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I. INTRODUCTION phases are observed on a homogeneous highway without on
ramps or bottlenecks. Numerically, the fundamental diagram
Recently traffic dynamics has attracted considerable atterdlisplays three distinct phases well separated according to the
tion of physicists|1—3]. Many interesting effects on high- Vvehicular density. However, a simple mean-field theory fails
ways have been revealed by the advances of statistical phyt® reproduce the characteristics.
ics. It is now widely accepted that vehicular traffic provides In this paper, we present the analytical results of this in-
a prototype of the dynamic system driven far from equ”ib_teresting model. The model will be briefly reviewed in the
rium. Conventionally, the traffic on a highway is categorizedf0”0Wing section. The takeover effects are discussed in Sec.
by either free flow or congestion. A recent empirical study!ll. The discussions and conclusion are summarized in the
shows that a new phase could be identified and named syfinal section.
chronized flow[4,5]. Therefore, there are three different traf-
fic phases: free flow, synchronized flow, and congestion. Il. MODEL
These three phases display distinct characteristics in the fun-
damental diagram, i.e., traffic flow versus vehicular density. The model adopts a cellular automaton approach to de-
In the free flow, the flow increases with the increase of denscribe vehicles moving on a single-lane highway. Witand
sity. In contrast, the flow decreases with the increase of derx denote, respectively, the velocity and position of a vehicle,
sity in the congestion, while in the synchronized flow, thethese parameters are updated with the following four rules.
high flow can be maintained as the density increases. The (Rule ) Noise: Ifv>0, thenv—uv —1 with a probability
above characteristics are revealed by time averaged measufe-
ment of the fundamental diagram. When the fluctuations are (Rule 2 Braking: If v>d, thenv—d, whered denotes
considered, the synchronized flow displays another chara¢he headway.
teristic that the flow and density scatter into a two- (Rule 3 Acceleration: Ifv<vy, thenv—v+1. (If the
dimensional area. Microscopically, the synchronized flow isabove acceleration advances a vehicle to the position of its
also characterized by vehicles not being able to pass eagiteceding one, the acceleration will not succged.
other. And the motion becomes highly correlated and coher- (Rule 4 Motion: x—Xx+uv.
ent [6]. As for the phase transitions among these three These update rules are applied to all vehicles in parallel.
phases, it is conjectured that there is a sequence of two fir§asically the first three rules prescribe a vehicle to adjust its
order phase transitions: the transition from free flow to syn«elocity, which is then carried out in the fourth rule. There
chronized flow occurs first and only later the congestionare only two parameters: the stochastic ngised the speed
emerges in the synchronized flow. Although the synchrodimit v,,. By changing the order of rulél) (noisg and rule
nized flow is mostly observed near on ramps or bottleneck$3) (acceleration the model is reduced to the Nagel-
of a highway, it is still debated if these external disturbancesSchreckenberg traffic modg8,9]. In this model, the braking
are really indispensable to understand this newly identifieds applied before the acceleration. Thus there is no over-
traffic phase. It is desirable to be able to understand theseaction and the spontaneous jam formation is suppressed.
three phases solely from the vehicular interactions. In thiAs the stochastic noise is now applied in the first rule, the
paper, we will address the stationary patterns of a single-laneffects will be shadowed by the subsequent rules. With naive
traffic displayed in the fundamental diagram. The synchroexpectation, the randomness will be suppressed. A linear re-
nized flow is understood specifically as the coherent motioration between the traffic flow and vehicular density is
of a vehicular queue. then expected. In this work, extensive numerical simulations
In a recent publicatiof7], a variation of the well known are carried out on a cyclic road of 5000 sites. The simula-
Nagel-Schreckenberg traffic model has been proposed. #ions are started with random configurations. The traffic flow
kind of aggressive driving scheme is considered and nameig averaged over fQtime steps with the first f0discarded;
takeover effect, which enhances the traffic flow significantlyanother average over 100 random initial configurations is
in the intermediate-density region. Three different traffictaken at each density. As shown in Fig. 1, three distinct
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- an average speed p2-1). Whenp assumes a small value
(p~0), the shock front propagates backward and the traffic
flow can be maintained at a large value; wigassumes a
large value p~1), the shock front propagates forward and
the traffic flow is suppressed. In contrast, the congestion in
the high-density region provides a much more compact pro-
file and can be represented as the following:

0.6
. 000000 DKXXXXXX:--, (4)
In the next time step, the first vehicle will move away deter-
0.4 ministically as the following:
+++000000XIX XX XXX -, (5)
0.2 Thus the shock front in the high-density region propagates
backward with a speed 1.
; In summary, the analytical expressions for the traffic flow
o can be obtained
0 0.2 0.4 0.6 0.8 1
( 1/ 1-v4
P pUm: p=3 Um—Us
FIG. 1. Fundamental diagram in the cases without takeover. The 1 1 1/ 1-vq 1
speed limitv ,,=5. The analytic results are shown by the solid lines. f=4 57U\ 5P Sl <P (6)
Um—Us 2
phases are displayed in the fundamental diagram. The result- 1 >1
ant traffic flow is linear in vehicular density for all three L P P=5,

phases. When the density is low, vehicles will not block each

other; the second rule is ineffective. The deceleration in thavherevs=(2p—1) is the shock speed. The numerical re-
first rule will be compensated by the acceleration in the thirdsults can be correctly reproduced. It is interesting to note that
rule. Thus all the vehicles move with the highest spegd the low-density and the intermediate-density regions are
and the traffic flow becomefs=pv,,. In contrast, the behav- characterized by speed limit,, and stochastic noisp, re-

ior in the high-density region is dictated by the second rulespectively; while in the high-density region, bath, andp

The traffic flow is restricted by the available headway andbecomes irrelevant.

becomesf=1—p. In the intermediate-density region, the

traffic flow is determined by the stochastic nofs€elhe pre- IIl. TAKEOVER

scribed rules dictate a stable structure of density profile as

the following (vehicles are moving to the right Next, we consider the effects of takeover, which was pro-

posed to model a kind of aggressive driving behavior. Basi-
e IXAIXIXIXIX XXX X e (1) cally it is an anticipation effect to take into account the mo-

tion of the preceding vehicl¢10-13. We note that the
where the position of a vehicle is marked by an integerakeover does not imply passing. The ordering of vehicles is
showing its velocity and each empty cell is marked by akept strictly in this model. Rulg3) is modified as the fol-
symbol (X). The vehicles are moving with the same veloc- |owing.
ity and keeping the same headway. The stochastic noise  Acceleration: Ifv <v,,, thenv—uv +1. (If the above ac-
will only affect the first vehicle within such a queue. All the celeration advances a vehicle to the position of its preceding
following vehicles will maintain at the velocity 1 and the one, the acceleration will succeed only when the preceding
headway 1. With a probabilitp, the first vehicle will keep  vehicle has a positive velocity and moves away from that
the velocity in the next time step, and the queue will propaposition in the same time step, i.e., the position is taken
gate forward with a speeét 1 as the following, over)

The results are shown in Fig. 2. Basically, there are still
three phases displayed in the fundamental diagram. For both
the low-density and the high-density regions, the traffic flow
remains the same as in the cases without takeover; for the
intermediate-density region, the traffic flow enhances signifi-
cantly yet still preserves the linear dependence to the vehicu-

X IXIXIXIX X2X X X e (3 lar density. The increase of the traffic flow can also be ob-
served by the decrease of the shock front speeals shown
The queue is then broken and the front propagates backwaid Fig. 3. Whenp is small, the decrease of traffic flow attrib-
with a speed—1. Thus the shock front will propagate with uted to the random noise can be fully restored by the take-

X IXIXIXIXIX XX X -, 2

However, the first vehicle may also accelerate with a prob
ability (1—p) and moves away from the queue as the fol-
lowing,
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1 step. Thus the breakaway of the queue is no longer limited to
- ] the first vehicle. For example, if the first two vehicles accel-
erate and the third one remains at speed 1, the configuration

9.5 becomes
e XAXIXIXX2X2X X X ee e (7)
0.6 which can be associated with a probabiligy(1—p)2. As
the first two vehicles move away from the queue, a shock
£ speed—3 is assigned. In general, the average shock speed
i o can be expressed as
o0 . 2
vs=2, (2n=1)p(1-p)"=3-_, (8)
n=0 p

where the indexh denotes the number of vehicles moving
away from the queue in the next time step, which can be
associated with a shock speedn(21) and a probability
0 0.2 0.4 0.6 0.8 1 p(1—p)". The analytical expressions in these two limits,
P —0 andp—1, already give a satisfiable description to the
highly nonlinear relation betweeng and p, see Fig. 3. In
FIG. 2. Fundamental diagram in the cases with takeover. Th€ontrast, the cases without takeover can be fully described by
speed limitv ,,=5. The analytic results are shown by the solid lines. a simple linear relatioms=(2p—1).
The above asymptotic results can be rephrasedvas (
over. The traffic flow can be maintained at the same value ag 1)—0 in the limitp—0 and ¢ s— 3+ 2/p)—0 in the limit
in the cases without noise. The density profile is characterp— 1. For a generap, the following relation can be ex-
ized by the compact jam shown in Ed), which leads to the pected phenomenologically:
shock speed-1. On the other hand, whem is large, the
density profile is then characterized by the synchronized mo-
tion shown in Eq.(1). With takeover, however, any vehicle
within the queue may accelerate to speed 2 in the next time

where A is a small parameter to smear the transformation
1 w I from p=0 to p=1. Naively, the asymptotic results can be
reproduced by taking=0. With a simple Gaussian fluctua-
z tions aroundo=0.5 as the following:

(vst1) =A, €)

2
Us—3+ B

p A=0.15¢ 50 (057 (10)

P the shock speedg can be fairly described frop=0 to p
s =1; see Fig. 3. With this parametrization ©f, the traffic
= flow can be expressed by the same analytical formula as in
Y Eq. (6). The numerical results can be fairly reproduced; see
s/ Fig. 2.
d The discrepancy in the transition from low-density to
Y intermediate-density regions should be attributed to yet an-
s other synchronized traffic phase, which is exclusively ac-
! counted by takeover. With takeover, the following configu-
ration becomes possible,

‘ L ' : C O 2X2X2X2X2X XXX XK e (12)

where each vehicle moves synchronously into the position

occupied by its preceding one in the previous time step. With
FIG. 3. The shock speed, as a function of the stochastic noise & Probabilityp, the first vehicle will keep the velocity in the

p in the intermediate-density region. The solid line shows the anal€Xxt time step, and the queue will propagate forward with a

lytical results in Egs.(9) and (10). The asymptotic results gt~ Speed+2 as the following:

—0 andp—1 are shown by the dotted lines. The dash line shows

the linear relation in the cases without takeover. c e 2X2X2X2K2X2X X X -+, (12
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FIG. 4. The enlarged view of a portion of Fig. 2 to emphasize  FIG. 5. Fundamental diagram in the cases with takeover. Except
the transition from low-density to intermediate-density regions.for a larger headway prescribed in the initial configurations, the
More data are shown. Compared to Fig. 2, the solid lines show theimulations are the same as in Fig. 2. The synchronized phase
analytical results including the synchronous motion of @G). The  shown in Fig. 4 can be sustained to higher densities. The analytic
dotted lines show the extrapolation of the synchronized phase ifesults are shown by the solid lines.

Eq. (11).

is subjected to the available headway, i.e., the flow is deter-
mined by the density, and independent of bethandp. The
characteristics displayed in the fundamental diagram can be
2NN IR IND2X X BN N e -, (13)  Wwelldiscerned by analyzing the evolution of density configu-
rations. The numerical simulations can be well reproduced

The queue can be taken as stationary and assigned a frdp the analytical formulas. _ o

speed 0. Thus the shock front will propagate with an average In the usual meaning, the synchronized flow implies both

speedv =2p. The flow becomes=1—p+2pp. The nu- the synchronization among lanes and the high flow in the
merical data can be correctly described, see Fig. 4. It is inatypical congested traffic on a multilane highway. In the

teresting to note that such a synchronized traffic phase ca@bove study of the single-lane traffic, we are looking for the

not be supported in the extreme limits pf In the case of synchronized movement of a vehicular queue. The seemingly
vm=>5, a restriction 0.25&¢ p<0.744 can be easily calcu- different characteristics reflect basically the same traffic dy-

lated by the parametrization in Eq9) and(10). This traffic ~ namics. On a multilane highway, the synchronization among
phase can be observed only wheg=4. With the analytical Nneighboring lanes implies the passing maneuvers are difficult

expressions in the asymptotic limits, the following restrictionto carry out. Also as the high flow is maintained, the lane
can be obtained: changing behavior is expected to be suppressed. And each

vehicle follows its preceding one much more strictly. Thus

1 Um—2 the synchronization among different lanes leads to the syn-
(14 chronization within the same lane. The coherent behavior
within the vehicular queue is then enhanced. The vehicular

Thus, this synchronized phase is most prominent around th@ovement becomes much more efficient which results in the
settingp~0.5; see Fig. 4. high flow. In the simple model we studied, such coherent

behavior is further enhanced and becomes dominant over a

certain density range.

The effects of takeover are most significant in the

In this paper, we present the analytical results for a threeintermediate-density region. Such aggressive driving scheme
phase traffic model. This simple model is very transparentis unnecessary in the free flow of low-density region. On the

yet it can reproduce three different traffic phases on a homosther hand, it becomes useless in the congestion of high-
geneous highway. In the low-density region, the free flow isdensity region. We note that although the traffic flow in the

determined by the speed limit,,. In the intermediate- high-density region is unaffected by the takeover, the aggres-
density region, the synchronized flow is controlled by thesive driving does affect the density profile. With takeover,

stochastic noise. In the high-density region, the congestion the range of compact jams is enlarged. The fluctuations in the

With a probability (1-p), the first vehicle may accelerate
and move away from the queue as the following:

vm—1

IV. DISCUSSIONS
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vehicular distribution are enhanced. On part of the highway 1
vehicles may move with a higher speed; while on the othe
part of the highway vehicles would be trapped within the
traffic jams for a longer time. Therefore, the overall traffic
flow is the same as in the cases where such aggressive dri
ing is absent.

In the intermediate-density region, the takeover provides i
mechanism of synchronous motion to enhance the traffi ¢ -
flow. It is interesting to note that the same mechanism inca
pable of boosting traffic flow in the high-density region be-f
comes quite effective to enhance traffic flow in the \
intermediate-density region. As the takeover also enhance 0.4 [ =
the density fluctuations, the increase of traffic flow does no
imply that vehicles will move more smoothly. When the
noise is small p~0), the aggressive driving restores the

traffic flow to the cases without noise. However, the density dee

profile is very different from the cases without takeover.

Without the aggressive driving, vehicles distribute uniformly

in this density region. With takeover, the compact jams begir 0 ‘ ‘ !

to emerge even when the density is not as large as in th 0 0.2 0.4 0.6 0.8 1

congestion. When the noise is large~1), the effects of
takeover are diminished. Both the traffic flow and the density
profile conform to the cases without takeover. FIG. 6. Fundamental diagram in the cases with takeover. The
The enhancement of traffic flow in the intermediate-stochastic noisp=0.5 and speed limit,,=5. Data show the local
density region can be attributed to the traffic queue brokefiow and local density. A typical event at=0.3 is marked with
by the synchronous motion of vehicles. In the transition fromsolid lines to show the wide fluctuations.
low-density to intermediate-density regions, another syn-
chronous motion of vehicles is observed. As the takeover igons are observed. The data scatter over a two-dimensional
basically a kind of velocity-dependent randomngk4], the  area, which has also been noted empirically as the character-
results are expected to have a strong dependence on the iigtic feature of synchronized flow. We note that the fluctua-
tial configurations in the simulations. Instead of a randontions are different from the erratic behavior observed empiri-
configuration, if the simulations start with a configuration cally on a real highway. Naively, this wide scattering of data
where moving vehicles are well separated, such synchronousvites an interpretation of phase separation and the gas-
motion can be sustained to a higher density, see Fig. 5. Obiquid analogy of traffic dynamicEl5,16. In Fig. 6, the data
viously, whenp>0.5, such synchronized phase ceases tglo not form a continuous band across the intermediate-
exist. density region, where the scattering is much more wild. With
In this simple model, the flow is linear to density in vari- a closer look, as shown by a typical evenpat0.3, the data
ous traffic phases. The fundamental diagram consists of threeccumulate into two separate regions. The first one forms a
segments, which represent different phases. However, sudfarrow band connecting the low-density free flow to the
lines do not imply a unique relation between flow and den-oint (p,f)=(0.5,1), which can be easily identified with the
sity. In practice, the lines represent the data after averagingynchronized traffic phase shown in Fig. 5; the second one is
over space and time. When the local flow and the local dena fixed point at p,f)=(0.5,0.5), which can then be taken as
sity are considered, the data become scattered over the futhe breakdown of the synchronized phase and also the emer-
damental diagram; see Fig. 6. In the low-density free flowgence of high-density congestion. Within the intermediate-
the data collapse into the averaged line. In the high-densitgensity region, the system configurations self-organize into
congestion, the data scatter into a narrow band. In théhese two different phases. The phase separation can be dis-
intermediate-density synchronized flow, much larger fluctuacerned and a first-order phase transition is implied.
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