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Microstructure evolution in magnetorheological suspensions governed by Mason number
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The spatiotemporal evolution of field-induced structures in very dilute polarizable colloidal suspensions
subject to rotating magnetic fields has been experimentally studied using video microscopy. We found that
there is a crossover Mason number~ratio of viscous to magnetic forces! above which the rotation of the field
prevents the particle aggregation to form chains. Therefore, at these high Mason numbers, more isotropic
clusters and isolated particles appear. The same behavior was also found in recent scattering dichroism experi-
ments developed in more concentrated suspensions, which seems to indicate that the dynamics does not depend
on the volume fraction. Scattering dichroism experiments have been used to study the role played by the
volume fraction in suspensions with low concentration. As expected, we found that the crossover Mason
number does not depend on the volume fraction. Brownian particle dynamics simulations are also reported,
showing good agreement with the experiments.
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I. INTRODUCTION

Magnetorheological~MR! suspensions are essentially su
pensions of magnetizable particles immersed in a nonm
netic fluid. These complex fluids show a unique ability
undergo rapid, nearly completely reversible, significa
changes in their mechanical and optical properties upon
plication of an external magnetic field@1#. The physical ori-
gin of this behavior is that, under the action of an exter
field, the particles acquire a magnetic dipole moment, wh
due to dipolar interaction, induce particle aggregation
form chainlike structures aligned with the field. This chan
in suspension microstructure is accompanied by signific
changes in flow behavior and optical properties beca
these structures restrict the motion of the fluid, thereby
creasing the viscosity of the suspension, and induce op
anisotropy. The potential applicability of such fluids h
stimulated considerable research activity in developing
vices such as controllable shock absorbers, electromag
clutches and brakes, control valves, and artificial joints@2,3#,
as well as other microfluidic devices which involve low
concentrate magnetorheological suspensions especially
biomedical applications@4,5#. On the other hand, and from
more fundamental point of view, the relationship betwe
microscopic structure and mechanical and optical proper
of these systems has excited considerable interest in the
decade@6–8#.

Most of the studies to date have focused on the opt
response of MR suspensions to unidirectional magnetic fi
@8–13#. However, in the past years their dynamical respo
to rotating magnetic fields has been a new research are
interest. Indeed, the rotating field configuration closely
sembles the simple shear configuration appearing in mos
the practical applications of MR fluids. Moreover, the rot
ing field experiments have a much simpler laboratory imp
mentation than a simple shear experiment, which requ
precise mechanical motion. Thus, pioneering experime
studies were reported on magnetic holes~nonmagnetic mi-
1063-651X/2003/68~4!/041503~11!/$20.00 68 0415
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crospheres in a ferrofluid! @14,15#, magnetic microdroplets
@16#, and MR suspensions@17–20# subject to rotating mag-
netic fields. These systems show a rich dynamics depen
on the value of the rotating field frequency. The response
a pair of magnetic particles immersed within a fluid was fi
experimentally reported by Kashevsky and Novikova@17#.
Later on, some theoretical works described the different
tation modes of systems formed by few magnetic partic
under rotating fields@18#. At very high rotating field frequen-
cies, these modes became extremely complicated and ch
states were found. Colloidal suspensions subjected to h
frequency rotating fields have been recently studied@21–25#.
They reported aggregation of particles into two-dimensio
sheetlike structures aligned in the field plane.

The dynamics of semidilute MR fluids~volume fraction
f;0.02) under rotating magnetic fields has been rece
studied using scattering dichroism@26,27#. In these suspen
sions, dichroism is caused by the polarization-depend
scattering from oriented aggregates@28# and, provided that
there is no lateral aggregation, the scattering dichroism
proportional to the total number of aggregated particles,Na
@27#. We found that the field-induced chains rotate synch
nously with the field but lag behind by a frequenc
dependent phase angle. Qualitatively similar results were
tained in Ref.@29# in a system of magnetic microdroplet
Furthermore, a more relevant result arises from Ref.@27#: the
Mason number, Ma~ratio of viscous to magnetic forces!,
governs the chain dynamics under rotating fields. This
mensionless parameter has been defined with different
portionality factors in the literature@24,30,31#. Here we use
the following definition:

Ma5
122hv

m0msM
2

, ~1.1!

whereh is the solvent viscosity,v is the rotating field fre-
quency,m0 and ms are the vacuum and solvent magne
©2003 The American Physical Society03-1
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permeability, respectively, andMW is the particle magnetiza
tion. Here the proportionality factor has been chosen to b
agreement with the dimensionless frequency obtained f
the simulations analysis~Sec. III!. A change in behavior of
the dichroism and the phase lag was found above a cross
Mason number Mac;1, where the viscous forces domina
and inhibit the aggregation process.

In this paper, we report on an experimental video micr
copy study of the aggregation of magnetizable particles
the subsequent chain orientation dynamics under rota
magnetic fields. This technique allows us to directly visu
ize the dynamics of very dilute suspensions (f;1024).
Note that the scattering dichroism technique will not be u
ful to study very dilute suspensionsf,0.001 due to the
small dichroism signal obtained. We used different rotat
frequencies which correspond to Mason numbers below
above 1, i.e., around the value where both magnetic
hydrodynamic interactions are comparable. This range
Mason numbers is similar to the one used in our previ
scattering dichroism experiments in more concentrated
pensions@26,27#. We find that the average size of the agg
gates decreases with Ma. Furthermore, we find a transitio
the total number of aggregated particles at a crossover
son number close to Mac;1, in agreement with our previou
work. Therefore, this result seems to indicate that the dyn
ics does not depend on the volume fraction, at least betw
f;1024 andf;0.02. In order to verify this result, we ana
lyze the role played by the volume fraction in the dynam
using scattering dichroism experiments. As expected,
found that the crossover Mason number does not depen
the volume fraction, which points out the generality of th
behavior. Our experimental findings have been corrobora
through Brownian particle dynamics simulations of ‘‘hard
spheres with induced dipolar interactions and Stokes fric
against the solvent. The simulations are in agreement w
the experiments. We also developed numerical simulation
analyze the thermal effect on the dynamics.

II. EXPERIMENTS

Two experimental setups were used to study the dynam
governing MR suspensions subject to rotating magn
fields. First, we performed video microscopy experiments
very dilute suspensions (f;1024) to directly visualize their
dynamics. Second, to study the role played by the volu
fraction, scattering dichroism technique was needed sinc
allows the use of suspensions with moderate concentra
So we performed scattering dichroism experiments on s
pensions with different volume fractions ranging fromf
50.001 tof50.02.

A. Experimental materials and procedure

1. Magnetic suspensions

To prepare our samples we used an aqueous suspe
M1-070/60 of super-paramagnetic microspheres supplied
Estapor with a solid content of 10% in weight. The partic
in the suspension contain magnetite crystals (Fe3O4) of
small diameter~1–20 nm! dispersed in a polymeric matrix
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The surface of the microspheres contains carboxylic a
~-COOH! groups with an added surfactant coating layer
sodium dodecyl sulfate~SDS! to stabilize the dispersions
The particles’ physical properties are detailed in Table I.
have characterized the average magnetic properties of
particles by measuring their magnetization curve using a
brating sample magnetometer~VMS-Lakeshore 7300!. We
observed that under sufficiently low magnetic fields the
particles exhibit super-paramagnetic behavior with virtua
no hysteresis or magnetic remanence. Due to their small
erage diameter and density (rp;1.3 g/ml) the sedimentation
time is long enough to neglect gravitational effects. The se
mentation velocity was estimated according to the Stok
law to bevs;0.06mm/s.

For video microscopy experiments we diluted the susp
sion M1-070/60 with Milli-Q ultrapure water with the sam
SDS concentration as the original suspension in orde
avoid particle aggregation. The volume fraction achieved
f;1024. To analyze the volume fraction effect throug
scattering dichroism experiments, we prepared suspens
with 50% glycerol and different volume fractions rangin
from f;0.02 tof;1023.

2. Magnetic field generation and sample cell

The video microscopy experiments requires optical tra
parency, so the fluid sample was sandwiched between
circular quartz windows with inner diameter 6.5 mm. The
windows were held in place by a delrin attachment desig
to prevent evaporation of the solvent and separated by
annular delrin spacere5100 mm thick along the light path
~axisZ!. The video microscopy images were taken at an a
in the cell less than 1 mm in the vicinity of the center. T
sample is placed at the center of two orthogonal pairs of c
that generate a rotating magnetic field in the plane of
images (XY). The rotating magnetic field was achieved b
applying sinusoidal electric signals to the two orthogon
pairs of coils by means of two Kepco BOP20-10M pow
amplifiers, driven by two HP-FG3325A function generato
referenced to one another at a phase difference of 90°.
function generators allowed for control of both the amplitu
and the frequency of the rotating magnetic field. These c
are housed in a temperature controlled aluminum cylinde
prevent heating effects. All experiments were performed a
temperature ofT528261 K on the sample. The coil’s rela
tive positions and their dimensions were optimized to obt
the smallest possible spatial variation of the field over
sample ~smaller than 3% across the whole sample!. This
minimizes possible local changes of concentration due

TABLE I. Properties of the magnetizable microspheres.

Particle properties M12070/60

Mean diameter (mm) 1.24
Magnetic content 61%
Saturation field~emu/g! 51.9
Surface group content (meq/g) 117
3-2
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MICROSTRUCTURE EVOLUTION IN . . . PHYSICAL REVIEW E68, 041503 ~2003!
migration of the magnetic particles under the effect of fie
gradients. In Table II are summarized the experimental c
ditions for each experiment.

3. Video microscopy setup and procedure

We illuminated the top side of the sample from the dire
tion perpendicular to the field plane using a white lig
source~American Optical II-80!. To amplify the image we
used a ~Navitar 12X! zoom system composed of a 2
adapter that attaches the zoom to a charge-coupled-de
~CCD! video camera~SanyoVDC-3825!, a 12X zoom, and a
2X attachment that joins the zoom to a 10X microscope
jective placed close to the bottom side of the sample. T
group of lenses has the advantage of combining large z
range, high resolution, and long working distance~33 mm!.
This zoom system has the capability of allowing the field
view to be altered by changing the image resolution. T
resolution could be varied between 0.34 and 4.2mm/pixel
for fields of view between 170 and 2100mm, respectively.
The CCD camera is connected to a S-VHS VCR~Panasonic
AG 1975! which records images at 30 frames/sec. We s
sequently digitalized single frames of 6403480 pixels with
256 gray levels on a computer at fixed time intervals depe
ing on the field rotational frequency. To analyze the imag
we usedIGOR Pro image-processing software fromWaveMet-
rics, Inc. The images had a dark background over which
particles appear as clear areas. In the image analysis the
area for each aggregate was calculated by applying a
level threshold that was kept constant for a given exp
ment.

A typical experimental run would begin with an homog
neous sample and then we applied the rotating magnetic
for 365 sec. Although the zoom magnification was varied
each experiment to adapt the field of view, a resolution t
allowed us to see individual particles was always used. Th
the temporal evolution of the total number of aggrega
particles was determined. The average rotation angle of
chains was also computed by analyzing the Hough transf
of the images@32,33#.

4. Scattering dichroism setup and procedure

The optical train used to measure linear dichroism c
sists of a He-Ne laser, a polarizer~that sets the angle for th
polarization!, a photoelastic modulator~set atp/4 displace-
ment with respect to the polarizer!, and a quarter wave plat
~set parallel to the polarizer!. The laser beam goes throug
the sample cell and the transmitted light is detected b
photodiode. The signal from the photodiode is sent to a

TABLE II. Summary of the experimental conditions.

Experimental conditions Video microscopy Scattering dichroi

Glycerol content 0% 50%
Volume fraction f50.0001 f50.02–0.001
Field strength~kA/m! H51.55 H53.1
Field frequency~Hz! f 50.001–1 f 50.001–15
Figures Figs. 1–3 Figs. 4 and 5
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amplifier to recover the dc component and two phase lock
amplifiers ~Priceton Applied Research, EG&G-128A! set at
once and twice the photoelastic modulator frequency. T
outputs of both lock-ins and the dc amplifier output are th
digitized using a 16-bit resolutionA/D data acquisition
board~National Instruments, PCI-MIO-16xE-10!. A full de-
scription of this experimental technique can be found
Refs.@26,34#. With this optical setup we can simultaneous
measure the time evolution of the dichroismDn9(t)5ni9
2n'9 , i.e., the difference between the extinction of the in
dent light with polarization parallel and perpendicular to t
long axis of the aggregates~beingni5ni82 in i9 the refractive
index in the direction parallel to the long axis of the agg
gates!. We can also measure the temporal evolution of
orientation angle of the aggregatesu9, i.e., the average angl
difference between the reference angle of the optical tr
and the long axis of the aggregates. By comparingu9 with
the temporal evolution of the magnetic field direction, giv
by vt, we may define the phase lag between the field and
aggregates asa(t)5vt2u9(t).

The measurement procedure required, first, to set the
ues of frequency and amplitude of the magnetic field, s
ond, to measure the time evolution ofDn9(t) andu9(t) until
a steady state is reached,Dn09 andu09 , and third, to wait the
time necessary for the particles to break apart and to retur
their initial state. Therefore, all measurements are indep
dent, because there is no continuous sweep in either
frequency or amplitude.

B. Video microscopy results

In Fig. 1 video microscopy images show the tempo
evolution of the structures induced by a magnetic field ro
ing clockwise with frequencyf 50.001 Hz and amplitude
H51.55 kA/m (Ma50.0012). When the field is first applie
(t50 s), a magnetic dipole is induced in each particle in
direction of the field. At this low volume fraction (f
;1024) the dipolar interaction induces particle aggregati
into linear chains that follow the magnetic field direction. W
have seen that the chains rotate synchronously with the
as was reported in Ref.@35#. The average chain length ini
tially increases until it finally reaches a steady state@35#.
Note that the aggregation kinetics under rotating magn
fields is very different than the kinetics reported under u
directional magnetic fields where power-law behavior go
erns the long-time aggregation regime@12,13#. Under rotat-
ing magnetic fields, the final size of the aggregates is roug
determined by the competition between the magnetic dip
interaction and the hydrodynamic forces on the chains@36#.
We observe that rotating chains undergo a process of
namic chain growth and fragmentation that has a freque
twice that of the field frequency as was reported in Ref.@35#.

We would like to emphasize that lateral aggregation
chains has not been observed at the low volume fracti
reported in the video microscopy experiments as occu
unidirectional magnetic fields@9#. In the case of rotating
fields, we have observed partial overlapping of chains at
rotational frequencies. This phenomenon is originated b
different mechanism than the lateral aggregation of cha
3-3
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FIG. 1. Video microscopy images at different times showing the structures induced by a magnetic field rotating clockwise with fre
f 50.001Hz and amplitudeH51.55kA/m. Field of view: 58343mm2; suspensions withf;10-4.
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under unidirectional fields since it is due to contact of clo
neighboring chains during their rotation when the distan
between their centers is smaller than the average lengt
the chains. We observe that partial overlapping of cha
always occurs in the plane perpendicular to the image s
in this configuration the structure formed by two overlappi
chains presents smaller inertia moment and is able to ea
follow the field. Two dimensional sheets~several particles
thick! aligned in the plane of the field were reported by Ma
tin et al. @21,25,37# for high volume fraction suspensions u
der high-frequency rotating fields.

In the limit of low rotational frequencies, and for this lo
value of the magnetic field, aggregation and fragmenta
processes are continuously observed between neighbo
chains. Chains approach each other and, for a short t
they keep attached together by their ends and rotate as
The phase lag of the longer formed chain respect to the fi
direction increases compared to the phase lag of the sh
chains. Hydrodynamic forces on the chains cause them
break up into smaller segments in order to remain orien
with the field ~see Fig. 1!, so finally the long chain break
into shorter ones. The breakup process of a chain indu
when a magnetic field of frequencyf 50.01 Hz is applied
can be qualitatively explained as follows~see Fig. 2!. First,
the chain deforms slightly from the straight configurati
@Fig. 2~a!#, later it develops a clearerSshape whose ends ar
aligned in the field direction@Fig. 2~b!#. Finally, the chain
breaks up in two or more shorter structures@Fig. 2~c!# which
can follow the field rotation more easily. Theoretical cha
models developed for the case of electrorheological~ER!
suspensions subject to a simple shear flow in the direc
perpendicular to the field@38# and for MR suspensions sub
ject to rotating fields@36# qualitatively account for the ob
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servedS shape. Similar behavior has been observed als
magnetic microdroplets under rotating magnetic fields@29#.
Thus, at long times, the average length shows strong tem
ral fluctuations which may be attributed to interchange
particles between chains in the fragmentation and aggre
tion process@35#.

In Fig. 3 video microscopy images show the behavior
the structures induced for different rotational frequencies.
the images have been recorded after applying the field du
t5300 s. We can see that the length of the induced ag
gates,L, decreases when increasing the frequency. The s
behaviorL}Ma21/2 is also obtained for a chain model in th
case of rotating magnetic fields@35,36#. However, for Ma
>Mac;1, this low amplitude magnetic field is not stron
enough for the structures to remain aligned in the field dir
tion. Hence, at high frequencies (f 51 Hz in Fig. 3, which
corresponds to Ma51.2) even two particle chains may brea
apart, therefore increasing the number of isolated partic
moreover, other more isotropic structures appear, as for
ample disklike structures formed by 3–5 particles. Simi

FIG. 2. Details of theS shape~reversed in this case! developed
by one chain just before the breakup. The field rotates countercl
wise with frequencyf 50.01Hz (Ma50.012). Field of view: 14.4
314.2mm2; suspensions withf;10-4.
3-4
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FIG. 3. ~left! Video micros-
copy images at time5300 sec
showing the structures induced i
the suspension at different rota
tional frequencies ranging fromf
50.001 Hz (Ma50.0012) to f
51Hz (Ma51.2). Field of view:
58343 mm2; suspensions withf
;10-4 ~right!. Variation of the
normalized total number of aggre
gated particles with Ma.
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structures were found for ER fluids subjected to hig
frequency rotating fields@39#. Therefore the total number o
aggregated particles should decrease when increasing M
number. In Fig. 3~on the right! we see the dependence of th
normalized total number of aggregated particles with Ma
number, which shows the expected behavior, in agreem
with our previous work@27#. A deeper insight in the behavio
of Na ~see Fig. 3! reveals that the crossover Mason numb
seems to be shifted to values lower than 1. We should sa
this point that the criteria we followed to compute Mac is to
consider the value at which a change in behavior is obser
Usually, this change is not abrupt but occurs in a range
values, therefore a precise determination of Mac cannot be
made without some ambiguity. A possible responsi
mechanism for the shift observed on Mac to smaller values is
the formation of small structures displayed in the direct
perpendicular to the image plane at high rotating frequen
~close to Ma.1). From the image analysis, this fact leads
a decrease of the normalized total number of aggregated
ticles, and therefore it could explain the mentioned cu
shift.
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In summary, we have seen that the behavior of the v
dilute MR suspensions is the same as found in our previ
work on more concentrated suspensions, that is, there
crossover Mason number (Mac;1) above which the rotation
of the field prevents the particle aggregation process
chains from taking place, and other more isotropic structu
appear. This result seems to indicate that this scenari
basically independent of the volume fraction.

C. Scattering dichroism results

In Fig. 4 we plot the variation of the dichroism~left! and
the phase lag~right! with rotational frequency for decreasin
values off. We see, in agreement with our previous wor
for larger f @26,27#, that dichroism shows two distinct re
gions for frequencies below and above a crossover freque
f c . Below this crossover frequency, the dichroism is ess
tially independent of frequency. However, once this fr
quency is surpassed, the dichroism strongly decreases
frequency following a power-law behavior with an expone
21. The phase lag also show two different responses
c-
FIG. 4. Variation of the steady dichroism
~left! and of the steady phase lag~right! with ro-
tational frequency. Suspensions with 50% gly
erol content, 0.001,f,0.02; field amplitudeH
53.1 kA/m.
3-5
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pending on the magnitude of frequency. At low frequenc
~below f c) the phase difference grows very quickly, while
high frequencies the increase of the phase lag is relati
slow. For frequencies larger than the crossover freque
fewer and shorter chains survive, and so the contribution
the total dichroism and average phase lag is due to the
small chains that still remain. These small chains lag beh
the magnetic field with larger phase angles since they
close to breaking apart.

As expected, the value of the dichroism at very low fr
quencies is different for different volume fractions since t
number of particles in the measured area changes with
volume fraction. If we calculate the average value of t
dichroism at low frequencies, where the dichroism rema
constant,Dn09( f→0), we observe that this value is propo
tional to the volume fraction~see inset in Fig. 5!. This linear
dependence of the volume fraction with the dichroism is d
to the fact that for these low frequencies most of the partic
are aggregated into chains.

In Fig. 5 we plot the dichroism normalized with the ave
age dichroism measured at low frequencies,@Dn09#/@Dn09( f
→0)#, versus Mason number. We can see a nice collaps
the curves for different volume fractions onto a master cur
and it is also apparent that the crossover Mason number
not change with the volume fraction. Therefore it is expec
that at lowerf values the physical response of the system
similar. For comparison purposes we have also included
Fig. 5 the video microscopy results showed previously
Fig. 3. We see that both experiments roughly present
same behavior. Furthermore, a significant broadening of

FIG. 5. Steady dichroism normalized with the dichroism at lo
frequencies vs Mason number~open symbols!. Average dichroism
at low frequencies vs the volume fraction~inset!. Suspensions with
50% glycerol content, 0.001,f,0.02; field amplitudeH53.1
kA/m. For comparison, the normalized total number of aggrega
particles corresponding to the video microscopy experiments
also been included~dots!.
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transition around the crossover Mason number as the vol
fraction increases is observed, which could be observe
the left part of Fig. 4. At low volume fractions the rupture
the dimers leads to the abrupt change in dichroism behav
However, at high volume fractions the mean distance
tween chains can be very small, so before the dimers br
apart, they have a higher probability to join together w
neighboring dimers forming more isotropic structure
Therefore, the collision of dimers around the crossover M
son number may lead to a broadening of the transition.
though it is not plotted here, a nice collapse of the curv
corresponding to the phase lag is also found.

III. NUMERICAL SIMULATIONS AND DISCUSSION

A. Equations of motion

A complete algorithm to simulate MR fluids would in
clude Brownian motion, multipolar magnetic interactio
forces between the particles, local field corrections to
applied field, hydrodynamic friction forces~lubrication and
long range!, excluded-volume repulsive forces, and so o
However, our approach has been to consider only those
tributions which we believe are essential to capture the ph
ics of the problem. Therefore, in order to interpret the expe
mental results, we developed two-dimensional~2D!
Brownian particle simulations of ‘‘hard’’ spheres with in
duced dipolar interactions and Stokes friction against the
vent. Similar approaches have been previously used@25,40–
42#. We consider a monodisperse suspension ofN spherical
particles of diameter 2a suspended in a fluid of viscosityh
and subjected to a rotating magnetic field of amplitudeH and
angular frequencyv. Taking into account that the aggreg
tion takes place in the plane of the magnetic field rotat
@17#, we simplified our calculation by developing 2D simu
lations in this plane. Two fundamental length scales char
terize the formation of chains. The first one is the so-cal
‘‘thermomagnetic distance’’R1, which is the distance a
which the magnetic energy corresponding to the dipolar
teraction between two particles aligned in the field direct
and with parallel dipole moments equals the thermal fluct
tion energy. This length scale turns out to beR152al1/3,
wherel is a dimensionless parameter calculated as the r
between magnetic and thermal energies,

l[
Wm

kBT
5

m0msm
2

16pa3kBT
, ~3.1!

wherem5(4p/3)a3M with M the particle magnetization,kB
is the Boltzmann constant, andT is the temperature. The
physical meaning ofR1 is that particles that are separated
a distance larger thanR1 do not ‘‘feel’’ the magnetic interac-
tion due to each other, because the energy of thermal fl
tuations is larger than the dipolar interaction energy. T
second length scale is the average initial interparticle d
tance, which can be estimated asR0;2a/f1/3 @13#. Actually,
the values ofl that correspond to the experimental resu
reported here arel5213 for the video microscopy exper
ments with very dilute suspensions andl575 for the scat-
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tering dichroism experiments with more concentrated s
pensions. In these experiments, sinceR1 is typically 4<R1
<7.5, andR0 is in the range 4<R0<20, we will include the
Brownian motion of the particles on the evolution of th
structures. As a first approximation, we will neglect hydr
dynamic interaction, and the only solvent effect that we w
consider is the viscous force represented as a Stokes
acting on each particle. We can typically neglect the iner
term in the equation of motion because the viscous drag t
dominates. Therefore, the equation of motion for thei par-
ticle will contain the sum of the following forces@25#:

drW i

dt
5

1

g (
j Þ i

FW d~rW i j !1
1

g (
j Þ i

FW r~r i j !1FW B , ~3.2!

whererW i is the position of thei particle,FW d is the magnetic
force, FW r is the repulsive force, andFW B is the Brownian
force. Moreoverg56pha is the friction coefficient andrW i j
is the vector between the centers of mass of particlesi and j.
The dipolar force over particlei will be the sum of the
dipole-dipole forces exerted by all of the other particles. T
dipole-dipole force between particlesi and j is given by

FW d~rW i j !5
3m0msm

2

4pr i j
4 $@125~m̂• r̂ i j !

2# r̂ i j 12~m̂• r̂ i j !m̂%,

~3.3!

where we takemW to be aligned always with the field direc
tion. Note that as we are using one-particle Stokes’ hydro
namics, a repulsive forceFW r must be included to avoid par
ticles from overlapping. This force is calculated from R
@43#:

FW r~r i j !5A
3m0msm

2

4p~2a!4
exp@2B„r i j /~2a!21…# r̂ i j ,

~3.4!

where we setA52 andB510, so that for two particles tha
are in mechanical contact the repulsive force exactly b
ances the attractive dipolar magnetic interaction. Similar
pulsive forces have been used in previous works@21,43#. The
Brownian forceFW B is a stochastic force with zero mea

^FW B(t)&50, and d correlated, ^FB(t)FB(0)&52Dd(t),
where D is the translational diffusion coefficientD
5kBT/g. As usual@1,21,44#, we can make the particle evo
lution equation~3.2! dimensionless, using the particle diam
eter 2a as length scale, so thatr 85r /(2a), and a time scale
t5122h/(m0msM

2), such thatt85t/t. This temporal scale
leads to a dimensionless rotational frequency equal toV
[vt. This dimensionless frequency is the well-known M
son number with the definition used in Eq.~1.1!, V[Ma.

B. Simulation procedure

According to the experimental analysis, we have us
only two control parameters, the Mason number Ma and
particle volume fractionf. The simulations being 2D, we
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have set the initial average interparticle distance so tha
corresponds to the volume fraction in the experiment w
the different suspensions.

The numerical integrations have been performed usin
time step of 0.005, which has proved to be small enough
avoid significant overlapping errors when the particles co
into close contact. We have developed simulations using
and 100 particles, and the simulations are carried out i
square box of the proper size to adjust the initial avera
interparticle distance. Periodic boundary conditions were
plied. The particles are set initially at random positio
avoiding overlapping, and all of the results reported here
statistical averages over different realizations correspond
to different initial spatial distributions of the particles, typ
cally ten runs. Each simulation is run long enough for t
steady state to be reached, and then the quantities to be
pared with the experimental results are averaged during
last period of rotation of the field.

The comparison between experimental and simulation
sults deserves some comments. First, the chains are re
nized by means of a criterion according to which two p
ticles are aggregated when the distance between t
respective centers of mass is smaller than 1.1 times the
ticle diameter. Second, using Mie’s theory for light scatteri
by nonspherical objects, we can estimate the scattering
chroism generated from a chainj formed byNj particles in
the forward direction (w50). Actually the scattering dichro
ism is proportional to the number of particles in the cha
Nj . Assuming that the scattering dichroism produced from
set of chains is the incoherent sum of the scattering dich
ism produced by each chain, the total dichroism is prop
tional to the total number of aggregated particles,Na .
Hence, we will compare the experimental value of the sc
tering dichroism with the value ofNa obtained in the simu-
lations computed as

Na[(
j

Nj , ~3.5!

where the sum is performed forj such thatNj.1. We have
computed the dimensionless average chain length~average
number of particles in a chain! L in the usual way, i.e., if a
chain labeled asj is formed byNj particles, then

L5

(
j

Nj

(
j

1

. ~3.6!

The phase lag of a given chain (a j ) is the angular differ-
ence between the orientation of the magnetic field and
unit vector parallel to the long axis of the chain. For qua
linear chains, we have determined the chain orientation v
tor by calculating the eigenvalues of the chains’ inertia te
sor, I j

max, I j
min . Then, the eigenvector corresponding toI j

min

gives the orientation of the long axis of the chain.
The computations described so far consider strai

chains and, obviously, do not take into account the shap
3-7
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the clusters. However, video microscopy results show
very long chains deviate significantly from straight line
and, moreover, at high frequencies smaller and more iso
pic clusters may appear. To assess the effect of these c
form anomalies in our simulations results, we calculated
same quantities,L andNa , using a weight function that take
into account the shape of the cluster. Actually we usedWj
5Njsj , wheresj is a shape factor with value 1 for the ca
of a straight chain, and 0 for a symmetric cluster,

sj5
~ I j

max!1/22~ I j
min!1/2

~ I j
max!1/21~ I j

min!1/2
. ~3.7!

We did not observe appreciable changes in the sim
tions results using this shape correction. Therefore,
present here the results corresponding to the case withou
shape factor.

C. Simulation results

1. Very dilute suspension

We have studied the dynamics of very dilute suspensi
with the conditions of the microscopy experiments, i.e., v
ume fraction of particles (f51024) which corresponds to an
initial average separation between particles equal
R0 /(2a);16. The particle diameter is 2a51.24mm, the
magnetization isM52.82 kA/m ~for H51.55 kA/m), and
the viscosity of the solvent~water, in this case! at 10 °C is
h51.30731023Pa s. Using these values we obtain a tim
scale equal tot50.019 s andl5213. We numerically
solved Eq.~3.2! for a system withN5400 magnetic par-
ticles. For each dimensionless rotational frequencyV or Ma-
son number Ma, we calculate the total number of aggrega
particles,Na , and the average lengthL.

In Fig. 6 we plot the particle positions in the (X,Y) plane
for different dimensionless frequencies at an arbitrary tim
Several qualitative observations can be made in Fig. 6. F
the size of the structures becomes smaller as the rotati
frequency increases. Second, at high Ma, the tendenc
form chains aligned with the field is not clearly apparent, a

FIG. 6. Particle position in theXY plane at an arbitrary time fo
different dimensionless rotating frequencies or Mason numbers
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more isotropic clusters appear to be preferred; moreove
higher number of isolated particles appears. We plot in Fig
the distribution of lengthsNj and phase lagsa j correspond-
ing to the images shown in Fig. 6 at two different Mas
numbers. At low Mason numbers Ma50.3, the distribution
of Nj presents a maximum placed aroundNj;3 while the
phase lag follows a narrow distribution arounda j;5°. On
the other hand, at high Mason numbers Ma51.6, the maxi-
mum of the distribution ofNj is set atNj51, which means
that there are many isolated particles in the suspension, b
responsible to the decrease of the total number of aggreg
particles,Na . At this high Mason number, a broader distr
bution of a j appears, and the maximum shifts to higher v
ues.

Some of these observations can be made more quan
tive by studying the average chain length. The dimension
average chain lengthL versus Ma in a log-log plot is shown
in Fig. 8~a!. The average chain length follows a power-la
behavior with an exponent approximately equal to20.5.
This behavior agrees well with the one predicted by
chain model developed for ER fluids subject to steady sh
flows @38#, and for MR suspensions subject to rotating fiel
@36#. Figure 8~b! shows the total number of aggregated p
ticles,Na , versus Ma in a log-log plot. Two different region
appear, in agreement with the experimental results. F
there is a plateau zone at low Ma, in whichNa varies very
little with Ma. Second, a strongly decreasing response
pears for Ma>1, with an apparent exponent close to21,
although the region in which this power-law behavior cou
be studied in the simulations is rather small.

The picture that emerges from these results is the follo
ing: the average chain length decreases monotonously

FIG. 7. Distribution of lengthsNj ~left! and phase lagsa j ~right!
at the same arbitrary time of Fig. 6 at a Mason number Ma51.6
~solid line! and Ma50.3 ~dotted line!.

FIG. 8. ~a! Average lengthL and~b! normalized total number of
aggregated particlesNa vs Mason number. Suspension withf
;10-4.
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MICROSTRUCTURE EVOLUTION IN . . . PHYSICAL REVIEW E68, 041503 ~2003!
Ma; however, at low Ma, this decrease in length does
show up in the number of aggregated particles, becaus
most all particles are aggregated although the chains tha
stable become shorter as Ma increases. At Mac;1, the av-
erage chain length is approximately 2@see Fig. 8~a!#, which
is, obviously, the smallest chain that can be formed. The
fore, at Ma.1, chains formed by two particles become u
stable, and, consequently, the total number of aggregated
ticles starts to decrease.

2. Volume fraction dependence

In this section we described the simulation results wh
analyze the dynamics of MR suspensions under rota
fields in the conditions of the dichroism experiments, i.e.
different volume fractions, betweenf50.02–0.001. The
particle diameter is 2a50.9 mm, the magnetization isM
52.72 kA/m, ~for H53.1 kA/m) and the viscosity of the
solvent ~water-glycerol at 50%! at 10 °C is h59.2
31023 Pa s. Using these values we obtain a time scale e
to t50.14 s and the parameterl575. We used the initial
average separation between particles corresponding to
volume fractions used in the experiments,R0 /(2a);4 –10.
We numerically solved Eq.~3.2! for a system withN5100
particles. In order to compare with the experimental resu
for each Mason number, we calculate the total number
aggregated particles,Na . Figure 9 shows the normalized to
tal number of aggregated particles versus Ma at differ
volume fractions. It can be clearly seen in this figure how
those curves follow the same behavior. This result confir
that the crossover Mason number does not change with
volume fraction. Therefore, we can conclude that the dyna
ics of MR suspensions under rotating fields does not show
appreciable change with the volume fraction.

FIG. 9. Normalized total number of aggregated particles vs M
son number at different volume fractions (0.001,f,0.02).
04150
t
al-
re

e-
-
ar-

h
g
t

al

the

s,
f

t
ll
s
he
-
n

3. Thermal effect

In our previous works, we used athermal particle dyna
ics simulations to interpret similar behaviors. Here, since
average initial distance between particlesR0 is larger than
the ‘‘thermomagnetic distance’’R1, we included thermal
fluctuations in order to carry out the simulations. Howev
we have not found any relevant effect in the final state of
system induced by the thermal fluctuations, at least in
analyzed magnitudes; in particular, the number of aggrega
particles. In principle, it should be expected that therm
fluctuations might shift the crossover Mason number to
lower value. This hypothesis is reasonable since, roug
speaking, thermal fluctuations avoid the particle aggregat
Then, a lower hydrodynamic force could be required in ord
to inhibit the aggregation process since, both interactions,
hydrodynamic force and thermal fluctuations, act in the sa
direction. In order to check this interpretation we have d
veloped simulations at differentl values using a volume
fraction off50.02. We plot in Fig. 10~left! the normalized
total number of aggregated particles versus Ma at differenl
values. It can be seen in this figure how atl values higher
than approximately 50 the curves follow the same behav
that is, the shape and the crossover Mason number rem
almost constant. However, for lowerl values the crossove
Mason number begins to shift to lower values and the sh
of the curves changes. From these curves we calculate
crossover Mason number as eachl value. To compute the
Mac at eachl we consider the value of the Mason number
which the total number of aggregated particles decrease
15% from its maximum value. We show in Fig. 10~right! the
Mac versusl. Two different behaviors appear. First, there
a plateau zone at highl in which Mac does not change. In
this region the thermal fluctuations could be neglected
order to interpret the dynamics of MR suspensions un
rotating fields. Second, a strongly decreasing dependence
pears forl,50. These results indicate that for low values
l ~approximately 50!, thermal fluctuations become releva
in the dynamics of MR suspensions under rotating fields

IV. CONCLUSIONS

The purpose of this work was to study the spatiotempo
evolution of the induced structures in very dilute polarizab

-

FIG. 10. ~left! Normalized total number of aggregated particle
Na , vs Mason number at differentl: the error bars have only bee
included forl525,100,1000~for clarity! ~right!. Crossover Mason
number Mac as a function ofl.
3-9
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colloidal suspensions subject to rotating magnetic fields
means of video microscopy experiments. This technique
allows us to directly visualize the dynamics and needs
very dilute suspensions (f;1024). The average chain
length decreases when increasing frequency. We also fo
that there is a crossover Mason number above which
rotation of the field prevents the particle aggregation to fo
chains. Therefore, at these high Mason numbers, more
tropic clusters and isolated particles appear. The same be
ior was also found in previous scattering dichroism expe
ments on more concentrated suspensions.

In order to study the role played by the volume fractio
we carried out scattering dichroism experiments in susp
sions with low concentration (f;0.001–0.02). Dichroism
shows two distinct regions, above and below Mac . The
crossover Mason number does not depend on the vol
fraction which points out the generality of this behavior. W
can conclude that the results obtained here~the Mason num-
ds
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ber governs the dynamics of chain rotation, the limits to
rotational dynamics come from both the mechanical insta
ity of the chains due to shear and the formation of mo
isotropic structures! can be extrapolated to higher volum
fractions, provided they are below a threshold volume fr
tion above which sheetlike structures will form@21#.

Thermal particle dynamics simulations are also report
showing good agreement with the experiments. We theor
cally analyzed the thermal effect on the dynamics observ
a decrease of the crossover Mason number forl,50.
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