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X rays from relativistic electrons in a multilayer structure
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A dynamic diffraction theory of x-ray emission by relativistic electrons crossing a finite-thickness multilayer
mirror (e.g., alternating layers of W and,8) is developed, taking into account both diffracted transition and
parametric radiation mechanisms. Simple formulas describing the characteristics of the total emission from
either thin nonabsorbing or thick absorbing multilayers are derived. These formulas show that a multilayer
radiator can be brighter and more efficient than crystalline ones. Good agreement between theory and prior
experimental results is also shown. Thus the theory and its experimental verification demonstrate the possibility
of a tunable quasimonochromatic x-ray source whose efficiency can be larger than that of other novel x-ray
sources.
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I. INTRODUCTION theory), was used to describe PXR and DTR processes in
crystalline target$20,22,23,29,3D
When a relativistic electron crosses a single interface be- As in Refs.[12,19 we use the dynamic diffraction theory
tween two media with differing dielectric permeabilities, t0 analyze the emission from relativistic electrons, crossing
electromagnetic radiation is emitted as predicted by Ginthe multilayer. The main d|ﬁ‘ere_nce_ bet\/\_/een our approach
zburg and Frankl]. Known as transition radiatiofTR), and and that usually used in dynamic diffraction theory consists

considered as a possible bright source of x rays, this sourcIn the separation of the total emission amplitude into PXR

. ) X 4nd DTR amplitudegsee Refs[31,32). Such an approach
has been studied both theoretically and experimentallyjioys to elucidate in more detail the relation between PXR
[2-7]. TR’s yield grows proportionally as the number of in- ang DTR relative contributions to the formation of total

terfaces increases. Resonant transition radia®TR) can  emission yieldamong other things this question is of impor-
also occur when there is constructive interference of theance because DTR contribution has been not considered in
waves emitted at these interfaces, resulting in a higheRefs.[12,19).

spectral-angular densifg,8—11. Thin foils (e.g., Myla) ac- The general case of multilayered structures with a finite
curately spaced periodically in a vacuum have been used t#ickness is considered here for two reasons. First, the num-
produce RTR. For mechanical reason, the period of sucRer of multilayers are limited in numbee.g.,N<300) due
structure cannot be smaller than a few microns. However© deposition problems and errors, thus limiting the overall
another possible RTR radiator is a periodic multilayer nanoMultilayer thickness. Second, PXR and DTR yields have dif-
structure, commonly known as a multilayer or x-ray mirrorferlng depe_ndenmes on mgl'ulayer t.hlckness. DTR yield is
[12-19. Such a structure can have much smaller mediuj:Ot proportlonal to .the thickness in contrast with PXR;
periods, producing not only RTR, but also other processe lence, an _0pt|mal thlck_ness of _the multllayer_can be derived.
Indeed, if the multilayer is placed in the Bragg condition, the The main goal of this work is to substantiate the advan-

X rays can be scattered out and two processes, diffractd@9e of the multilayer as a radiator for intense tunable x-ray

transition radiation(DTR) and parametric Xx-ray radiation product.ion as compargd With acrystalli.ng target. Experimen-
(PXR), can occur by analogy with such emission processe&al studies of x-ray emission from relativistic electrons pass-
in crystalline target§3,20—27. ing through a multilayer nanostructure have b_een pe_rformed
Since the period of the multilayer can be comparable t({ecently [33]. One (.)f the aims of this work is to give a
the wavelength of emitted photons, we go beyond the Scop@eoretmal explanation for these resUlBs].
of the Wentzel-Kramers-Brillouin approximation, usually
used in such analysd8]. Different methodq14,15,17,18
were used earlier for the description of the emission pro- We will first determine the electromagnetic field emitted
cesses in multilayer structures. In our opinion the most adby a relativistic electron moving in a medium with periodic
equate approach to such a task is x-ray dynamic diffractiomlielectric susceptibilityy(w,r)= xo(®)+Z4 xg(w)e'?". In
theory [28]. Previously, this approach, and its simple limit the case of a one-dimensional structure consisting of alterna-
known as kinematic scattering theorfor perturbation tive layers with thicknessea and b and susceptibilities

II. THE TOTAL EMISSION AMPLITUDE
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FIG. 1. The geometry of the emission process. A multilayer
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[(k+9)?— 0®— w’xo]Erg— @?xgarExo=0,  (3b)
where new quantities have been defined by the expressions

2 2
Ewk:)zl e\oExo; Ewk+g: )\Zl eXgE)\ga

oo kel [ked _[K+ge
0~ lg_—kl\ ) 200 T | eZg_—|k+g| )

4

mirror is positioned at the Bragg condition in an electron beam to

generate x rayg is the reciprocal-lattice vectog, is the electron-
beam axisg, is the photon collimator axisp is the emission angle,

a;=1, a,=k-(k+g)/klk+g|,

0’ is the orientational angle, which may be changed by the goni-

ometer,® and ¥ are the components of the angular variates
and ¥ parallel to the plane determined by the vecteysande,,
®, andV¥, are the components perpendicular to such a plane.

xa(w) and yp(w), respectively, the quantitiegy(w) and
X¢(w) are determined by the expressions

a b
Xo(w)= TXaT TXb,

1—¢i0a
Xo(@)= ig—T(Xa_Xb)y )

where T=a+b is the period of multilayered structure,

=e40, 0=0,=(2#/T)n, n=0,x1,£2,..., ¢ is the nor-

mal to the surface of a layésee Fig. 1L The Fourier trans-
form of the electric field

Ewk=(27-r)*4f d3rdte 'k THIOtE(r 1)

is determined by means of the ordinary Maxwell equation

(kZ—w2>Ewk—k<k-Ewk>—w2xOEwk—w2§ "X-Eokig

iwe
=2—772V5(w—k-V), (2)

wherev is the emitting particle velocity. Sincgy, xy<1 for
X rays, the solution of Eq(2) may be obtained from two-
wave approximation of the dynamic diffraction thedg8].
Taking into account that the field componehts, andE . 4
are approximately transverse to the vectorandk+g, re-
spectively[34], we reduce Eq(2) to two well known equa-
tions:

(K= w?- szo)E)\o— sz—gaxExg

iwe
=2—7T2em-v5(w—k-v), (3a)

k=exkx+k”, eka=O

Equations3) describe the electromagnetic field inside the
multilayer. The corresponding wave equations for field com-
ponentskEy, and Exg in the vacuum outside the multilayer
follow from Eq. (3) in the limit xo=x4=0. Since only the
Bragg geometry can be realized for a multilaykaue ge-
ometry for a multilayer is mechanically impossible at this
time), it is sufficient to determine the componeriy, and
E;’g in the vacuum in front of the multilayeregionx>0 in
Fig. 1). Using the general expressions for the field compo-
nentsE, 4 and E\x/o,g following from corresponding wave
equationgfor example, most interesting for us solution

describes the emission field in a vacyumnd ordinary

boundary conditions for electromagnetic fields on front and
back surfaces of the multilayer,

f dk(Exo— E\x/o):f dkxe_ikaExg:f dky(Eyg—EYy)
=0, (6)

we can determine the coefficieal;\ku. Since solving this

equation is the standard task of dynamic diffraction theory,
we present the final result only,

iwse)(ga)\a\o'v é

NIT g a2pely,| B
1 ) 1 1
A=| ————|(1-e 16t —(———) 1
(Ao Al—a)( UV vy vl
e iamgL), @)

B=ge (@)l g g ild &)L

where the following designations are used:
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w
%Xo,

w*
A+ \/A’z— E)(g)(_ga)z\ ,

area
p Xo>

1
Ag=7—(0=kj|-v—pluy)),

N A1=ho~

51,225

)

A=g(zg—p—1).

An influence of dynamic diffraction effects on the emis-

sion properties is described in the general solutirby the

variablesA and ¢&; , (such an influence may be essential if

A%< w4/p2)(g)(_ga}2\). The quantitiest; , determine tl\/\éo dif-
ferent solutions of dispersion equatiokg,=k{?=p

+ w?2pxo+ £, and A is the so-called resonance defect,
describing the deviation of emitted photons from the exact

Bragg resonance.
To determine the emission amplitudg, we calculate the
Fourier integral

S f d’kge’ e "EY 9

wheren is the unit vector in the direction of emitted photon

propagation. The fiel&2%in the wave zone is calculated by
the stationary-phase method:

ior

E;\ad:A}\T, A\= =2 oNy@y (10

wheren=n; +gn,, g:-n;=0.

Expressiong7), (8), and(10) give a detailed description
of the emission amplitudd, . To simplify the obtained re-
sult we define the angular variabl@andW¥ in accordance
with the formulas

1 1
v=e1(1—§y_2—§\1f2 +W, e -¥=0, (113
1
n=e2<1—§®2)+®, e-0=0, e -e,=cosp,
(11b

were vy is the Lorentz factor of an emitting particle. The
components of the angular variableg=w +W¥, , ¥,
¥ =0 and®=0+0,, ©,-0=0 are shown in Fig. 1.

In addition to this, it is very convenient to separate the tota
amplitudeA, into two components: a PXR emission ampli-

tude AT*R and a DTR emission amplitude®™®.
The final expression for emission amplitudg has a
form

A=A READTR,

(129
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PXR_ ew’xgay €0V
47 Sirf(@l2) E,e (A8l — g g7 i(A1— &)L

[52 1—e (A1~ &)L & 1_e—i(A1—§1)L}

Ay A& AL A
(12b)
ADTR ecuz)(ga)\ [ 1 1] e'fl—glat
= V| —— — - ... .
A7 sir(@l2) SoVla, A, £eltel— g et
(129

where the quantitied,, A;, andA’ appearing in Eq(12)
and defined above by Eqg8) can be presented as

:L -2 _ 2 '
Ag ZSir’((p/Z)[y +(O, —W¥,)°+ (26 +@H

w
+9))?, Aleo—me
wg Xo wg
A'=gl—-1-——|= (——1>EA. 13
9 2 sirt(¢/2) N 13
The important quantityog in Eq. (13),
, , ¢ g
wg=wg| 1+ (0 +|)COE(§”, wgzm,
(14

wherewg is the Bragg frequency, in the vicinity of which the
emission is concentrated, describes the dependence of char-
acteristic energy of emitted photons on both the orientation
angle#’ (this angle is subject to wide variations by the go-
niometer in which the multilayer is installgdnd the obser-
vation angle® ;.

The quantities\,L andA,L are the ratios of an emitting
electron path in the multilaydr/sin(¢/2) to emission forma-
tion length in(1) a vacuum and in2) a medium with the
average dielectric susceptibility,, respectively.

Result(12) now allows us td1) compare the efficiencies
of multilayer and crystalline radiator§?) estimate the rela-
tive DTR and PXR contributions to total emission yield for
various parameter ranges, a(® compare theory with the
prior experimental result33].

Ill. THE EMISSION PROPERTIES

Let us consider first the DTR contribution from a thin
target with a thickness smaller than the photoabsorption
length. The expression for DTR spectral-angular distribution
follows from Eq.(120):
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dN}E\)TR e? 1 susceptibilities including crystals. Let us compare crystalline
) =_< i and multilayer DTR radiators. Assuming the Bragg fre-
dod’® y 2+ 02 quency wg to be far from absorption edges for the target
L 2 material, we introduce the quantity; so that| x| = w3/ ?
T oz >RADTR<tm>, (158 ~wZw}. For examplew?=(w?)F(g)|S(g)le " for a
Y "~ XxotQ crystal[F(g) is the atom form factorS(g) is the structure

factor of an elementary celli; is the mean square amplitude
of atom thermal vibratiorjsand

RDTR_ |S|n(t)\ VT)Z\_1)|2

Y=+ sint, - 1)

(15b

a

sinl m=

whereQ,=0, -V, , Q,=20'+0+¥, Q?=07+03, s o
the bracketg ) mean the averaging over the angiés and wg= (w3~ wp)
W, describing an angular spread in the beam of emitting

electrons, the coefficiertf, and the functionr,(w) are de- for the multilayer in accordance with E¢l). The ratio of

fined by the formulas DTR yield from a crystal to that from a multilayer is
L 2 sirt(pl2 DTR 2 2 DTR
A:M, (@ =¢ 1—3, . NXen _ @gen@en Tien  Aoen
2 sin(¢/2) | xql @n wg DTR 2 2, DIR’ (18)
(16) N)\(mir) @ g(mir) Xx(mir) T(mir) Aw(mir)

Physical meanings of these quantities are as folldyvss ~ following from Eq. (17) on condition of a thick targett(
half of the ratio of electron path in the targetsin(¢/2) to =w§T2a)\/27TM =M/Myp>1, M is the number of periods
extinction length 1b|x,|a, , and the rapidly changing vari- in the radiator and high electron energiesyt v, ). Here
abler, (w) is the ratio of the resonance defécto the width  T=2m/g is the period of the radiator. Since the quantities
of Bragg resonance| xq|a, /sin(¢/2). wé(cr) and wé(mi,) are comparablésee above definitions

Result(15) shows that DTR arises due to dynamic scat-Eq. (18) predicts a higher efficiency of a multilayer as a DTR
tering of the transition radiation, emitted by a relativistic radiator relative to that of a crystal radiator, siftg,) ex-
electron from the front surface of the multilayer. The front ceedsT ., . On the other hand, E¢18) shows that the spec-
half of Eq. (159 describes single-interface transition radia- tral width of DTR flux emitted from the crystalline radiator
tion [1], while R2™R in Eq. (15b) is a reflection coefficient. is smaller than that from the multilayer.

From Eq.(15b) the functionR? TR decreases proportional to ~ We obtain the PXR spectral-angular distribution from Eq.
7, 2 outside the narrow frequency range close to the Braggl2b by noting that only one term is proportional ta {
frequencywg, where|r, (w)|<1 and an anomalous disper- —&;) "1 and makes the important contribution since on the
sion for x rays is realized. As a consequence DTR spectra@quality Re@;— £;)=0 may be valid:

width has a value of about w/ w=~| x4l a,/2 sirf(¢/2).

The formula for the DTR photon number follows from dNpXR e2< 02
Egs. (15 after integrating ovew and ® [when integrating w o o\ 2 202
over w one should take into account that only the fast vari- dod™® (¥ "= Xxo+ %)
abler,(w) may be changed essentially in E¢E5)], and has
a simple form RPXR_ (n+y7r—1)?

A

72— 1+sirf(ty Vi —1)

RY XR> , (193

&l xga %
DTR gl =A *
=—————tanit,)| | 1+2— 1
8 sirf(¢/2) ¥? sir? Etx{rpL V= 1= (y 2= xo+ Q) |xg a\}
X '
| AFYOIAH YY) 765 [+ —1=(y 2= xo+ Q)| xd @]
1+ 9203+ 21 y2 1+9203 (19b)
2@ 2
B Y 0y 17 analogous to Eqg15).
1+ 72®§+ 2 75 ' Equation(19) explains PXR as a process of coherent scat-

tering of the screened Coulomb field of a relativistic electron

where @4 is the photon collimator angular size, and the moving in a medium with the average dielectric permeability
quantity y, is defined by xo=—(wi)/w?~—(wy)lws  €(@)=1+xo(w). In the case of a thick targetty(
=—1y,2 ((w) is the average plasma frequency of the = w;T?a,/2eM>1) the reflection coefficienRf*" has a
multilayen. sharp maximum at the point, = 7,, =1+ (y 2+ y;2+ 02

Since the target dielectric characteristics are presented ift | x| a)?2(y %+ y;2+(22)|xg| a,>1 placed outside the
Eq. (17) by the quantitie, and|x,| only, one can use the range of anomalous dispersion wherg|<1 and DTR
result to describe arbitrary targets with periodic dielectricdominates.
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Distribution (19) can be integrated oves for the practi- 2 [ w220\ 2 20?2
; oo 2 pxr_ € [@g! X Y Pd
cal caset,>1 by using the approximation ifx)/x Ny =51 "% M| In I+ ———
—mt&(x). The result of integrating, m m 1+yv;
PXR 2 212 2 2 2@2
N; :e_(ng ax) Q5 B 272 d | 22
d’0 =2 2m (y 2+ y;2+92)2—|)(g|2a)2\ 1+y°05+ Ty
A4y 2+, 7+ 022 xyl%ad Formulas(22) and (17), where the front half factor may
X1t ———— be presented as
[y 2+ 75 24+ 0%)2—|xg2a}P? P
_ - -1 e?| yq a e? w’T2a 0’T2a
. (7 2+ 9, 2+ 022 = x4 2a} wtanmxh — 29 ManH-2—m|,
X sir?| ty — ) 8 sirf(/2) 4w 2w 21
20y v, T Q) [xglen (23)

20

20 allow us to choose the best suitable conditions for maximiz-
allows us not only to compare the efficiencies of PXR radiaing source emission.
tors using either a crystal or a multilayer, but also to estimate SinceNR TR~ y4/y% <1 if y<1, in accordance with Eq.
an influence of dynamic diffraction effects on PXR proper-(17) and general properties of transition radiation, formula
ties as well. (22) describes correctly the total emission yield from elec-

Since PXR yield is proportional to the target thicknéss tron beam with energiesiy<mry, . DTR’s emission angu-

=TM, the yields from the mirror and crystal radiators with lar density contribution may dominate for higher electron
equal thicknesses can be compared. The corresponding fagnergiesmy>my, . Indeed, the DTR’s angular density is

mula more than PXR’s by a factop?/ yi >1 as may be seen from
expressiong17) and (22). Note that the strong difference
NEy  @gen@ien  Teen between the DTR and PXR angular distributions causes a
NPXR = wh a2 T3 (21 weak interference between these emission mechanisms as
A(mir) g(mir) “X(mir) ' (mir)

our analysis implies.

From Eqgs.(22) and(23) DTR and PXR yields are propor-
t nal to the number of periods in a multilayd, if M
<gMopt=27T/wST2 [the coefficient ©iT?e,/2m)? in Eq.

To determine the possibilities of a multilayer as a radiator(zz) describes the cohere_nt photon reflection by target's elec-
trons, placed at one period of the strucfureor this case

we should compare the relative PXR and DTR contributions, pygr DTR .

Let us first consider the influence of dynamic diffraction ef-Nx anql NX are aPDVOXIﬂj?telyizhe same for. a large
fects on PXR(this question is of the great interest since therengular-size collimator®,>y, ">y~ However, in the

is no consensus on such an influenaed the interference angeM=>Mqp DTR yield is saturatedEq. (23] and PXR
between these two emission mechanisms. From(E).the ~ ¢an become more efficient for x-ray production.

dynamic diffraction effects may be important for high elec- To estimate the mflugnce of photoabsorption on thege pro-
tron energiesy>y, only, but an added conditiowé/mg) cesses let us now consider the general soluti@for semi-
=q~1 must also be fulfilled for such effects to happen infinite target. Our analysis shows that DTR spectral-angular

Analysis has shown the occurrence of strong oscillations i'ﬁjis'gribution from an absorbing semi-infinite. multilayer is de-
PXR angular distributiori20) for the conditionsysy, and  Scribed by expressiofL5), where the quantity
g~1. The latter

shows the higher yield of the multilayer as a PXR source;
using the above same arguments that were used concerni
Eq. (18).

1
Ry R=——r _ . (249
sinl 72 5 I —iB tm—1=2iB\(n— o)
T 1— wil w?
a= a 2 2.1 [ a
—— 1+(1)b(T_a)/(1)aa X” SiN 77? Xn_XH
T Bi=r—, o= 20, (24D)
|Xg|a)\ T X0

may be fulfilled with the proviso thab3<w?2 anda<T. On

the other hand, the relatioa=3T is best suited to x-ray must be inserted as the reflection coefficient. The reflection
production by a multilayer because DTR and PXR yields arei:oefficientsR)'?TR from Eqgs.(24) and(15) for t, >1 are close
proportional to singa/T) and sif(#a/T) in accordance with to each other, because the coefficight is usually much
Egs.(17) and(20). As this takes placg<2/w and therefore smaller than unity g, is the ratio of the extinction length to
an influence of dynamical diffraction effects is small for the the absorption one

most practical case. Similarly, it is easy to show that the absorption does not
With this conclusion PXR yield follows from Eq20) in ~ change the main PXR properties. The equation, analogous to
the form Eqg. (20), has the form
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deXR ez(ngza}\)2 < Qi
=— ff - = - _
d?e AN ¢ (y 2+’)’*2+92)2_20'A(')’ 2+)’*2+Qz)|)(g|a>\+|)(g|2a>2\
2 2 2
a
x| 1- |Xg|_2)\ , (25)
(7 2+ 7,2+ Q%2

where M ;¢ is the effective number of multilayer periods intensity was measured only in arbitrary units and the inten-

making contribution to PXR yield formation, sity enhancement in multilayer structure in comparison to
crystal could not be demonstrated. On the other hand, since

the angular distributions or orientational dependencies of

sinz(f) sin(f) Labsin<f) PXR and DTR are very different for the conditions of the
2) _ 2) _ 2 (26) experiment, we can determine the main emission mecha-

Merr nism. The ratiOyZ/yi determining the difference between
PXR and DTR angular distributions is10>1 for a 500-
Thus, the advantage of multilayers as DTR and PXR radiaMeV electron beam.
tors, following from Eqgs(18) and(21), is preserved for an The measured orientational dependence of the x rays is
absorbing target as well. presented in Fig. 2. To estimate relative contributions of
We performed multilayer experiments using 500-MeV DTR and PXR to the observed yield we compare the mag-
electron beam and a commercially available x-ray multilayemitudes of the DTR and PXR angular distributions for the
mirror manufactured by OSMIC In¢33]. The mirror con-  experimental parametersx/<w2p>w50 eV, wg~15keV,
sisted of 300 pairs of W and /& layers with spacingl Xo(wg)~0.9% 104, M =300, y, =300. We obtain the fol-
=12.36x10 8 cm and supported by 10@m Si substrate. |owing estimations: ANE*R/d20) 1y~ 6% 1073 (photon/
The x rays were eml'Fted at the arjgd(.t 3.8° W|t_h respect to esr) and dN)I?TR/d2®)maX~0_8 (photonésr). Thus DTR
the electron-beam directiofsee Fig. 1L The thicknesses of dominates in the measured emission yield.

th_e Iayers_a ‘,”mdt_) were the same. X rays generated in thg The theoretical orientational dependence is also presented
mirror or in its Si substrate were detected by a CdTe semir Fig. 2 (solid line). It was calculated without a PXR con-

conductor detector, placed at the distance of 443 cm from thgip, tion and bremsstrahlung background. The PXR orienta-
radiator. The detector's aperture was 4 farBince the an- oo dependence is much wider than that of DTR and can-
gular size of the detectoPy~5x10"* was less than the o explain the experimental data. The calculated curve and
characteristic emission angle for relativistic electrops' experimental data are normalized at one point. As seen in the
=10, we were able to measure the spectral-angular distrifigre, the calculated curve agrees with data. The comparison

bution of emitted photonf33]. of calculated DTR spectra is also in agreement with the mea-

Since the measurement c_)f the current of the storage ring’'s;reqd. Thus, the theory developed in this work is in good
electron beam was not available to us to measure, the X-r8greement with the experimental resyis].

A

IV. CONCLUSIONS

Our analysis has shown that PXR and DTR are the main
emission mechanisms for relativistic electrons passing
through a multilayer mirror. The relative contribution of
these two mechanisms to total yield depends on the elec-
0.6 ] tron’s energy. If it is smaller than the critical energyy,
= mwB/x/<w2p), then PXR dominates. The PXR efficiency of
! a multilayer source can exceed that of a crystal for these
0.4t . lower electron energies. This occurs because a larger number

e

1.0t g 1

o
o
1

of multilayer’s electrons make a coherent contribution to the
formation of x rays. The number of emitted x-ray photons is
about 104-102 per electron. Crystals are limited to
10 6-10°.
‘ , If the energy of the emitting electron exceeds the critical
20 30 40 50 energy, then the PXR and DTR contributions depend on the
%Jre-,mrad target thickn(_ess*_L anq the x-ray detector angular sigkg;. _
The total emission yield may be determined by PXR contri-
FIG. 2. The comparison of the calculated and meas|iBad bution if ®d> ’y;l and the radiator is thick enough. On the
orientational dependence of the collimated x-ray yield. other hand, DTR dominates ®4=<7y . Our theory has

Yield (arb. units)

0.2 |opseN R

0.0
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been compared with our experimental results and we haveedical and other applicatio87,38. The analysis pre--
shown that the observed x-ray yield is explained by DTR.sented in this work allows one to calculate most of the
The efficiency of DTR source was approximately the sameneeded characteristics of such a source.
as that of PXR radiator: 10 photons per electron.

The brightness and efficiency of the source can be im-

proved further by using a cyclical accelerator wherein the ACKNOWLEDGMENTS
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