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Mechanical phase diagram of shrinking cylindrical gels
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When polymer gels are subjected to an external stimulus such as temperature or solvent change, they
undergo a phase transition often driving pattern formation. In this paper, we use an elastic model to investigate
the linear stability of shrinking cylindrical NIPA gels. This model exhibits bubble and bamboo patterns. The
wavelengths of these patterns and their phase diagram are in agreement with the experiment of Matsuo and
Tanaka[Nature(London 358 482 (1992].
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[. INTRODUCTION or a peristaltic instability observed in vesiclg32,33: The
cylindrical shape was lost and alternate shrunkeonstric-

Gels exhibit many fascinating patterfis]. Natural gels tions) and swollen(bulges regions appeared. In the bamboo
are found in animal tissues and plant bodies, while synthetigattern, the gel remained cylindrical while regularly spaced
gels are used in manufacturing devices such as actuators afpss-sectional planes consisting of collapsed gel appeared;
valves; and in biomedical applications such as moleculafhese planes were believed to be fracti@d. Previous the-
sieves. Almost all artificial organs are tissue-engineered bretical studie$29,3Q) have predicted bubbles only. Here we
seeding cells in a three-dimensional scaffold made of a biotécall and mimic the experimental observations and we pro-
compatible polymeric ge[2]. Polymeric hydrogels are a Vide a comprehensive theoretical study of the shrinking pat-
mixture of a polymeric network and water. Because poly-t€ns. The paper is organized as follows. In Sec. Il, we give
meric hydrogels exhibit many metastable phases and strorfjif experimental observations, followirid4]. In Sec. il
hysteresis during phase changes, they are considered to W& describe a simple model coupling the interactions be-
ideal models for the folding of proteins, which have a com-tween the polymer and the solvent to the elasticity of the
plex set of metastable statg&-5]. When submitted to exter- Polymer network. We investigate the linear stability of a cy-
nal stimuli such as variations in temperature, pH, osmotidindrical gel and we derive a phase diagram and compare it
pressurd6,7], electric field[8] or light [9], polymeric hydro- with the experimental diagram reported by Sato-Matsuo and
gels undergo huge volume changes. These properties are ud@nakal 14].
ful for technological applications, such as actuators in mi-
crofluidic deViceilo,l:u, -Where the volume Change can be Il. EXPERIMENTAL OBSERVATIONS
used to actuate the device. During these phase transforma-
tions involving shrinking and swelling, patterns driven by Following Sato-Matsuo and TanaKd4], we prepared
different instabilities are observed and are not yet completelgylindrical acrylamide gels of various diameters by bulk
understood. Pattern formation in gels and their kinetics hav@olymerization of a polymer. The monomer used for
been first studied by Tanaka and co-workéisi2—14. the polymerization is N-isopropylacrylamide N-IPA),
Many experimental15—20, numerical[21-23, or analyti- N,N’-methylenebisacrylamidéBIS) is the crosslinker, am-
cal [24-3( studies have followed. These patterns not onlymonium persulfatéAPS) is the initiator, and tetramethyleth-
represent a challenging problem in physics and mechaniggenediamineTEMED) is the accelerator. We used sodium
but also might shed light on the mechanical behavior of aniacrylate to change the ionic strength of the gel. All these
mal tissue. For instance, the swelling of a gel is similar to the

growth of a tissue, and the folding of the brain might result e s
from growth induced stresses as the folding of a spherical gel W
results from swelling induced stresses. Shrinking cylindrical

gels(such as those in Fig.) lare also morphologically simi-
lar to some deep-sea organisms or pla&ig. Understanding
the mechanism of gel shrinking could lead to a better under-
standing of plant and human skin wrinkling as they dry.

In this paper we study the shrinking of cylindrical gels
and the resulting patterns, first investigated by Sato-Matsuo
and Tanak§14]. Sato-Matsuo and Tanaka studied the shrink-
ing of cylindrical hydrogels immersed in acetone where they FIG. 1. The bubbles pattern of a shrinking cylindrical gel. The
undergo a shrinking transition. Mainly bubble and bamboaop is the theoretical illustration given by Eq®) and (7) to the
patterns were observegérigs. 1 and 2 The bubble pattern bottom experimental picture. The picture in the bottom is from
looks like the Rayleigh instability known in hydrodynamics Sato-Matsuo and Tanaka4].
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face wrinkled at a scale much smaller than the radius. The
inner portion of the gel consists of collapsed and swollen

regions, in the shape of concentric thin sheets, which can be
peeled off easily. The pattern is quite irregular.

A. Shrinking of gels with free ends

We now discuss the particular case when the gel ends are
free. The final state depends mainly on the acetone content. It
was found in Ref[14], that the varieties of patterns, which
appear as the concentration of acetone is changed, are quite
different between plain and Dextran containing gels. Plain
gels predominantly form bamboos, while Dextran gels form
bubbles. Dextran is a water soluble polymer used in the
study by Sato-Matsuo and TanaKiad] to color the cylinders
in blue for easy observatioriThe cylinders are transparent
and shrunken regions are hard to see when the concentration
of cross linker is small.It was found, however, that Dextran
ifects the phase diagram of the shrinking gels. This effect is
beyond the scope of this paper and we will not discuss it any
further.

chemicals were purchased from Polysciences. The gel was In De>t<)tr<::1\;1l-free4gs/ls 0[1 F;Ig;] 'gels, ;[he bamboot p?tterrja\t
prepared in glass tubes with varying diameter from 0.5 m ppears between °an o In acetone concentration.

0, i i -
to 2 mm, so that cylindrical gels were obtained. Various 0% of acetone concentration, the spacing between cross

methods were used to extract the gels from the tubes. Th%ectional planes becomes narrower. The onset of pattern for-

easiest method consisted in putting the tubes in a water S(51_1at|0n occurs earlier in time at higher concentration of ac-

lution and letting the inner gel swell. The swollen gels haveetone' Wrinkled tubes are observed at concentrations of

a tendency to slip out of the tubes. This extrusion proces%cetone from 90% to 100%. Their irregularity increases with

. . : e acetone content.
was expedited by suspending the glass tube vertically an 0 0
letting the inner gel slide out by gravity and fall in the water In Dextran gels, bubbles appear from 40% to 80% acetone

container to be washed from the remaining chemicals. frggginfr:z‘:ggs';he wavelength increases as acetone concen-
After drying, the ends of the cylinder were either left free : . .

or glued to glass rods to control their separation. The cylin- iZTher'\:lr?Vdel?r?éh ran: wsftrcjff:halTﬁta?r;“t?/ndﬁ??;r? (;ﬂﬂt}he

drical gels were allowed to swell in water and, after theyS € o the cylinder. However, 1ro € mome € €

reached equilibrium, they were placed in an acetone-wat attern appears, it takes a long period of time to reach the

mixture, so that they shrank. The final state of the gel de-'.nal gquilib_rium state. The process seems to be governed by
pended, on the volume change, the acetone content of t ffusion, since the characteristic times scale as the square of

mixture and(if relevany the separation of the glass rods. € radius of the tubgi4].
Different cases were observed. o o )
(1) Stable cylinderThe cylindrical gel shrinks homoge- B. Shrinking with fixed final length
neously and remains cylindrical. The final length of the gels is now controlled by the sepa-
(2) Bubble pattern (Fig. 1)The cylindrical shape is lost ration of the glass rods to which the cylinder ends are glued.
and alternate shrunken and swollen regions appear, with Bhe state of the gel depends on the acetone content and the
well-defined wavelength. The wavelength is proportional tofinal length of the gel(See Fig. 5 for an experimental phase
the cylinder radiusa ~R. diagram) Mainly bubbles and bamboos are observed:
(3) Bamboo pattern (Fig. 2JThe gel remains cylindrical bubbles occur at large separations or small acetone content
and regularly spaced cross sections formed of collapsed gélypically smaller than 60% mixed bamboo in bubbles can
are observed. Their thickness is of the order ofeth, as  be observed near the limit between the bubbles and bam-
interference pattern observed in these cross-sectional planpsos. At very high acetone concentration, wrinkled tubes are
in Ref. [14] suggest that the thickness of these planes is obbserved. As in Ref14], we also used sodium acrylate to
the order of magnitude of the wavelength of light. The wave-change the ionic strength. At higher ionic strength, bamboos
length of the pattern is also well defined and is proportionakre observed only at larger acetone content.
to the square root of the radius=~ \R. When increasing acetone concentration, the bubbles
(4) Bamboo-in-bubbleThe two previous patterns occur wavelength increases, while the bamboos wavelength de-
sometimes at the same time. The cylindrical shape is lost ancteases. The wavelengths of both patterns increase as the
collapsed cross sections appear. Within every bubble crosé§ixed final length is increased. We have also observed that the
sectional planes are observed suggesting a bamboo pattermavelength increases with increasing ionic content by in-
(5) Wrinkled tubesThe gel becomes opaque and its sur-creasing the concentration of sodium acrylate in the gel.

FIG. 2. Bamboo pattern for a shrinking cylindrical gel. Left:
experimental observations. Right: corresponding theoretical shap
from the eigenmodes given by Eg®) and (7). The gel remains
cylindrical and is crossed by regularly collapsed planes.
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Ill. THE THEORY Uy Er

A. Model < _______________________________ IB _____ ( /(1,8 2)

We first describe a simple model accounting for the inter-
action between the polymer and the solvent, the deforma-
tions of the network and its density correlations. We consider
the polymer volume fractiow to be ¢, in the reference state FIG. 3. Geometry of the model.
(the state where the network was first polymerjzddhe free
energy of the gel is the sum of three terms,

1 1
Ecorrzzf drEK(¢)|V¢|2- (4)
BG=Ejnt EeqtEcorr- 1
| =K/ is of the order of the correlation length of density

Here 18=kgT is the energy unit. _ fluctuations in the gel.
The first term accounts for the interaction between the The |agrangian gel evolution equatif88] reads

polymer and the solvent, and for the isotropic part of the
elastic energy35]. It is given by an integral over the volume ar oG
of the gel 9= "B ®)

g/B=f~10" Ns/nf is the gel-solvent friction coefficient
Eint:f drf(é). (2)  [39]. We neglect the inertia of the gel gsis very large and
we implicitly assume that the solvent is at rest.

The shape of (¢) determines the number and the stability of
the different possible phases. It may depend on the external
parameters, such as the composition of the solvienbur We consider a cylindrical gel of radil’, and lengthL
case it would be the acetone contetit f(¢) has one mini- as a reference statthe state where the gel was polymerized,
mum then only one phase with density exists. Iff(¢) has  Fig. 3). The gel is placed in an acetone-water mixture so that
two minima, then two stable phases exishe of them is it is submitted to an osmotic pressure It shrinks to an
possibly metastableand one unstable phase; this is usuallyunknown radiusk while its length is constrained to the The
the case in poor solvent conditions. At this stage of thegel elongation ratios are, = R/Ry anda,=L/L,. The poly-
analysis, we will not specify the specific form bfWe will mer volume fraction becomesg= ¢O/(ar2az)- The gel
do so when we compare our theortical results with the exequilibrium state is determined by(G+ 7V)=0,
perimental results. In the rest of the calculation, we will only
use the value of its second derivative at the considered equi- Br= ' (ps)— f((ﬁs)—,uarz. (6)
librium densityf”(¢s), so that the theoretical results for the
linear stability analysis are generic and hold for both swell-To summarize, the equilibrium basic state is a uniformly de-
ing and shrinking(see following subsectionlf f"(¢s) >0,  formed cylinder with elongations, and«, such that Eq(6)
then the densityp corresponds to a stable phase, whereas ifS satisfied. . . N . _
(<) <0, this equilibrium is unstable, and a spinodal de- The next step is to_study the_llnear stablllty of this basic
composition is expected. state. We use cylindrical coordinates 0, z (Fig. 3. The

If the position of a volume elementis displaced from its  reference position vectof =ru, +zu, has been displaced to
reference positiom® in the reference state, then the defor-s=a:fu,+a,zu,. We consider perturbations to this uni-
mation of the network is described by the deformation matrixformly elongated state such that=r—rs=u,u,+u.u, is
Mij=dr;/dr. M and the densityp are not independent but Small. The dynamical equation faris derived from Eq(5):
they are related viapg/d=detM. The anisotropic part of

B. Basic state and linear stability analysis

- i au d d?u d d
the elastic energy indicates the cost due to shear deforma-,” ' — _ " v .+ na’——+ na?2—V.u.— k—AV-u
tions. It is a function of the deformation matii in terms of Yot = Tar R T T '
its invariants. The form that is consistent with the Flory mi- (7)
croscopic descriptiofi23,36 is
P ptiof23,34 au, 4 ,0°U, 5 d
1 WZTEV'U+,u,a2?+,uarAruz—KEAv'u.
Ee|=§f dr u Tr(M™™). 3 (8)

Here V.=V-—dldz, A=V? and A,=A-3%dz%
Here w= ol ¢y is the effective chain density per unit vol- = ¢2f"(ps) and k=K(¢s).
ume (alternatively the cross-links densjityrq being its value As stated earlier, the equations do not depend on the
in the reference state. shape of the interaction functidif¢) but only on its second
The last term in the free energy has the Ornstein-Zernickelerivative at the equilibrium density (¢s). In the case were
form [36,37] and accounts for the density correlations in thethe network does not resist shear€0) and if 7<0, one
gel, recognizes in Eqg7) and(8) the standard equations used for
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the description of the early stages of a spinodal decomposi- '
tion. The free energy used here can be viewed as a model for
spinodal decomposition for a system resisting shear.

We look for solutions of Eqg.7) and(8) with growth rate
ol/g and axial wave numbek, i.e., u=vexd (o/g)t+ikz].
Some calculations lead to the expressions

ve=i[—aqgyli(asr)—bayl (gzr)+ckly(asr)], (9

v,=akly(qsr)+bklg(gar) —caslo(dsr). (10

I, and I, are modified Bessel functions. The radial wave
numbersq; andq, are the positive solutions of

0 1 2
o=—1(k?—q%) — pa?k’+ pa?q?— k(k?—q?)?, (11) FIG. 4. The general phase diagram: the different possible behav-
iors of the gel as a function of the elongations ratie «,/«, and

while the last wave numbaeg; is the positive solution of the reduced second derivative of the isotropic part of the energy

» . densityf, 7= a,¢2f"(bs)/ wo. 1, stable gel; Il, bubble; 1ll, bamboo;

o=—pak +parqg”. (12) v, surface spinodal decomposition; V, skin formation; VI, radial

spinodal decomposition. The dotted curves show the three possible

a, b, andc are complex constants. paths followed by the system when reaching equilibrium: stéble

These eigenvectors should satisfy the boundary conditiongypble (2), bamboo(3).
at r=R.The first two correspond to the vanishing of the

stress tensor at the outer boundary. In other words, The functionV is defined by¥ (p)=11(p)/1o(p). The re-
5 duced growth rater reaches it maximum fok=k.,; if this
u . - g . . .
2 204 _ maximum is positive then the cylindrical gel is unstable and
‘u+2 AV.u= 1 L . . .
(1= pa)V-ut2pa; a v-u=0, (13 the selected pattern is given by the eigenmode with axial
wave numbek,,. The study of the most unstable mode gives
au, au, the phase diagram of Fig. 4. To obtain this diagram we have
a—+a?—=0 (14 i i
" ar z 57 ' used the fact that the correlation lendth \x/u is small
(I<R).
The last one fixes the position of the interface between the The diagram is split into six regions corresponding to dif-
gel and the solvent ferent patterngFig. 4).
(I) Stable cylinder The cylindrical gel is stable only in
J _ this first region.
(?—rV~u—0. (15 (1) Bubble. In this region the most unstable mode has an

axial wave number
Mathematically, this condition insures the vanishing of the 5
surface integral corresponding to the density correlation term kn=K(a,7)/R (19
in the energy.

The state of the gel is defined by three numbers: the rati¢K is a nondimensional functiorand a radial wave number
of elongationsy= a, / a,, the reduced second derivativefof dm~R. As u,(R)#0, the surface of the gel is periodically
pa T/(Marz), and the reduced correlation length deformed, SO that this region corresponds .to the bubble pat-
tern (see Fig. 1 Its wavelength is proportional to the gel
radius as in the experiment. A simple interpretation for this
instability comes from the fact that the elastic energy favors
isotropic deformations: one expects the gel to be unstable if
it is strongly stretched in one direction.

KR, a,% |, (1) Bamboo.In this region, the most unstable wave num-

ber is
(16)

=Kk2/(,u,ar2). The boundary conditions give a solvability
condition that determines the growth rateo

=o(a, 7,k kR),

d: 92 93 ~ g2 Q1 Q3
H ?’?'?,kR,a'K)_H(?’?,?,

where km=V(a?-a2)/k\zo/IR. (19

~ 5 o o 5 oy~ Z, is the first root of the Bessel functialy. The correspond-
H(B1,B2,Bs.p k) =B1(1= BB+ 1+ B2(1-B2)k]  ing radial wave number ig,~1/R. As u,(R)=0, the gel

B2+ )V remains cylindrical; it is periodically collapsed along its axis,
(B3t a®)W(B2p) so this region corresponds to the bamboo patteee Fig. 2
—2B3(1+ a®)V(B3p) The wavelength is proportional t¢R and increases with the
) ) axial elongations as in the experiment. In this region, as well
+B5(1-B3)}- (17 asin the following region§lV—VI1), a gel that does not resist
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shear would undergo spinodal decompositier:Q), so that 0fF 7 T T T T T T
we expect short wavelength instabilities. ok

(IV) Surface spinodal decompositioln this region, the =
wave numbers are larg&,,~ o~ +u/«x=1/1 and spinodal — 0
decomposition occurs on the surface, which is expected to oot
become rough. SI% a0l

(V) Skin formationIn this region, the wave numbers are — stable
k=0 andq,,~1/. The deformations are also localized on 0F
the surface. Surface shrinking is expected. 40|

(V) Radial spinodal decompositiorin this region, the sofb
wave numbers ark,,=0 andq,,~i/l. Spinodal decomposi- T

tion occurs in the radial direction.

Regions(I-1Il') compare well with the experiment. The
bubble pattern is an elastic instability resulting from a FIG. 5. The phase diagram: the axial elongatign(normalized
strongly anisotropic elongation. The bamboo pattern is &Y its valuea$® at equilibrium in wateras a function of the acetone
spinodal decomposition of a shear resisting material in a conitolume fractionx in the solvent. Continuous lines: theory using a
fined geometry. RegiondV—VI) have a less obvious inter- criterion based on the different paths in Fig. 4. Symbols, expgrlment
pretation as they only have microscopic features. Wrinkle® Matsuo and Tanakdl4]; squares, bamboo patterns; circles,
tubes are likely to originate from a mixture of regiofly)  Pubble patters; diamonds, mixed bamboo-in-bubble.
and (VI): their surface is rougtias in region 1\ and their )
inner regions consist of thin sheets, which can be peeled off/Se the reasonable valugg=0 andx,=10. The following
(This suggests a radial spinodal decomposition as in regiofsults are only slightly sensitive to these values.

VI.) These results show that the minimal model we use is The phase diagram we have obtained is valid when the gel

sufficient to predict the main observed instabilities in shrink-iS at equilibrium with the solvent, whereas in REt4], the
ing gels. pattern develop before equilibrium is reached and while the

solvent is still diffusing out of the gel. Even if the gel is not
in equilibrium, the linear stability analysis should give good
C. Comparison with the experimental phase diagram indications on the possible patterns. Besides, we consider

. . . . that before the onset of the instability, the density is uniform
To translate this general diagram in experimental terms

and compare it to Matsuo and Tanaka’s resil, we need in the gel. This assumption might seem too strong because

. . . the gel shrinks through a diffusive process and a collapsed
to specify the form of the isotropic energy density). To . skin forms at its periphery. In fact, our assumption means

z:crjneplz;fr{(,jvgitgisciseutmhg tkg’l‘t ;ci:settcr)]r;e_v(\)/?tr?]re:a\}gantehfrssﬁﬁ "That we replace the non uniform density by a uniform density
gel. poly such that the two densitigsiniform and non uniformhave

1[?1 tze 1g_e)|( aricg the ?]Zitolnf vquTerfractmtri\Vlnl thti SSJV?nrt' the same mean. The existence of a small zone with a differ-
en ( )(1—¢) andx(1-¢) are, respectively, the wate ent density(the skin should not affect the mean.

and acetone volume fraction in the gel. The natural extension We consider that the volume fractiah— ¢0a2/a§ is uni-

of the Flory energy35] is then form in the gel but is a non decreasing function of tifttee
N gel shrinks. Then in the diagram of Fig. 4, the gel follows a
f(¢)= a[(l—x)(l—q’))ln(l—x)(l—d)) path ;(a):azf(%az/ag)/go. Figure 4 shows the three
possible path types: The first path remains in zone |, so we
N expect the tube to remain stable; the second spans a long
Hxw(1=x)(1-¢) ]+ U—a[x(l—qb)ln X(1-¢) period of time in zone Il, so we expect bubbles to be ob-
served; the third path spends a little time in zones Il and IV
Mo ¢< ¢ )

then passes to zone lll, so we expect bamboo patterns. Each
TxX(1=¢)bl+ = b In¢—0—3 path is only determined by the values of the experimental

parametersy, andx. Using the form off (¢) [Eq. (20)], we

relatedr to the acetone content and we computed the limits
HereN is the Avogadro numbeu,, andv , are the water and between the path types in the, ,) parameters plane. Thus
acetone molar volumegy,, andy, are the polymer water and we obtained the phase diagram of Fig. 5. As our criterion is
acetone-water interaction parameters. In the case of no amsugh, the limits between the phases are not well defined.
etone, this form off (¢) fits well the experimental tempera- However, this diagram is in quantitative agreement with the
ture to swelling ratio curve of NIPA gels: Hirotst al.[40]  experimental results of Ref14]. Moreover, we could extend
found ¢o=0.07, uo=1.2x 10?” m~3 (we use these two val- our results to ionized gels by multiplying the last term of Eq.
ues in the following, x,,=—16.5 at 20°C andy,,=18 at  (20) by (1+2I), | being the number of counterions per ef-
35°C. These values, however, are not in agreement with infective chaif35]. In this case, the diagram is shifted towards
dependent estimations as noticed in RdD]. In Ref.[14], higher acetone concentration as in the experinigfk
spinodal decomposition does not occur when water is used as We can compute the typical time scale for the growth of
solvent but occurs when acetone is used as a solvent; so, e patterns,T=g/o~g/(,uqﬁ1). Given the aforementioned

(20
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values and for a gel of radius 1 mm, the time scale is foundype of modeling to give insights in gel deformations and
to be 10 min. It is of the same order of magnitude as in theébuckling of “soft” materials and to be useful for bioengi-
experiments. neering applications and manufacturing such as small robots
and biomedical devices and actuatfitg].
IV. CONCLUSION

Using a simple elastic model and an extension of the
Flory free energy of gels, the experimental results on the
patterns arising when cylindrical gels shrink were repro- S.C. is grateful to the late Toyoichi Tanaka for his discus-
duced theoretically: the wavelengths of the bamboo and thsions and his teaching, without which, this work would not
bubbles instabilities first observed by Sato-Matsuo anchave come to pass. A.B. and S.C. are grateful to the Me-
Tanaka were computed and the phase diagram observed eshanical Engineering Department at MIT where this work
perimentally was reproduced with quantitative agreement.Asvas first initiated. A.B. is grateful to the Department of The-
an extension to this work, we are investigating pattern for-oretical and Applied Mechanics at the University of Illinois
mation when a gel membrane undergoes a shrinking transat Urbana-Champaign for its hospitality. Laboratoire de Phy-
tion [41]. These preliminary results showed patterns similarsique Statistique is associated with Universities Paris VI and
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