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Generalized synchronization of chaos in He-Ne lasers
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We experimentally demonstrate synchronization of chaos in one-way coupled He-Ne lasers with optical
feedback. We observe different types of synchronization such as identical synchronization, inverse synchroni-
zation, and random amplification. These dynamics are maintained only for a short duration of several hundred
milliseconds. We also observe generalized synchronization of chaos by using one master and two slave lasers.
The generalized synchronization is achieved for a long duration of tens of seconds under injection locking. The
generalized synchronization is always maintained while the injection locking is achieved.
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I. INTRODUCTION

Synchronization of chaos in laser systems has rece
attracted increasing interest because of its potential app
tions in optical secure communications and optical spr
spectrum communications@1,2#. Synchronization of chaos in
lasers has been experimentally investigated for variety of
sers in one-way coupling configurations@3–16# and mutually
coupled configurations@17–23#. Many different types of
synchronization phenomena have been observed in laser
tems, such as identical synchronization@3–23#, inverse syn-
chronization@24,25#, lag synchronization@26,27#, phase syn-
chronization@28–32#, and generalized synchronization@33–
35#. Identical synchronization is a simple case
synchronization, where two temporal wave forms are exa
identical. Inverse synchronization can be observed when
of two identical wave forms is inverted from the other. T
existence of time delay between two identical chaotic wa
forms implies lag synchronization. The phase of chaotic te
poral wave forms can be synchronized, which is called ph
synchronization. Generalized synchronization is a more
neric type of synchronization where there is a functional
lationship between two nonidentical wave forms. Althou
many kinds of synchronization have been observed in dif
ent laser systems, the condition for achieving each sync
nization phenomenon has not been well investigated so

For optically ~coherently! coupled laser systems, th
achievement of synchronization of chaos is strongly dep
dent upon injection locking@12#, which is the frequency
pulling effect of fast oscillations of optical carrier@36#. Fre-
quency locking of the fast optical carriers between optica
coupled lasers results in the synchronization of slow en
lope components that correspond to chaotic oscillations@12#.
Identical synchronization of chaos is observed in many ki
of optically coupled systems under the injection locking co
dition @5–14#. However, the relationship between synchro
zation of chaos and injection locking has not been w
known for the other kinds of synchronization phenome
for example, there has been no report of generalized sync
nization of chaos in optically coupled laser systems, to
best of our knowledge.

Chaotic dynamics have been experimentally and num
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cally reported in He-Ne lasers, which have been commo
used as one of the standardized lasers. Chaotic oscillat
have been observed in He-Ne lasers at the wavelengt
632.8 nm @37–41#, 1.15mm @42–44#, and 3.39mm @45–
48#. Chaotic instabilities in He-Ne lasers can be generated
delayed optical feedback@39–41,49#, frequency modulation
@50#, and multimode dynamics@37,38#. Although the genera-
tion of chaos in He-Ne lasers has been well investiga
@39–41,51,52#, synchronization phenomena in chaot
He-Ne lasers have not been reported so far. The charact
tics of synchronization phenomena in chaotic He-Ne las
are important issues as well as the dynamics in other la
systems@53,54#.

In this paper, we demonstrate the synchronization
chaos in optically coupled He-Ne lasers with optical fee
back in a one-way coupling configuration. We use tw
He-Ne lasers for the observation of identical synchroni
tion. We also observe generalized synchronization of ch
by using one master and two slave lasers.

II. IDENTICAL SYNCHRONIZATION OF CHAOS

A. Experimental setup

Figure 1 shows our experimental setup for identical s
chronization of chaos. We use two He-Ne lasers~NEC:
GLG5380! as a master and a slave laser, which are linea
polarized. The gas cylinder of each laser is surrounded b
copper holder in order to maintain homogeneous distribut
of temperature. The temperatures of the He-Ne lasers
controlled by thermoelectric coolers~resolution of 0.01 K!
for fine tuning of the laser frequencies.

Chaotic outputs in He-Ne lasers are obtained at frequ
cies of tens of hertz by optical feedback from the exter
mirror @39–41#. We set an external mirror in front of th
master laser at the distance of 0.6 m to obtain chaotic os
lations. A fraction of the master laser output is injected in
the slave-laser cavity for chaos synchronization. An opti
isolator is used to achieve one-way coupling from the ma
to the slave lasers~isolation of260 dB!. A l/2 wave plate is
used for changing the direction of polarization. The polariz
tion of the master laser is rotated at 45° of that of the sla
laser. Due to the difference of polarization direction betwe
©2003 The American Physical Society15-1
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the two lasers, we can separate the output of the slave
from the output of the master laser reflected from the face
the slave-laser cavity, by using a polarizer. Chaotic temp
wave forms are detected by photodiodes~Hamamatsu Pho
tonics Inc., G3804! and digital oscilloscopes~Sony Tek-
tronix, TDS410!. The optical frequencies of the lasers a
measured by a Fabry-Perot scanning interferometer~TEC-
Optics, SA-2! with a free spectral range of 2.0 GHz. The be
frequencies between the two lasers are measured wi
radio-frequency~rf! spectrum analyzer~Advantest, R3131!
through a photodiode.

B. Experimental results

The achievement of synchronization of chaos is hig
dependent upon injection locking performance in the sl
oscillator. The optical frequencies between the two in
vidual lasers can be perfectly matched by injection lock
when the frequency difference is set within an injection loc
ing range. The injection locking rangeDn lock is described as
@36#

Dn lock<
ns

Qs
APm

Ps
, ~2.1!

wherens is the optical frequency in the slave laser;Qs is the
Q value of the slave-laser cavity; andPm,s is the injected
power from the master and the intracavity power of the sl
laser, respectively. The injection locking range is depend
on the injection power from the master laser. In our expe
ments, the injection locking range is'1.5 MHz.

The optical frequencies of He-Ne lasers can be tuned
early as a function of the temperature of the lasers. The t
perature of the gas cylinder in the master laser is kept c

FIG. 1. Experimental setup for identical synchronization
chaos in two He-Ne lasers. BS, beam splitter; PD, photodiode;l/2,
half-wave plate.
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stant. The temperature of the slave laser is changed so
the difference of the two optical frequencies is within t
injection locking range. The optical frequencies are adjus
from a low resolution to a high resolution by monitoring th
spectra with the Fabry-Perot scanning interferometer and
radio-frequency spectrum analyzer as shown in Fig. 2.
observe that both of the lasers oscillate with two longitudi
modes, whose frequency interval is 684 MHz in Fig. 2~a!.
Two frequency beats between the two longitudinal modes
the master and slave lasers are observed on the ra
frequency spectrum analyzer as shown in Fig. 2~b!. The dif-
ference of the two beat frequencies is 1.1 MHz. When b
of the beat frequencies are settled within the injection lo
ing range (;1.5 MHz) with more accurate temperature co
trol, the beat frequencies disappear and the two laser
quencies are perfectly matched.

Figures 3~a! and 3~b! show the chaotic temporal wav
forms and distribution of correlation plots between the tw
laser outputs. The output of the slave laser is stable with
injection locking. There is no correlation between the outp

f

FIG. 2. ~a! Optical spectra measured by the Fabry-Perot sc
ning interferometer.~b! Beat frequencies between the two lase
measured by the radio-frequency spectrum analyzer. The injec
locking range is within 1.5 MHz.
5-2
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FIG. 3. Chaotic temporal wave
forms and correlation plots for the
two laser outputs:~a!, ~b! without
synchronization and~c!, ~d! with
identical synchronization. The
synchronization is maintained fo
several hundred milliseconds.
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of the two lasers. When a fraction of the master laser ou
is injected into the slave-laser cavity and the beat frequen
of the two lasers are adjusted within the injection locki
range under precise temperature control, the two chaotic
cillations are synchronized as shown in Fig. 3~c!. A linear
correlation between the two laser outputs observed in
3~d! exhibits the identical synchronization. However, th
synchronization can be maintained only for several hund
milliseconds even though the injection locking of the tw
laser frequencies is maintained. The identical synchron
tion is observed only in the boundary of the injection locki
range for a short time. These results are different from
synchronization of chaos in optically coupled semiconduc
lasers@5–10# and microchip lasers@11–14#.

We observe some interesting phenomena of synchron
tion dynamics under injection locking. Figure 4 shows so
examples of synchronization between the two lasers as
beat frequency is changed within the injection locking ran
We observe inverse synchronization@Figs. 4~a,b!#, general-
ized case of synchronization@Figs. 4~c,d!#, and random am-
plification of the slave-laser oscillations@Figs. 4~e,f!# as the
beat frequencies approach 0 Hz. These phenomena are
served for a short time~several hundred milliseconds! and
switch to each other. It is difficult to obtain a certain rule
synchronization, and the relationship between the synchr
zation and injection locking is not clearly observed.

To evaluate the quantitative accuracy of chaos synchr
zation, variances2 of the normalized correlation plot from
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best-fit linear relation is used, which is defined as@12#

s25
1

N (
i

N

~ I m,i2I s,i!
2, ~2.2!

where N is the total number of sampling of the tempor
wave forms,I m,i andI s,i are the normalized intensities of th
master and the slave lasers at thei th sampling point. Smaller
variances2 implies higher accuracy of chaos synchroniz
tion. For example, the variance of Fig. 3~d! and Fig. 4~f! are
s250.0047 and 0.32, respectively. Figure 5 shows the ac
racy of synchronization as a function of the average value
the two beat frequencies. The accuracy is distributed to
ferent values and there is no clear relationship between
accuracy of synchronization and the beat frequencies.
accuracy is widely distributed even within the injection loc
ing range, because many kinds of synchronization appea
shown in Figs. 3 and 4. Therefore, synchronization prop
ties are always changed within the injection locking rang

III. GENERALIZED SYNCHRONIZATION OF CHAOS

A. Experimental setup

To evaluate the synchronization properties in optica
coupled He-Ne lasers, we conduct the observation of ge
alized synchronization of chaos. The definition of gener
ized synchronization is the case if a functional relation ex
5-3



-

n

i-

-

UCHIDA et al. PHYSICAL REVIEW E 68, 016215 ~2003!
FIG. 4. Examples of chaotic
temporal wave forms and correla
tion plots for the two laser outputs
at various beat frequencies withi
the injection locking range:~a!,
~b! inverse synchronization;~c!,
~d! generalized case of synchron
zation; ~e!, ~f! random amplifica-
tion. The synchronization dynam
ics switch to each other.
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between the states of both systems. Rulkov and co-wor
@55,56# have suggested a simple way for the detection
generalized synchronization by plotting a variable of one
the response systems versus the same variable of the
system, identical response system starting from different
tial conditions. In the case of generalized synchronizati
the resulting curve converges to the diagonal@57#.

The experimental setup for the demonstration of gene
ized synchronization is shown in Fig. 6. We use an additio
He-Ne laser and construct a new system with one ma
laser~referred to asM ) and two slave lasers~referred to as
S1 andS2). An external mirror is set in front of the maste
01621
rs
f
f
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l
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laser for generation of chaos, whereas the two slave la
have stable laser outputs without optical injection from t
master laser. A beam from the chaotic master laser is divi
into two beams and injected into the cavities of the two sla
lasers. The temperatures of the three lasers are precisely
trolled with thermoelectric coolers. The temporal wave form
of the three lasers are simultaneously detected by the di
oscilloscope through photodiodes. The beat frequencies
tweenM andS1 ~referred to asM -S1) and betweenM and
S2 ~referred to asM -S2) are also measured by the rf spe
trum analyzer through a photodiode. The other compone
in this setup are the same as in Fig. 1.
5-4
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B. Experimental results

We adjust the temperatures ofS1 andS2 for matching the
beat frequencies ofM -S1 andM -S2. When both of the bea
frequencies are set within the injection locking range,
beat frequencies disappear and chaotic oscillations are
served in both ofS1 andS2. Figure 7 shows the tempora
wave forms ofM, S1, andS2, and the correlation plots o
M -S1 andM -S2. The laser outputs oscillate chaotically

FIG. 5. Accuracy of synchronization as a function of the av
age value of the two beat frequencies.
01621
e
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-

FIG. 6. Experimental setup for generalized synchronization
chaos in three He-Ne lasers. The output of one master laser i
jected into two slave lasers. BS, beam splitter; PD, photodiode;l/2,
half-wave plate.
f

r

FIG. 7. ~a! Chaotic temporal
wave form of the master laser.~b!
Chaotic temporal wave forms o
the slave lasers 1 and 2.~c! Cor-
relation plots between the maste
and slave 1.~d! Correlation plots
between the master and slave 2.
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all the three lasers. However, the outputs ofM andS1 are not
linearly correlated as shown in Fig. 7~c!. The relationship
betweenM andS2 also has no diagonal correlation as sho
in Fig. 7~d!. The shape of the correlation plots of Figs. 7~c!
and 7~d! looks very similar. In fact, the shape of the corre
tion plots is changing in time for a short duration. Figure
shows the correlation plots betweenS1 and S2. A linear
correlation is clearly observed betweenS1 andS2 in Fig. 8.
This diagonal correlation ofS1-S2 implies the existence o
generalized synchronization between the master and s
lasers@55–57#. We thus conclude that generalized synch
nization of chaos is experimentally confirmed in optica
coupled He-Ne lasers. It is worth noting that the diago
correlation ofS1-S2 is maintained for a long duration~more
than tens of seconds! while the injection locking is achieved

FIG. 8. Correlation plots between the slave 1 and slave 2
tained from Fig. 7~b!. Diagonal correlation is observed, which im
plies the existence of generalized synchronization of chaos betw
the master and slave lasers. The synchronization is maintaine
tens of seconds while the injection locking is achieved.
zu

T.

v.

tt
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for both M -S1 andM -S2. The duration maintaining the lin
ear correlation ofS1-S2 is much longer than that for identi
cal synchronization ofM -S1 shown in Fig. 3~d!. The gener-
alized synchronization is always achieved when the inject
locking is maintained between the two lasers, whereas
other synchronization phenomena shown in Figs. 3 and 4
not stable under the injection locking condition. These
sults are different from the synchronization phenomena
optically coupled microchip lasers, where identical synch
nization can be maintained under the injection locking ran
@12–14#.

IV. CONCLUSION

We have experimentally demonstrated synchronization
chaos in optically coupled He-Ne lasers with optical fee
back in a one-way coupling configuration. We have obser
different types of synchronization, i.e., identical synchro
zation, inverse synchronization, and random amplificati
These dynamics are observed only for a short duration
several hundred milliseconds. We have also demonstr
generalized synchronization of chaos by using one ma
and two slave lasers. The generalized synchronization
been experimentally achieved for a long duration of tens
seconds. The generalized synchronization is always m
tained while the injection locking is achieved.
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