
s,

PHYSICAL REVIEW E 68, 016118 ~2003!
Global dissipativity of continuous-time recurrent neural networks with time delay
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This paper addresses the global dissipativity of a general class of continuous-time recurrent neural networks.
First, the concepts of global dissipation and global exponential dissipation are defined and elaborated. Next, the
sets of global dissipativity and global exponentially dissipativity are characterized using the parameters of
recurrent neural network models. In particular, it is shown that the Hopfield network and cellular neural
networks with or without time delays are dissipative systems.
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I. INTRODUCTION

Stability is one of the important properties for dynam
systems. From a systems-theoretic point of view, the glo
stability of recurrent neural networks is a very interesti
issue for research because of the special nonlinear stru
of recurrent neural networks. From a practical point of vie
the global stability of neural networks is also very importa
because it is a prerequisite in many neural network appl
tions such as optimization, control, and signal processing

In recent years, the stability of continuous-time recurr
neural networks has received much attention in the literat
e.g., Refs.@1–29#. Among the numerous results, the stabil
of recurrent neural networks is characterized using symm
of weight matrices@1#, diagonal domination of matrices@13#,
positive definiteness of matrices@27#, M-matrix characteris-
tics @21#, Lyapunov diagonal stability@5,17,25#, and additive
diagonal stability@28#. Despite the existence of many re
ported results in the literature, there are still needs for m
in-depth and comprehensive investigations. For example
almost all the existing results, the activation functions of
neural networks are limited to be sigmoid functions, pie
wise linear monotone nondecreasing functions with boun
ranges.

The notion of dissipativity in dynamical systems was
troduced in the early 1970s. This concept generalizes
idea of a Lyapunov function and has found applications
diverse areas such as stability theory, chaos and synch
zation theory, system norm estimation, and robust con
@30–32#.

In this paper, we analyze the global dissipation and glo
exponential dissipation of several classes of continuous-t
recurrent neural networks with general activation functio
The main contributions of this paper include the derivatio
of new global attractive sets and characterization of glo
dissipativity and global exponential dissipativity. The
properties play an important role in studying the uniquen
of equilibria, global asymptotic stability, global exponent
stability, instability, the existence of periodic solutions, a
chaos control and synchronization.

The remaining paper is organized as follows. Section
describes some preliminaries. The main results are state
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Secs. III and IV. Illustrative results can be found in Sec.
Finally, concluding remarks are made in Sec. VI.

II. PRELIMINARIES

Consider a general recurrent neural network model w
multiple time delays

ci

dxi~ t !

dt
52dixi~ t !1(

j 51

n

ai j gj„xj~ t !…

1(
j 51

n

bi j gj„xj~ t2t i j !…1ui , ~1!

for i 51,3, . . . ,n; where ci.0 and di.0 are positive pa-
rameters,xi is the state variable of thei th neuron,ui is an
input ~bias!, ai j andbi j are connection weights from neuro
i to neuronj, andgi(•) is an activation function.

If t i j 5t ( i , j 51,2, . . . ,n), then the recurrent neural ne
work model with time delay can be described in a vec
form:

C
dx

dt
52Dx~ t !1Ag„x~ t !…1Bg„x~ t2t!…1u, ~2!

where, x5(x1 ,x2 , . . . ,xn)T is the neuron state vector,u
5(u1 ,u2 , . . . ,un)T is the bias vector, C
5diag(c1 ,c2 , . . . ,cn) and D5diag(d1 ,d2 , . . . ,dn), A
5(ai j )n3n ,B5(bi j )n3n are connection weight matrices, an
g(•)5„g1(•),g2(•), . . . ,gn(•)…T is a vector-valued activa
tion function.

As a special case, the recurrent neural network mo
without any time delay can be viewed asB[0:

C
dx

dt
52Dx~ t !1Ag„x~ t !…1u. ~3!

We assume that the activation functiongj (•) is continu-
ous and monotonically nondecreasing withgi(0)50 ~i.e., its
DiniderivativeD1gi>0, for the definition of Diniderivative,
we refer to Ref.@34#! where D1gi(x)ª lim suph→01„gi(x
1h)2gi(x)…/h. Next, we define three classes of activati
functions:
©2003 The American Physical Society18-1
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~1! The set of bounded activation functions defined as

B5
de f

$g~x!uug~x!u<k, 0<D1g~x!<,%, ~4!

where k5(k1 ,k2 , . . . ,kn)T and ,5(,1 ,,2 , . . . ,,n)T with
0<ki ,, i,1`. The sigmoid activation functions used in th
Hopfield networks@1# and the piecewise linear activatio
functions in cellular neural networks@33# are typical repre-
sentatives of the bounded functions.

~2! The set of Lipschitz-continuous activation functions
defined as

L5
de fH g~x!U0<

gi~xi !2gi~yi !

xi2yi
<, i,`, ; xi ,yiPR

i 51,2, . . . ,nJ . ~5!

A good example of the Lipschitz-continuous activation fun
tion is gi(xi)5max$0,j ixi%, used in Ref.@18#.

~3! The general set of monotone nondecreasing activa
functions is denoted as

G5
de f

$g~x!ug~x!PC@R,R#, D1gi~xi !>0,

i 51,2, . . . ,n%. ~6!

Evidently,B,L,G.
Definition 1. The neural network model~1! is said to be a

dissipative system, if there exists a compact setS,Rn, such
that ; x0PRn, 'T.0, when t>t01T, x(t,t0 ,x0)#S,
wherex(t,t0 ,x0) denotes the solution of Eq.~1! from initial
statex0 and initial timet0. In this case,S is called a globally
attractive set. A setS is called positive invariant, if; x0
PS implies x(t,t0 ,x0)#S for t>t0.

Definition 2. Let S is a globally attractive set of neura
network model~1!. The neural network model~1! is said to
be globally exponentially dissipative system, if there exist
compact setS* .S in Rn such that; x0PRn\S* , there ex-
ists a constantM (x0).0 anda.0 such that

infxPRn\S* $ix~ t,t0 ,x0!2 x̃iux̃PS* %

<M ~x0!exp$2a~ t2t0!%. ~7!

The setS* is called globally exponentially attractive se
wherexPRn\S* meansxPRn but xP” S* .

III. MAIN RESULTS

In this section, we present five theorems and two co
laries.

Theorem 1.Let g(x)PB. The neural network model~1! is
a dissipative system and the setS5S1ùS2 is a positive in-
variant and globally attractive set, where
01611
-

n

a

l-

S1 5
de fH xu(

i 51

n

diF uxi u2
1

2di
S (

j 51

n

~ uai j u1ubi j u!kj1uui u D G2

<(
i 51

n
1

4di
F (

j 51

n

~ uai j u1ubi j u!kj1uui uG2J , ~8!

S2 5
de fH xuuxi u<

1

di
F (

j 51

n

~ uai j u1ubi j u!kj1uui uG
5
de f

M i , i 51,2, . . . ,nJ . ~9!

Proof. First, we employ a radically unbounded and po
tive definite Lyapunov function asV(x)5( i 51

n cixi
2/2. Com-

puting dV/dt along the positive half trajectory of~1!, we
have

dV

dt U
(1)

5(
i 51

n

cixi

dxi

dt

<(
i 51

n F (
j 51

n

~ uai j u1ubi j u!kj uxi u2dixi
21uui uuxi uG

5(
i 51

n H 2Fdixi
22S (

j 51

n

~ uai j u1ubi j u!kj1uui u D uxi uG
2

1

di
F1

2 (
j 51

n

~ uai j u1ubi j u!kj1uui uG2

1
1

di
F1

2 (
j 51

n

~ uai j u1ubi j u!kj1uui uG2J
5(

i 51

n

2diF uxi u2
1

2di
S (

j 51

n

~ uai j u1ubi j u!kj1uui u D G2

1(
i 51

n
1

4di
F (

j 51

n

~ uai j u1ubi j u!kj1uui uG2

,0, ~10!

when xPRn\S1; i.e., xP” S1. Equation ~10! implies that
; x0PS1 holdsx(t,t0 ,x0)#S1 ,t>t0. For x0¹S1, there ex-
ists T.0 such that

x~ t,t0 ,x0!#S1 , ; t>T1t0 ,

i.e., the neural network model~1! is a dissipative system an
S1 is a positive invariant and attractive set.

Second, we define a radically unbounded and posi
definite Lyapunov function

Vi5ci uxi u, i 51,2, . . . ,n. ~11!

Calculating the right-upper DiniderivativeD1Vi , one ob-
tains
8-2
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D1Vi u(1)<2di uxi u1(
j 51

n

~ uai j u1ubi j u!kj1uui u,0,

i 51,2, . . . ,n, ~12!

whenxPRn\S2. So,S2 is also a positive invariant and glo
bally attractive set.

Combining the above proof, we know thatS5S1ùS2 is a
positive invariant and globally attractive set. Theorem 1
proved.

Figure 1 illustrates a profile ofS.
Corollary 1. Let g(x)PB. The neural network~3! is a

dissipative system and theŜ1ùŜ2 is a positive invariant and
globally attractive set, where

Ŝ1 5
de fH xu(

i 51

n

diF uxi u2
1

2di
S (

j 51

n

uai j ukj1uui u D G2

<(
i 51

n
1

4di
S (

j 51

n

uai j ukj1uui u D 2J , ~13!

Ŝ2 5
de fH xuuxi u<

1

di
S (

j 51

n

uai j ukj1uui u D 5
de f

M̂ i , i 51, . . . ,nJ .

~14!

Corollary 1 is an improvement and extension of Theor
3 in Ref. @2# where the global attractive set is a sphere
fined by Ss5$xPRnuuuxuu2<uuRLuu2%. However, the global
attractive set given in Corollary 1 isŜ1ùŜ2. It can be seen
that Ŝ2,Ss .

Now, we construct a new set as

S* 5
de fH xuuxi u<

diM i

di2«ci
5
de f

M i* J , ~15!

where 0,«,maxi d i /ci and Mi is defined inS2 of Eq. ~9!
~see Fig. 2!.

FIG. 1. Profile of the positive variant and globally attractive s
S.
01611
s

-

Theorem 2.Let g(x)PB. the neural network model~1! is
globally exponentially dissipative and setS* is a positive
invariant and globally exponentially attractive set.

Proof. Obviously,S* is a positive invariant set becaus
S* .S2. Now choosing 0,«,maxi(di /ci), by Eq. ~11! we
have

D1exp$«t%Vi u(1)<exp$«t%S «ci uxi u2di uxi u1(
j 51

n

uai j ukj

1(
j 51

n

ubi j ukj1uui u D
5exp$«t%@2~di2«ci !uxi u1diM i #,0,

i 51,2, . . . ,n, ~16!

whenuxi u.Mi* ; i.e.,xPRn S* . Integrating two sides of Eq
~16! from 0 to an arbitraryt.0, we have

exp$«t%Vi„x~ t !,t…<Vi„xi~0!,0….

Therefore, we have

ci uxi~ t !u<exp$2«t%ci uxi~0!u

or

uxi~ t !u<exp$2«t%uxi~0!u, ~17!

when x0PRn\S* . Equation~17! means that setS* is glo-
bally exponentially attractive, i.e., Eq.~1! is globally expo-
nentially dissipative. The proof is complete.

Corollary 2.Let g(x)PB. The neural network~3! without
any time delay is globally exponentially dissipative, andŜ*
is a positive invariant and globally exponentially attracti
set where

t

FIG. 2. Profile of the positive variant and globally exponent
attractive setS* .
8-3
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Ŝ* 5
de fH xuuxi u<

diM i*

di2lci
, 0,

lci

di
,1; i 51, . . . ,nJ .

In the following, we supposet i j 5t j .
Theorem 3.Let g(x)PL,g(0)50 and ug(x)u→1` as

uxi u→1`. If the following matrix Q is negative semidefi-
nite, then the neural network model~1! is a dissipative sys-
tem and setS35$xu ugi(xi)u<, i uui u/di i 51,2, . . . ,n% is a
positive invariant and globally attractive set, where

Q5S Q11 Q12

Q12
T Q22

D ;
t.

01611
Q115„(A1AT)/21I n3n…, Q125B/2, and Q2252I n3n ,
whereI n3n is ann3n identity matrix.

Proof. Let us employ the radically unbounded and po
tive definite Lyapunov function as

V„x~ t !,t…5(
i 51

n

ciE
0

xi
gi~xi !dxi1(

i 51

n E
t2t i

t

gi„xi~j!…2dj.

~18!

Computing the derivative ofV„x(t),t… along the positive half
trajectory of Eq.~1!, we have
dV

dt U
(1)

5(
i 51

n

cigi„xi~ t !…
dxi

dt
1(

i 51

n

@gi„xi~ t !…22gi„xi~ t2t i !…
2#

<(
i 51

n F2
di

, i
gi„xi~ t !…21(

j 51

n

ai j gi„xi~ t !…gj„xj~ t !…1(
j 51

n

bi j gi„xi~ t !…gj„xj~ t2t j !…1gi„xi~ t !…ui G
1(

i 51

n

gi„xi~ t !…22(
i 51

n

gi„xi~ t2t i !…
2

5S g„x~ t !…

g„x~ t2t!…
D TS Q11 Q12

Q12
T Q22

D S g„x~ t !…

g„x~ t2t!…
D 2(

i 51

n
di

, i
ugi„xi~ t !…uF ugi„xi~ t !…u2uui u

, i

di
G

<2(
i 51

n
di

, i
ugi„xi~ t !…uF ugi„xi~ t !…u2uui u

, i

di
G

,0 when gi~xi !PRn\S3 .
-

So setS3 is a positive invariant and globally attractive se
Theorem 4.Let g(x)PG,g(0)50, andD1gi(xi)<1`,

i 51,2, . . . ,n. If there exist«.0 and l.0 such that the
given matrix

Q5S Q11 Q12

Q12
T Q22

D
is negative semidefinite, whereQ115„(A1AT)/21(l
1«)I n3n…, Q125B/2, and Q2252lI n3n , then the neural
network model~1! is a dissipative system and the set

S4 5
de fH xu(

i 51

n S gi~xi !2
ui

2« D 2

<(
i 51

n ui
2

4«2
, i 51,2, . . . ,nJ

is a positive invariant and globally attractive set.
Proof. Let us employ the Lyapunov function

V„x~ t !,t…5(
i 51

n

ciE
0

xi
gi~xi !dxi1(

i 51

n E
t2t i

t

lgi„xi~j!…2dj.

~19!

Then we have
dV

dt U
(1)

<S g„x~ t !…

g„x~ t2t!…
D TS Q11 Q12

Q12
T Q22

D S g„x~ t !…

g„x~ t2t!…
D

2«(
i 51

n

gi„xi~ t !…21(
i 51

n

uigi„xi~ t !…

<2«(
i 51

n

gi„xi~ t !…21(
i 51

n

uigi„xi~ t !…

<2«(
i 51

n F S gi~xi !2
ui

2« D 2

2
ui

2

4«2G
,0 when gi~xi !PRn\S4 .

Therefore, the proof is complete.
Theorem 5.Let g(x)PG. If there exists a positive diago

nal matrixP5diag(p1 ,p2 , . . . ,pn) with pi.0 such that

Q5
de f

P~A2L21D !1~A2L21D !TP ~20!

is negative definite, then the neural network~3! without time
delay is a dissipative system and the set
8-4
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S5 5
de fH xu(

i 51

n S gi~xi !1
piui

2lQ
D 2

<(
i 51

n
~piui !

2

4lQ
2

, i 51,2, . . . ,nJ
is a positive invariant and globally attractive set, whereL
5diag(l 1 ,l 2 , . . . ,l n) abd lQ5max1<i<nli(Q) is the maxi-
mum eigenvalue ofQ. If PA1ATP is negative semidefinite
then Eq.~3! is still a dissipative system with a positive in
variant and globally attractive set

S6 5
de fH xuuxi u<

uui u
di

, i 51,2, . . . ,nJ .

Proof. Let a positive definite and radially unbounde
Lyapunov function be

V~x!5(
i 51

n

cipiE
0

xi
gi~xi !dxi .

Calculating the time derivative ofV(x), we have

dV

dt U
(1)

5(
i 51

n F2pidixigi~xi !1(
j 51

n

piai j gi~xi !gj~xj !G
1(

i 51

n

pigi~xi !ui

<g~x!TQg~x!1(
i 51

n

pigi~xi !ui

<lQ(
i 51

n

gi~xi !
21(

i 51

n

pigi~xi !ui

5lQ(
i 51

n F S gi~xi !1
piui

2lQ
D 2

2
~piui !

2

4lQ
2 G

,0,

whengi(xi)PRn\S5. So,S5 is a positive invariant and glo
bally attractive set.

WhenPA1ATP is negative semidefinite,

dV

dt U
(1)

<(
i 51

n

@2pidixigi~xi !1pigi~xi !ui #

<(
i 51

n

pi ugi~xi !u@2di uxi u1ui #

,0, for xPRn\S6 .

SoS6 is a positive invariant and globally attractive set. The
rem 5 is proven.
01611
-

IV. TWO PROPOSITIONS

Proposition 1. The continuous-time Hopfield networ
with or without any time delay is a dissipative system.

In the Hopfield network, its sigmoid activation functio
satisfies ugi(xi)u<1 and 0<D1gi(xi)<1. According to
Theorem 1, a globally attractive set isS5S1ùS2 as defined
in Eqs.~13! and ~14!.

Proposition 2.The cellular neural network with or with
out any time delay is a dissipative system.

In a cellular network, the activation functiongi(xi)
50.5(uxi11u2uxi21u) satisfies ugi(xi)u<1 and 0
<D1gi(xi)<1. According to Theorem 1, a global attractiv
set isS5S1ùS2 as defined in Eqs.~13! and ~14!.

In Theorem 1 of Ref.@33#, an estimation is given as

;uxi~0!u<1, uxi~ t !u<11 max
1< i<n

1

di
S (

j 51

n

uai j u1uui u D .

There is no conclusion foruxi(0)u.1.
According to Corollary 1, we have

Ŝ2 5
de fH xuuxi u<

1

di
S (

j 51

n

uai j ukj1uui u D , i 51, . . . ,nJ .

BecauseŜ2 is positive invariant,~1! when (( j 51
n uai j ukj

1uui u)/di>1, ;uxi(0)u<1, xi(t)PŜ2 ~i.e., uxi(t)u
<max1<i<n((j51

n uaij u1uuiu)/di); ~2! when (( j 51
n uai j ukj

1uui u)/di,1, ;uxi(0)u<1,uxi(t)u<(( j 51
n uai j u1uui u)/di

<1; ~3! ; x(0)PRn, 'T.0 such that whent>T, uxi(t)u
<(( j 51

n uai j u1uui u)/di .
Therefore, the above result improves and extends tha

Ref. @33#.

V. THREE EXAMPLES

Example 1.Consider a two-neuron neural network:

S ẋ1

ẋ2
D 5S 22 0

0 22D S x1

x2
D 1S 3 1

1 3D S g1~x1!

g2~x2!
D .

Here, ci51, di52, aii 53, ai j 51, bi j 50, and ui
50(i , j 51,2). Suppose thatg(x)PB, g(0)50, ugi(xi)u
<10, and supxiPRD1gi(xi)5D1gi(0)54. Obviously,

(0,0)T is the equilibrium point of the neural network. Linea
izing gi at the origin, we have

S ẋ1

ẋ2
D 5S 10 4

4 10D S x1

x2
D .

Since the coefficient matrix of the linearized system is po
tive definite with position eigenvalues, it is not stable at t
equilibrium. From the Lyapunov theorem and approximati
theory, we can see that the original neural network is a
instable at the equilibrium.
8-5
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According to Corollary 2, however, the above neural n
work is exponentially dissipative. Lete51, thenM15M2
5(311)10/2520. Therefore, a globally exponential attra
tive set is

S* 5
de fH xuuxiU<2320

221
540, i 51,2J .

Example 2.Consider a two-neuron neural network wi
time delay:

S ẋ1

ẋ2
D 5S 21 0

0 21D S x1

x2
D 1S 22 218

18 22 D S g1~x1!

g2~x2!
D

1S 1 1

1 1D S g1„x1~ t2t!…

g2„x2~ t2t!…
D 1S 5

5D .

Suppose thatg(x)PL and , i 5
de f

supxiPRD1gi(xi)5100 (i

51,2).
From Theorem 3,

Q115Q225S 21 0

0 21D , Q125S 0.5 0.5

0.5 0.5D .

Hence,Q is negative semidefinite. According to Theorem
the above delayed neural network is dissipative with a g
bally attractive set

S5
de f

$xugi~xi !<, i uui u/di5500/15500, i 51,2%.

Example 3.Consider another two-neuron neural netwo
with time delay:
st

, I

s

.

, I

s

01611
-

,
-

S ẋ1

ẋ2
D 5S 20.01 0

0 20.02D S x1

x2
D 1S 24.1 a

2a 24.1D S x1
3

x2
3D

1S 2 2

2 2D S x1~ t2t!3

x2~ t2t!3D 1S 20

20D ,

wherea is any constant. Obviously,g(x)PG.
Let l52 ande50.1. From Theorem 4,

Q115Q225S 22 0

0 22D , Q125S 1 1

1 1D .

Hence,Q is negative semidefinite. According to Theorem
the above delayed neural network is dissipative with a g
bally attractive set

S5
de fH xu(

i 51

2

„gi~xi !2100…2<20 000, i 51,2J .

It is worth noting that the equilibrium point of the abov
neural network may not be existent or unique. So, the d
cussion of the global stability may not be meaningful. Ho
ever, the study of the global dissipativity is feasible.

VI. CONCLUDING REMARKS

In this paper, we discuss the global disspativity of a cla
of continuous-time recurrent neural networks. Several th
rems and corollaries are presented to characterize global
sipation and global exponential dissipation together w
their sets of attraction. The theorems and corollaries he
imply that the equilibrium of a neural network lies in th
positive invariant and globally attractive set only, the gl
bally asymptotic stability is equivalent to the asymptotic s
bility in the attractive set, any properties of activation fun
tion over the set can be utilized, and the condition using
LaSalle invariant principle is given.
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