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Constructive effects of noise in homoclinic chaotic systems
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Many chaotic oscillators have coherent phase dynamics but strong fluctuations in the amplitudes. At vari-
ance with such a behavior, homoclinic chaos is characterized by quite regular spikes but strong fluctuation in
their time intervals due to the chaotic recurrence to a saddle point. We study influences of noise on homoclinic
chaos. We demonstrate both numerically and experimentally on al&@r various constructive effects of
noise, including coherence resonance, noise-induced synchronization in uncoupled systems and noise-
enhanced phase synchronization, deterministic resonance with respect to signal frequency, and stochastic
resonance versus noise intensity in response to weak signals. The peculiar sensitivity of the system along the
weak unstable manifold of the saddle point underlines the unified mechanism of these nontrivial and construc-
tive noise-induced phenomena.
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[. INTRODUCTION On the other hand, noise may play constructive effects in
nonlinear systems through stochastic resond8€& [15] or

Resonant response of a nonlinear system to a weak drixcoherence resonan¢€R) [16]. A bistable or excitable sys-
ing signal has been investigated in various contexts. In #&m can generate a coherent response to a subthreshold ex-
self-sustained periodic oscillator, the system adjusts its timérnal stimulus in the presence of a suitable amount of noise.
scale, achieving frequency and phase locking to the driving’he coherence is maximal at a certain optimal noise inten-
signal. This phenomenon of deterministic resonance, charasity. Stochastic resonance has also been studied from the
terized by an Arnold tongue synchronization region in theviewpoint of noise-enhanced synchronization of the switch-
parameter space of the amplitude and frequency of the driving events to the external signal, because noise controls the
ing signal, is of fundamental importance for applications inaverage switching rate of the system and the response is
various fieldg 1]. Recently, the study of phase synchroniza-optimal when it is close to that of the external sighBf—
tion (P9 has been extended to chaotic oscillaj@s6] and  19]. This resonance behavior, however, is not the same as
found in chemical7], laser[8], and othel[9] experimental deterministic resonance in coupled self-sustained oscillators:
systems. For example, in the chaotic and phase-coherenthile the synchronization exhibits a resonancelike behavior
Rossler oscillator, a phase variable can be defined, which iwith a change of the noise intensity at a fixed driving fre-
associated with the time scales of the oscillations, e.g., thguency, it does not display resonancelike behavior as a func-
return timeT between two successive crossings of a Poincargion of the driving frequency19]. When the driving signal
section[4]. This system displays very coherent phase dy{fluctuations are much slower than all system time scales, the
namics due to a small fluctuation @f although the ampli- signal-to-noise ratio is independent of signal frequencies,
tudes fluctuate strongly. As a result, PS occurs when the chavhile it shows a sensitivity to higher signal frequencies in
otic oscillator is periodically driven by a weak external excitable system$20,21]. With CR pure noise alone can
signal[2,4] or when two nonidentical oscillators are weakly generate the most coherent motion without an external sig-
coupled[3], while the amplitudes remain chaotic and oftennal, as observed in excitable systeh6]. Internal noise due
uncorrelated. This property of coherent phase dynamics an@ ion channel activity can generate SR and CR in the col-
in parallel strong chaotic fluctuation of amplitudes is quitelective behavior of channel ensembl&?]. In coupled ex-
general in chaotic oscillations, resulting from a period-citable elements, noise or parameter disorder can enhance
doubling bifurcation[10], and PS occurs similar to coupled CR through phase synchronization of the spiking sequence
periodic oscillators. With strong enough coupling, both theof the elementg§23]. In phase-coherent chaotic oscillators,
phase and amplitude may become synchronized and we ohoise may also play a constructive role to enhance PS in the
serve almost complete synchronizatidd]. weak coupling regimé24].

Noise may influence synchronization in different ways. Two identical systems, which are not coupled but sub-
Usually, it has a degrading effect, as especially inducingected to a common noise, may synchronize, as has been
phase slips and smearing out the border of the synchronizaeported both in periodif25] and in chaotid26] cases. For
tion region that shrinks for increasing noise intengity]. noise-induced synchronizatiofNIS) to occur, the largest
Similarly, noise induces phase slips of locked chaotic oscilLyapunov exponen{LLE) (A;>0 in chaotic systemshas
lators[13]. In complete synchronization of coupled chaotic become negativE26]. However, whether and how noise can
systems, very small noise may result in a large intermittentnduce synchronization of chaotic systems has been a subject
loss of synchronization due to transversely unstable invariamf intense controvers{27—-31. The debate mainly focuses
sets in the synchronization manifald4]. on the effect of the mean value of noi&0,31]. It has been

1063-651X/2003/6(6)/0662219)/$20.00 67 066220-1 ©2003 The American Physical Society



ZHOU et al. PHYSICAL REVIEW E 67, 066220 (2003

shown that a nonzero medhiased noise plays a decisive shown a synchronous fluctuation of populations over large
role by shifting the dynamics toward a stable regi{i8@,31].  geographical regiong40,41]. However, the Moran effect is
However, the general conclusi¢®1] that an unbiased noise only well understood in linear and simple systems, but not in
cannot lead to synchronization has been disproved by recefipnlinear oneg42], especially, it was pointed out that for
exampleg32]. We have recently clarified this long-standing chaotic models, the Moran effect alone cannot synchronize
controversy by showing that the key mechanism of NIS isPopulations[43]. It is thus important to investigate the
the existence in phase space of a lacgatraction regiopn ~ Mechanism beyond noise-induced synchronization.
where nearby trajectories converge to each otB8}. Noise Homoclinic chao$44] represents a class of self-sustained
changes the competition between contraction and expansioi':lr,‘f"otIC oscillations that exhibit quite different behavior as
and synchronization\;<0) occurs if contraction becomes compared to phas_e coherent chaotic oscillations. Typically,
dominant. However, in the systems of Ref32,33, the dy- the_se chaotic osc_lllators possess the structure of_ a sz_iddle
namical structure has been significantly deformed when Ni0IntSembedded in the chaotic attractor. The chaotic trajec-
occurs at large enough noise intensity. So far, it is not knowr{Cries starting from a neighborhood 8feaveS slowly along
in what types of systems a significant contraction region caihe unstable manifold and have a fast and close recurrence to
exist and NIS occurs, while the basic dynamical structure i> @long the stable manifold after a large excursispike).
mainly preserved in the presence of noise. Thus_ a significant con'_[racfuon region e_X|sts close to the stable
Common noise is of great relevance in several disciplinesnanifold. The dynamics is characterized by a sequence of
especially in neuroscience. Neurons connected to anoth&Pikes with widely fluctuating time intervalt Such a struc-
group of neurons receive a common input signal, which offure underlies spiking behavior in many neurf8s,49,
ten approaches a Gaussian distribution as a result of integrghemical[46], laser[47], and EI Niro [48] systems. It is
tion of many independent synaptic currents. A common eximportant to note that th|§_dynam|cs is highly non_unlfo_rm, in
ternal noise can generate stochastic phase synchronization G Sense that the sensitivity to small perturbations is high
bursts induced by internal noise in noncoupled sensory neNly in the vicinity of S along the unstable directions. A
rons[34]. Experiments on rat neocortical neurons have demWeak noise thus may influendesignificantly. o
onstrated a remarkable reliability of spike timing in response N this paper we study noise effects on homoclinic chaos.
to a fluctuating stimulu§35]. When the input is a constant Ve find that weak noise can enhance the coherence of the
current, a neuron generates independent spike trains in réPike train. As a result, the LLE becomes negative and a
peated experiments, and desynchronization of correspondirf€@k common noise can induce complete synchronization of
spikes increases over the course of the stimulus. Remarkab';gem'caI uncoupled systems. These noise-induced changes
when a strong enough Gaussian noise is input in addition taiso enhance strongly the response of the system to a weak
the constant current, the neuron generates repetitive spikednal. The noisy systems display resonances with respect to
trains in repeated experiments with the same fluctuating©th the noise intensity and the signal frequency. A brief
stimulus. The dynamical mechanism underlying such a redccount of the results on noise-enhanced phase synchroniza-
sponse of neurons, however, has not been fully understood©" has been published in a recent Rapid Communication
One possible explanation is based on ion channel 88k . ) )
Recently, numerical simulations with a stochastic Hodgkin- 1€ Paper is organized as follows. In Sec. Il we describe
Huxley (HH) model have shown that ion channel noise maythe expenme_ntal laser system and the model equations. In
be significant for the reliability and precision of spike timing, S€¢- !l we discuss the dynamical features of the system and
especially when the number of ion channels that are OpeHouse—mduced chang_es in time scale, and demonstr:_;tte poher-
near the threshold for spike firing is small, while a determin-€Nce resonance. Noise-induced complete synchronization of
istic HH model generates regulgeriodio and jitter spike WO lasers is presented in Sec. IV. Section V can|ders noise-
trains in response to the constant and fluctuating input, re€"hanced phase synchronization to a weak signal, and Sec.
spectively[37]. Spiking behavior of a single neuron may be VI demo_nstra_tes stochastic resonance. Finally, the results are
described already rather accurately by a deterministic modgummarized in Sec. VII.
because of the large number of excitable ion chanfg8%
From the viewpoint of deterministic dynamics, the highly
unreliable spiking trains in response to a constant current
may be attributed to chaotic firing starting from nearby initial We demonstrate these nontrivial effects of noise in a
conditions(quiescent stat¢sand reliable response to fluctu- single mode CQlaser, both experimentally and numerically.
ating current may be regarded as NIS of neurons. ClearlyThe experimental setup consists of a C@ser with an in-
studying NIS of chaotic dynamical systems, especially intracavity loss modulator, driven by a feedback signal, which
those displaying spiking behavior similar to the unreliableis proportional to the laser output intensity. The system is
spiking of neurons in response to constant current, may be afperating in a homoclinic chaos regime where the laser out-
relevance to this important problem of information encodingput consists of a chaotic sequence of spik&s,50. To in-
by spike timing in neuroscience. vestigate the role of external noise, a Gaussian noise genera-
Synchronization due to a random forcing is also of greator is inserted into the feedback loop. The noise generator
relevance in ecology. Two separated populations may behas a high frequency cutoff at 50 kHz, but for all purposes it
come correlated when exposed to similar environmental flucean be regarded as a white noise source.
tuations, known as the Moran eff§&9]. Observations have We carry out numerical simulations on the mof&0]

Il. THE SYSTEM
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X1=koXq(X,— 1 —kySirXg), 1)
X2= = y1Xo— 2KoX1Xo+ 9X3+ Xa+ Po, 2
X3= — y1X3 9%+ Xs+ Po, 3
X4= — YoXq+ 2%+ gXs+Z Py, (4)
X5= — yoXs+ZX3+ X4+ 2Py, (5)
. rXq

Xez_ﬂ(xe_bo+1+—axl +DE(L). (6)

Here,x, represents the laser output intensky,the popula-
tion inversion between the two resonant levelsthe feed-
back voltage signal that controls the cavity losses, while
X3, X4, @ndxs account for molecular exchanges between the
two levels resonant with the radiation field and the other
rotational levels of the same vibrational band. Furthermore,
ko is the unperturbed cavity loss parameter,determines
the modulation strengtty is a coupling constanty, ,y, are
population relaxation rateg, is the pump parametez,ac-
counts for the number of rotational levels, aBdr,a are,
respectively, the bandwidth, the amplification, and the satueut. The model displays a broad range of time scales. There
ration factors of the feedback loop. With the following pa- are many peaks in the distributid®(T) of T, as shown in
rameters ko=28.5714, k,;=4.5556, 7y;=10.0643, vy, Fig. 2(@). In the presence of noise, the trajectory on average
=1.0643, g=0.05, p,=0.016, z=10, B=0.4286, o cannot come closer t& than the noise level and perform
=32.8767,r=160, andb,=0.1031, the model reproduces those oscillations very close & With a largerX,, the sys-
very well the regime of homoclinic chaos observed experitem spends a shorter time following the guidance of the un-
mentally. The previous studys0] did not take into account stable manifold.
small intrinsic noise present in the experimental system. We A small noise D =0.0005) changes significantly the time
have measured the noise in the feedback variaklgi the  scales of the modeP(T) is now characterized by a domi-
case when the laser is turned off. This enables us to estimat@nt peak followed by a few exponentially decaying ones
an intrinsic noise rms amplitud®@~7 mV, which is about [Fig. 2b)]. This distribution ofT is typical for smallD in the
0.14% of the feedback signa} in the experimental system. range D=0.00005-0.002. The experimental system with
In the model,D=0.0005 is equivalent to the intrinsic noise only intrinsic noise(equivalent toD =0.0005 in the mod¢l
amplitude inxg. has a very similar distributioP(T) (not shown. At the

The model is integrated by using a Heun algoritfi]  larger noise intensitp = 0.01, the fine structure of the peaks
with a small time stepAt=5X10"° ms (note that typical is smeared out an(T) becomes a unimodal peak in a

FIG. 1. (a) Laser output intensity, of the noise-free mode(b)
Orbits in the 3D phase spacg;(X,,Xg).

T~0.5 ms). smaller rangdFig. 2(c)]. Note that the mean valugy(D)
=(T), (Fig. 2, vertical dotted linedecreases with. When
I1l. NOISE-INDUCED CHANGES IN TIME SCALE the noise is rather large, it affects the dynamics not only
AND COHERENCE RESONANCE (CR) close toS but also during the spiking, so that the spike se-

quence becomes fairly noisy. We observe the most coherent

Without added noise, the laser output displays |argespike sequences at a certain intermediate noise intensity, as

spikes, followed by a fast damped train of a few oscillationsS€€N in Figs. @) and 3d), showing the laser output of the

towards the saddle poir8 and a successive longer train of 92 ———F —— N
growing oscillations spiraling out fron$ [Fig. 1(@)]. The | @ | | ® | | © |
damped oscillation manifests a strong contraction along the__
stable manifold in the phase space, while the growing oneg 0.1
manifests weak expansion along the unstable manjfeigl I JU L

Wi - -f\\gu.w.—

0.0 — :
0.0 0.5 1.00.0 0.5 1.00.0 0.5 1.0
X(t)~Xoex hy(t—to) cosa(t—to), (7 T T ) T o)

1(b)], which can be described approximately as

where\ ;=i are the eigenvalues of the unstable manifold FIG. 2. Noise-induced changes in time scales.D=0, (b) D
of SandX, is the distance fron® at any reinjection timé,. =0.0005, andc) D=0.01. The dotted lines show the mean inter-
Thus, the smalleK, is, the longer is the time taken to spiral spike intervalTo(D), which decreases with increasiiy
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FIG. 5. Noise-induced synchronizatigNIS) in model(a) and
I experimentalb) systems(a) Dotted line: the LLEX,. Solid line:
}\\ If"\ - normalized synchronization erré@ between two fully identical la-
, ‘ , : ser modelsx andy. Closed circlesE between two lasers with a
| (¢) D=0.03 1t D=133mV - small independent nois@ntensity D, =0.0005). Open squareE

between two nonidentical lasers willp=0.1031 andby=0.1032
vs amplitudeD of the common noise.

to the saddl&. CR occurs as a consequence of a small noise
that changes the time spent in the neighborhoo& afong

the weak unstable manifold. The coherence is lost when
strong noise also affects the dynamics during the reinjection

FIG. 3. Time series of output intensitiéarbitrary unit3 of two  along the stable manifold. A property common to homoclinic

lasersx, (solid lineg andy, (dotted lineg with a common noise. chaos and excitable systems is the separation of time scales
Left panel(a),(c),(e): model systems including independent noise so that the fast motion is hardly influenced by weak noise.
(amplitudeD ;= 0.0005~ intrinsic noise level Right panel(b),(d),  Note that this mechanism is also different from noise-
(f): experimental system. induced coherent jumping among coexisting attracfbgs.

it

50 55 60 20 100
time (ms) time (ms)

model and the experimental systems, respectively. The sys-
tem takes a much shorter time to escape f®atter the fast IV. NOISE-INDUCED COMPLETE SYNCHRONIZATION
reinjection, and the main structure of the spike is preserved. (NIS)

We quantify the coherence 5y [16], Since noise reduces the time spent by the system follow-
R=To(D)/or, (8)  ing the guidance of the unstable manifold, the degree of ex-
pansion is reduced. This changes the competition between
where o is the standard deviation d?(T). WhenD in-  contraction and expansion, and contraction may become
creasesR reaches a maximal value and decreases agaidlominant at large enough. To measure these changes, we
[Figs. 4a) and 4b)]. Hence it exhibits CR16], both in the  calculate the LLE\, in the model as a function of the noise
model and the experimental systems. intensity D [Fig. 5(a), dotted lind. A; undergoes a transition
The mechanism of CR in homoclinic chaotic systems isfrom a positive to a negative value Bi;~0.0031. Beyond
quite different from that in excitable systerff6]. Excitable D, two identical laser models andy with different initial
systems are stable at a fixed point, and noise can kick theonditions but the same noisy drivirigé(t) achieve com-
system over a threshold to generate a spike, which return@ete synchronization after a transient, as shown by the van-
back to the fixed point after a refractory period. CR is aishing normalized synchronization errir= (|x,—y.|)/{|x;
result of the competition between the noise-controlled escap-(x;)|) [Fig. 5a), solid line]. At larger noise intensities,
ing time over the threshold and the refractory period, whichexpansion becomes again significant, and the LLE increases
is affected only when noise becomes rather strong. Hoand synchronization is lost whex, becomes positive for
moclinic chaotic systems are already in an oscillatory regiméd >0.052. Notice that even when, <0, the trajectories still
and the spike sequence is generated by a chaotic recurreniceve access to the expansion region where small distances
between them grow temporally. As a result, when the sys-

20 ——— ; tems are subjected to additional perturbations, synchroniza-
(b) tion is lost intermittently, especially fdD close to the critical
1.5 . values. Actually, in the experimental laser system, there al-
R ways exists a small intrinsic noise source. To take into ac-
10% . count this intrinsic noise in real systems, we introduce into
] the equationxg an equivalent amount of independent noise
1 ' ‘ 0.5 ' ‘ (with amplitudeD ; =0.0005) in addition to the common one
0.00 002 0.04 0.6 0 50 100 150

D&(t). By comparison, it is evident that the sharp transition
to a synchronized regime in fully identical model systems

FIG. 4. Coherence resonan@R) in model(a) and experimen- [Fig. Xa), solid line] is smeared oufFig. 5a), closed
tal (b) systems. circles|. The parameter mismatch has similar desynchroniz-

noise amplitude D noise amplitude D (mV)
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ing effects, as shown b} between two lasers in the ho- 0.2
moclinic regime, withby=0.1031 andby,=0.1032, but the
same random forcingFig. 5a), open squargdsin our experi-
mental study of NIS, for each noise intendidywe repeat the
experiment twice with the same external noise. As consisten i j
with numerical results with small independent noiEejoes 0.0 1 A L N2\ R P
not reach zero due to the intrinsic noise, and it increases 0.0 05 1.00.0 05 1000 05 1.0
slightly at largeD [Fig. 5(b)]. T (ms) T (ms) T (ms)

Itis important to emphasize that NIS and CR are obtained . g, Response of the laser model to a weak periodic signal
for rather small noise. In particular, the onset of NIS occurggq, (9), A=0.01] at various noise amplitude@ D=0, (b) D
at an experimental added noide<20 mV) of about 0.42%  —0.0005, andc) D=0.01. The signal period, in (a), (b), and(c)
of the feedback signals, whereas the maximal coherence is corresponds to the mean interspike intefVg{D) of the unforced
obtained for a noiself~66 mV) of about 1.3% of the feed- model (A=0), respectivelydotted lines in Fig. 2
back signal. This tiny amount of noise only affects the sys-
tem’s behavior close to the sad@ewhile it does not change erogeneous neurons to a common fluctuating signal, in the
the main geometrical feature of the spike. This feature is alseontext of spiking reliability and variability in neurobiology.
similar to neuron spiking in the presence of a fluctuating
;ignal \_/vhe_re the shape of the spike; i_s preserved, vvhile Fhe V. NOISE-ENHANCED PHASE SYNCHRONIZATION
|ntersp|ke |n.tervals are altered. This is important for biologi- AND DETERMINISTIC RESONANCE
cal information processing.

A more descriptive view of NIS and CR is shown in Fig. Now we study how the noise-induced changes in the time
3 by some portions of the numeric@), (c), (e) and experi- scale affect the response of the system to a weak external
mental(b), (d), (f) laser intensity data for three noise inten- driving signal. In the model and the experimental systems,
sities. Precisely, Figs.(8 and 3b) are obtained without a the pump parametgy, is now modulated as
common noise, Figs.(8) and 3d) for the noise valud .«
at which the coherence fact® is maximal, and Figs. &) P(t)=pol1+Asin27fet)], 9
and 3f) are obtained for a noise intensid/~2D ,5,. In the o ) )
absence of a common noise, the two signals are unsynchr§Y & periodic signal with a small amplitude and a fre-
nized, the spike intervalE are large on average and fluctuate quencyfe. o .
strongly. ForD~D,,, both experimental and numerical Phase synchronization of the laser to the signal has.been
results demonstrate the existence of almost complete sy/siudied recently{55]. Here, we focus on the constructive
chronization induced by the external noise, and in parallefffécts of noise on phase synchronization. To examine phase
the spike sequences are most coherent with a smaller averagg@ichronization due to the driving signal, we compute the
T, because the escaping time from the vicinity of the saddi®hase differenc@(t) = ¢(t) —2xft. Here, the phase(t)
Shas been reduced; yet, the main geometry of the spikes & the laser spike sequence is defined s
preserved. Finally, at a larger noise, synchronization is inter-
mingled with short epochs of desynchronization. All features b(t)=27
of NIS and CR in the model and in the experimental system
are in good agreement.

Our results again disprove previous claims that NIS carwherer, is the spiking time of théth spike, i.e., the spikes
be achieved only by noise with a nonzero mean valueare used as marker events.
[30,31], and verify that a significant contraction region plays As a result of noise-induced changes in the time scales,
the decisive rol¢33]. the model displays quite different responses to a weak signal

It is important to stress that a significant contraction re-(A=0.01) with a frequencyf,=fy(D)=1/To(D) [To(D)
gion exists generically in homoclinic chaotic systems due to=(T); at A=0], i.e., equal to the mean spiking rate of the
the strong stable manifold of the saddieso that we can unforced model. AD=0, P(T) of the forced model still has
expect NIS to occur at rather small noise intensities. In factmany peaks$Fig. 6(@]. Phase slips occur frequently and the
we have also demonstrated NIS and CR in other homocliniphase of the laser model is not locked by the external forcing
chaotic models, such as a chaotic HH model of thermally(Fig. 7); while atD =0.0005,T is sharply distributed around
sensitive neurons. This model mimics various types of spikéhe signal periodl,=Ty(D) [Fig. 6b)] and phase slips oc-
train patterns in electroreceptors from dogfish and catfishcur very rarely, i.e., phase locking becomes almost perfect.
and from facial cold receptors and hypothalamic neurons oAt a larger intensityD =0.01, P(T) becomes lower and
the rat[53], and it has been demonstrated to display ho-broader agaifiFig. 6(c)] and several randomlike phase slips
moclinic bifurcation when the control parameter, the tem-occur.
perature, is varief45]. Our simulations with this model also We have investigated systematically the response sensitiv-
find NIS at rather small noise intensity and maximal coher-ty of the laser model by analyzing the synchronization re-
ence at a stronger intensity in a wide parameter rdbgg  gion (1:1 responsein the parameter space of the driving
There NIS and CR have been examined in the collectivemplitude A and the relative initial frequency difference
response in ensembles of uncoupled or weakly coupled hetw=[f.—fo(D)]/fo(D), where the average frequency
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L ‘ ] ---= D=0.0005(0.14%) L D=7mV(0.14%)
i o D0 ] 03 t +-+ D=0.001(028%) | .. D 15mv(0.3%) "
80 — o D=0.0005 - '- o 3:8-004(1-1%) | N+ D=5OMV(1.0%) .
i —— D=0.01 1
S sl i
® r - =
20 M
1% 00 200 300 T 500 03 ol —— — ® .. ..
time (ms) 03 00 Ao 03 06-02 00 Amo.z 04
_FIG. 7. Phase synchronization of the laser model to a weak [iG. 9. Noise-enhanced PS: a comparison between the model
driving signal at various noise intensities and the experimental systenta) Model, A=0.01. (b) Experiment:

signal amplitude 10 mV A=0.01); the noise amplitude denotes
fo(D) of the unforced laser model is an increasing functiontotal noise measured in the feedback loop, &7 mV corre-
of D. The actual relative frequency difference in the presencéponds to the intrinsic noise. In both cases, the noise intensities are
of the signal is calculated asQ = (f —f)/fo(D), wheref  also indicated in % of the feedback signal
=1/KT), is the average spiking frequency of the forced laser , )
model. The synchronization behavior of the noise-free model 1hUS, noise can play a constructive role to enhance fre-
is quite complicated and unusU#lig. 8(a)]. At weak ampli- ~ duency Iocklr_lg and P_S of homoclinic chaos to a_weak driv-
tude (aboutA<0.012), there does not exist a tonguelike re-IN9 sSignal. Without noise, the model system exhibits a very
gion similar to the Arnold tongue in periodically driven pe- cOmplicated and unusual response to the signal due to a

riodic oscillators or phase coherent chaotic ones; for a fixe@road distribution of time scales; whereas in the presence of
A AQ is not a monotonous function e and vanishes a small noise, it obtains a dominant time scale and displays a

only at some specific signal frequencies; at stronger driving€Sonance versus the frequency, as in usual phase-coherent

amplitudes(aboutA>0.012), the system becomes periodicos‘;:'"atﬁrs' he PS behavior | mized _
at a large frequency range. The addition of a small noise, Fur term(_)tre, tSe c 17e1aV||ort;]s (f)r)ltllmlze at atcgrtaln
D =0.0005, drastically changes the response. Now, a tonguél®iSe intensity as SRL5,17-19. In the following, we study
like region [Fig. 8b)], where effective frequency locking " detail how this SR is affected by the noise intengity
(]AQ|=0.003) occurs, can be observed similar to that in
usual noisy phase coherent oscillators. Synchronization is VI. STOCHASTIC RESONANCE (SR)
enhanced further d =0.001. At a stronger noise intensity
D=0.005, noise dominates over the weak signal in the vi
cinity of the saddleS and the synchronization region
shrinks, although the coherenéeof the unforced system 1 d
increases up t®~0.013[Fig. 3a)]. D”:277f—(D) > a[(az(t»—(a(t))z]. (11
This very complicated and unusual response to a weak 0
driving sig_nal in the nqise-free model, howgvgr, has not beerﬂ)a measures the spreading of an initial distribution of the
e e e g e o Plase diference wih the volion of tme. The degee cl
. ! . R synchronization is higher for small&, (phase is locked on
in the model. Very interestingly, synchronization in the ex- verage fom=2/D, periods[19]). In Fig. 10, bothAQ
periment can also be enhanced further by adding' eXtem%ndDg are shown asefunctions 0] fér A=0..01 a’md various
noise, especially fodw>0. However, an external noise 100 relative initial frequency differenced w. Stochastic reso-

strong degrades _synchromzatlo_n aggiig. Ab). A COM-  nhance of phase synchronization is indicated clearly by the
parison of numerical and experimental results for a similar

noise range shows a good qualitative agreentEig. 9). minimum of D, at a certain noise intensity. Note that for a

First, we compute the dimensionless phase diffugion
‘as a function of the noise amplitud® namely,

10
0015 ey, e —
I = 10
0.010 - = 1 | = . ~
e - 104
< L = z El —o A®=0
0.005 - . 4 % 4 F . o I o Aes02 ]
L LA I i I ] Y — Aw=04
0.000 (a) N (b). [ R (G) T B 10° L. 1 (a) ] 107 A B
-03 00 03 06-03 00 03 06-03 00 03 06 0.0000 0.0025 0.0050 0.0000 0.0025 0.0050
Aw Aw Aw D D

FIG. 8. Synchronization region of the laser model at various FIG. 10. Relative frequency differende) (a) and phase diffu-
noise intensities. A dot is plotted whéA)|<0.003.(a) D=0, (b) sionD, (b) as a function of the noise amplitudefor various fixed
D=0.0005, andc) D=0.005. relative initial frequency difference§w. A=0.01.
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W
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time (ms)

15

‘ ; 100 FIG. 12. Noise-enhanced 2:1 response of the laser mddel.
noise amplitude D (mV) =0.01,T,=0.6. (a) Laser outputx, (arbitrary unit3 at D=0, (b)
external signal, an€c) x; at D=0.004.

noise amplitude D

FIG. 11. Stochastic resonance for a fixed driving period. Left
panel: modelA=0.01,T,=0.3 ms. Right panel: experiment, forc- » .
ing amplitude 10 mV A=0.01) and period,=1.12 ms; her® is where at largel . numerous firings occur randomly per sig-
the amplitude of the added external noise. Upper panel: noisél@l period and result in an exponential backgroundP(iT)
induced coincidence of average time scatimshed lineA=0) and  Of the forced system, while at smdll, a 1:n response may
the synchronization region. Lower panel: cohereha¥ the laser ~ occur, which means an aperiodic firing sequence with one
output.=0.1 in Eq.(12). spike for n driving periods on averaggl5,20,21. In both

cases, the sequences are irregular.
fixed Aw, the driving frequencyf, is changing withD, and The main results in Secs. V and VI have been presented
an enhanced response sensitivity relative to the average Sp“’(e_cently[49].. Here a more quant|tat|v_e e>§am|nat_|on of the
ing frequency of the noisy system is a result of the noiseSynchronization degree by phase diffusian, (Fig. 10

enhanced coherence of the time scales, as indicated by tﬁQOWS that the enhanced synchronization and response to

sharpened distributioR(T) in Fig. 2(b) weak signals are consequences of the enhanced coherence in
We now study how the respo'nse .is affected dyfor a time scales shown in Sec. lll. The more systematic and ex-
fixed signal periodT,. Here, in the unforced homoclinic tensive investigation in this paper has revealed that Fhe Spe-
chaotic lasers the ;verage' interspike inter¥a(D) de- cial sensitivity to noise along the weak unstable manifold of
creases with increasing, and SR similar to that in bistable the s§1<_jd|e point acts as an _un|f_|ed mechanism for various
or excitable systems c’an also be observed. We adopt tmaontnwal and constructive noise-induced phenomena in this

following measure of coherence as an appropriate indicato(}’eneral class of systems, which is quite different from those
of stochastic resonan¢ei]: demonstrated previously in other systems.

Te (1+a)Tg
|=— P(T)dT, (12
OTJ(1-a)Te

VII. CONCLUSION AND DISCUSSION

We have shown that in homoclinic chaotic systems char-
acterized by a strong fluctuation of the interspike interval, a
wherea with 0<@<0.25 is a free parameter. This indicator small amount of noise makes the time scales more regular,
takes into account both the fraction of spikes with an intervaldue to reduced residence time in the weak unstable region.
roughly equal to the forcing periofl, and the jitter between Various constructive effects have been shown experimentally
spikes[21]. SR of the 1:1 response to the driving signal hasand demonstrated numerically as a consequence of this
been demonstrated both in the model and in the experimentabise-induced change in the time scale. The system displays
systems by the ratiqT);/T, and | in Fig. 11. Again, the coherence resonance without an external signal and en-
behavior agrees well in both systems. HR To(0), there  hanced phase synchronization, deterministic resonance, and
exists a synchronization region whefe),/T,~1. The noise  stochastic resonance in response to a weak signal.
amplitude optimizing the coherendeis smaller than that Note that the response of the homoclinic chaos to noise,
induces coincidence dfy(D) and T, [dashed lines in Figs. i.e., more regular spike intervals with a smaller mean value,
11(a) and 1Xc)]. It turns out that maximal occurs when the is similar to the excitable systems where resonances with
dominant peak oP(T) [Fig. 2b)] is located afT,. For T,  respect to both the signal frequency and the noise intensity
>Ty(0), noise may induce an:1 response, where the laser can also be observef20,56. However, a noise-induced
producesn spikes per signal period. For example, Bt  phase locking with respect to the signal frequency, especially
=0.6, a 2:1 response can be observed in the laser moddgr the n:1 ratios, to our knowledge, has not been demon-
which generates two spikes with alternate small and largstrated in excitable systems for rather weak signal. In
intervalsT, and T, satisfyingT,+T,=T,, as seen in Fig. coupledexcitable elements, similar locking behavior occurs
12. Then:1 response also exhibits a locking region and SRdue to the interplay between the coupling and the noise-
with varying D. This kind of noise-induced synchronization induced excitation§57].
has not been reported in usual stochastic resonance systems,The phenomena of coherence resonance, noise-induced
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synchronization, stochastic resonance and noise-enhancbkd induced by weak noise that does not significantly alter the
phase synchronization demonstrated in this laser system hageometry of the dynamics. The contraction region associated
been documented previously in the literature, but separatelyith the saddle point is crucial for NIS. This mechanism of
in different systems with different mechanism for each phesynchronization due to significant contraction regions may
nomenon. In the homoclinic chaotic system, this peculiarshed light in understanding of the population synchronization
property of the sensitivity to noisy perturbation in the weakin ecology due to large-scale climate. The mechanism pre-
unstable manifold acts as the unified mechanism for Variougented here may be important for the dynamics Of neurons as
nontrivial phenomena in a single system. one of the basic possibilities of interpretation of the experi-
These findings should have a strong impact in neuromental observation of the reliability and precision of spike
science because a wide class of sensory neurons demqqming of neurong35]. While it is not known whether the
strates homoclinic chaotic spiking activii$5,53. Coexist-  npeogcortical neurons in Reff35] are deterministically chaotic

ence of conventional and stochastic resonances may kg not, our findings should stimulate further studies in this
significant for information processing in biological systemsdirection.

insofar as noise enhances the sensitivity to both amplitude
and frequency of the external signals.

It is important to emphasize that we have also shown that
unbiased noise is sufficient to induce complete synchroniza-
tion. Moreover, NIS is not necessarily associated with large This work was supported by SFB555, the Humboldt-
noise intensities, but in the case of homoclinic chaos it carfroundation, and EC Network HPRN CT 2000 00158.
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