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Nonlinearity of a metamaterial arising from diode insertions into resonant conductive elements
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We consider a possibility to create a metamaterial with nonlinear magnetic response in the microwave
frequency range. Such a metamaterial is a regular periodic three-dimensional-array of resonant conductive
elements with diodes as nonlinear insertions. We calculate the arising quadratic nonlinear susceptibility and
show how it is controlled by the properties and arrangement of the structure elements as well as by the type and
characteristics of the diode. We discuss the requirements for the diode necessary to optimize the nonlinear
response of the proposed metamaterial.
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Increasing attention paid to metamaterials during the last In this paper, we would like to generalize the approach
several years is to a great extent motivated by growing interand to consider a metamaterial organized as a three-
est to the microwave range in electromagnetics. Advances idlimensional(3D) array of arbitrary flat resonant conductive
the microwave technology imply the development of the me-elements(RCE), which can be represented by linear con-
dia suitable for manipulations with microwaves. Metamate-tours. This representation is appropriate not only for the
rials, being artificial structures, arranged as regular arrays ¢fimple resonant elements we discusge@], but also, e.g.,
identical conductive elements or sets of elements, are likeljor prominent[13—1§ split ring resonators, as these can be
to be particularly useful in this area. represented by an effective contour, provided that the width

One of the possible applications of metamaterials is conof the stripes is small enough compared to the element size
cerned with the realization of media with negative refraction[16,17. If the dimensions of the contour are smaller than the
index, the idea of which first appeared in the early paper byvavelength, then the linear current is the same along the
Veselago[1]. Whereas such media are not available in nacontour line, and the element can be characterized with ef-
ture, metamaterials were appropriate for the demonstration dective resistanc®, inductancel, and capacitanc€. These
the negative refraction phenomen@,3]. In practice, Parameters can be either estimated theoretically like in Ref.
metamaterials with negative refraction index could providel9] or evaluated experimentallyl4]. Then, the linear re-
numerous unusual applications, such as high precision focusponse of the element to the external periodic electromotive
ing [4,5], mirrorless phase compensation, cavity resonatorforce (emf) at frequency » is described by the self-
with arbitrary size [6]. Apart from negative refraction, impedanceZ(w)=R—iwL+i(wC) ™.
metamaterials were suggested for magnetoinductive waves Following the analogy between metamaterials and crys-
guidancg 7] or microwave phase conjugati¢]. tals, we expect that numerous nonlinear phenomena known

In most cases the size of the structural element is of théh optics can be observed in metamaterials if the response of
order of few millimeters, much smaller than the wavelengththe structure elements is nonlinear. In R, it was sug-
of microwaves(several centimeters and mar&@hen, the re- gested to construct an artificial nonlinear medium from di-
sponse of metamaterials to microwaves can be described I®ples with nonlinear inclusions. We propose to create a mag-
macroscopic permittivity and permeability. We have demon-etic nonlinear metamaterial by inserting a diode into each
strated this with a linear theory of the magnetic response, foRCE. We show how the nonlinear voltage-current character-
an example, of a metastructure assembled as a regular lattisic of the diode provides nonlinearity to the response of the
of circular resonant conductive elemef®. The developed Mmetamaterial. The arising multiwvave interactions allow to
theory has much in common with the standard methods ogffect the wave propagation directly in a convenient “all-
analysis of condensed matter optical propeftiés-14. The  optical” manner, i.e., without conversion into electronic sig-
drastically distinct scale, however, shifts the operating rang@als. We find that the resulting macroscopic susceptibility
for metamaterials to microwaves. An important advantage islepends not only on the single element’s susceptibility but
that the properties of the whole metastructure can be directllSo contains renormalization factors determined by the lin-
controlled by adjusting the characteristics of individual €ar response of the material at the frequencies of the inter-
elements—an option, not available in optical crystals. Weacting waves.
have shown that surroundings influence leads to a significant At the first step, we analyze an RCE with a diode. The dc
shift of the resonance frequency of the linear permeabilitycurrent-voltage characteristic of a diode in the case of weak
from the resonance of a single element. nonlinearity is often approximated by

1
= _—(U++yU?
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parameter standing for the nonlinearity. Here, the voltagenent, onlyz components of magnetic fields amd andzzz
should be much smaller thdh~ 1/y. components of the magnetic susceptibility tensors are impor-
In the ac case, it is necessary to account for frequenciant. Further, we omit all appearingzz andzzzindices.
dispersion, which is easier to do if one deals with Fourier We assume that the mutual interaction of the structure
components. Accordingly, we substitute all the time depenglementsk andk’ (the running indices of the RCH'ss de-
dencies by sums of monochromatic components, so that, e.g¢ribed by mutual impedancég, (). Then, with the help
the time dependence of the current {§)=3 I (w,)e '®»!,  of the multi-impedance matrix and using E@®), one can
v=+1,+2,..., where we use the notation with_,=  Write the following system of equations:
-w,, (o_,)=1"(w,), which includes automatically the
complex conjugates.
Due to the nonlinear term in E@l), Fourier components Z(“’)|k(w)+k§k Zy (@)l (0) +UP(0)=E(w),
at combinational frequencies will be coupled. Keeping up to (6)
bilinear inl terms, we can represent the voltage-current char-

acteristic as the following: where&, is the external emf induced in theh element.
Obviously, in the homogeneous infinite medium under the
U(w,)=Z(w,) (o )+ 2 W, 0,,0,~0,) action of the homogeneous varying fidi}, all the RCEs
are in the same situation. Therefore, the same emf

XZ(w,~0,)Z(0,)(0,~0,)(0,), (2

wherey(w, ;w,,0,— ,) is generally complex ang(w) is

the linear |mpedance of the diode, i.€~Rp at w—0. (whereSis the area surrounded by the flat contour equivalent
When the diode is inserted into the RCE, the response db the RCE is induced and all the currents are equal,

the whole element depends on the particular position antik(w)=1(w). Then, the syster() is reduced to the equation

connections. However, for the reasonable arrangement, the

element with the diode can be still described by linear con-

tour. If the nonlinearity is weak, the current in the RCE with Z(w)+ 2 Zy (@)

diode under the action of external emf is determined by K #k

&(w)=ipeSwHo(w) )

() +UP(w)=Ew). (8

Z(w)l (w)+u(2)(w)=g(w), 3 The mutual impedance of the RCE’s is represented by the
mutual inductance. In the limit of an infinitely thin wire, it is
given by the double integral along the contours:

@ P ©

whereU®) is the nonlinear part of the response. Here, for the |S‘ a l

ease of notation, we include the linear characteristics of thsvheress the radius vector of that point of the contour where
diode (resistance and capacitandeto the linear impedance dl is taken. From the form of Eq9), it is clear that the sum
of the RCE Z(w), whereas nonlinear properties are de- f th t | tsin E (8), b ted
scribed by the parametér which generally depends on the ot the malrix_elements In Ego) can be represented as

diode characterisicsy( and 2) as well as on the way of g e 0 RheC L SRR S SO PR
insertion. For example, if the diode is inserted in series intg P

a split conductive rin Qwhich depends only on the geometry of the RCE arrange-
P 9: ment in the metastructure and can be calculated numerically.

1
UP(0)=5 X {(0,i0,,0,~0,)(0,~0,)l(,),
n

U, 0,,0)=Y0, 0, 0)Z0,)Z0,). (5)  For example, for simple split rings,is the radius of a ring
e e b K and the value oF is of the order of 1-10 for typical lattices
Now we are ready with the single RCE’s response. [9]. For the rings, we have shown that although the infinite

Considering the electromagnetic wave interaction with thesummation is implied in%, in fact, the summation over a
metastructure, we assume that the response is formed atfiaite and relatively small number of rings is sufficient, as
distances much smaller than the wavelength. The corrdurther increase in the number of rings taken into account
sponding quasistatic limit allows us to separate magnetic andoes not influence the result. This fact is in accordance with
electric effects, so that only the magnetic field affects thethe local response principle, and we can safely assume that
magnetization of the metamaterial, defining the permeabilitythe response is formed within the distance of several lattice
At this scale, we can also neglect the inhomogeneity of mageonstants for more complicated RCE’s as well.
netization and averaged fields, and the problem is reduced to Now we can denote all the impedances involved as
the behavior of a RCE array in an external homogeneougs(w)=2Z(w)+ 2y +Zk (w). Note that it can be further
oscillating magnetic field9]. written asZy(w)=R—iwLs+i(wC) !, if we combine the

We suppose that all the RCE’s lie in parallel planes nor-mutual and self-inductances intoy =L+ uor. Writing
mal to z axis, forming an infinite regular spatial lattice such now Eq. (8) for multiple frequencies, with the help of Eq.
that each RCE has the same surroundings. For this arrange), we obtain
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M (w3) = xm(@3)H(ws) + x{(03; 01, 00)H(w1)H(w))

1
Zs(@)l(@)=E@,)+ 5 2 {(wyi0y,0,-0,)

(15
XN @, = oyl (w,). (10 with the quadratic nonlinear susceptibility
The systen{10) shows that the current component at each
frequency is determined not only by the emf at that fre- X,(v.z)(wg;wl,wz)
guency but also by the current components induced at two
other frequencies, so that a three-wave interaction occurs. (w3 01,07) N2y, 1) xar( 02) xag( 3)
Accordingly, we consider below;, w,, andwg, such that i ueSPws XMLOD XML ©O2) Xm( @3-
w1+ wy=w3. Then, from EQ.(10), we get for the current
induced atwj (16)
Zs(w3)l(w3) =E(w3) + {(w3z; w1, o) (w1)1 (). Therefore, in spite of the completely different physical back-
(1D ground, one can deal with the nonlinear interaction of elec-

tromagnetic waves in the proposed metamaterial using the
well-developed apparatus of the nonlinear optics. The gen-
eral symmetry of Maxwell equations with respect to the
. . magnetic field—electric field transposition allows us to ex-
the terms with{. The_n, we can expresgws) via &(wy), . pecgt that the whole variety of knovr\)/n nonlinear optical pro-
5(“.’2)’ andé&(ws). This allows us to calculate the. magnetl- coqqes can have corresponding analoges in metamaterials.
zation M (w3) of the metamaterial as the magnetic moment Analyzing the structure of Eq16), it is easy to notie that

densityM (w) =nSl(w), wheren is the volume density of the first factor is com : .
, . ) ' pletely determined by the single ele-
the RCE's. Taking Eq(7) into account, then we obtain ment properties. Its multiplication with the linear suscepti-

For the linear in approximation, we can substitutéw,)
andl(w;) in the right-hand side of Eq11) for the expres-
sions, obtained from Eq10) written for w4, w,, neglecting

in oS bilities tak_en at the frquenqies of interacting waves per-
M (w3)= LHO(‘%) forms a kind of renormalization and can be treated as the
Zs(w3) result of the influence of the surroundings. This kind of
{(w3; 01,0 NP0 0 reno_rmalizati_on appears, for ?n_s_tancga, in the derivatio_n of
_ 51 ®3: @1, @2/ Ifo> @192, (1) Ho(wy). nonlinear dielectric susceptibility in optical materials
Zs(w3)Zs(wp)Zs(wy) OV TOT2 [18,19. Similar to the optical nonlinearity, the nonlinearity

(12)  of the magnetic metamaterial increases resonantly as one of
the frequencies involved approaches the resonance of the lin-
The macroscopic induction is proportional to the spatiallyear susceptibility.
averaged microscopic magnetic fieB= uo(Hmic). Corre- To estimate the macroscopic characteristics of the nonlin-
sponding volume integration gives generalB=uq(Hg ear metamaterial of the presented type, we consider an ex-
+£M), notwithstanding the structure element’s peculiaritiesample of metastructure based on split rings with radigis
[9]. With the general definitioB= uy(H-+M), we can ex- =2 mm and wire diameter 0.1 mm, arranged with the den-
pressH=H,— iM. Using this relation, we can solve Eq. sity n~r, 2. Among numerous diode types, backward diodes
(12) for M(w3). In the linear approximation, we obtain were reported to possess the best sensitivity and the highest
M (w3) = xm(w3)H(w3), where the factor nonlinearity[20,21. Such a diode insertion having the same
cross section as the wire is characterizgtll] by vy
~30V~ ! and Z=Rp~1 Q. Although diodes might allow
for higher nonlinearity, Eq(2) is valid only under the as-
(13) sumption that the nonlinear contribution is much smaller
than the linear one. These become comparable when the cur-
stands for the linear part of the magnetic susceptibility. Thigent reaches characteristic valué(w)~(|yZ(w)|) .

is in agreement with the results of R¢f], where xu(®)  tparefore, the magnetization should not exceld o)
was shown to have a general resonance form with the reso- '

o (1 1 2 o
xm(w)=ponS E—sz— §,LL0I"IS w—IiR

nance frequency =nSi(w), and, accordingly, Ehe mzignetic field in the
metamaterial must be lower théh(w) =M (w)/ xy(w). As-
Ly 1 uonS) 12 suming that the pumping frequency i®; and H(w,)

@r=wol T3 L : (14) ~H(w;), and using Eq(5), we can estimate the maximal

amplitude of the nonlinear modulation of the magnetic sus-
which depends vi& in Ls on the lattice parameters. Here ceptibility as
wo=(LC) 2 is the resonance frequency of a single RCE.
Returning to the first order nonlinear consideration and
keeping the terms linear iy, we express finall/l (w3) in a
form that is analogous to the polarization of a medium with
quadratic dielectric nonlinearity: (17

Zl
Xﬁﬂz)(ws;wlvwz)H(wl)“—(wZ) Xm(@2) xm(w3).
ponSwy
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For frequencies not close to the resonance, we can estimaggmic losses|Z(w)|~Rp, their usage can be limited by a
xm(w2) xm(w3)~0.1, which provides a noticeable nonlinear significant damping. Certainly, applying higher pumping
contribution of the order of x{Y(w3iw;,w)H(w1)  fields will provide higher nonlinear contribution. However,
~0.001, with the pumping field limited by about 10 A/m.  high nonlinearity would make the susceptibility expansion in
The nonlinearity can be further enhanced by either dethe form(15) inapplicable, and the corresponding analysis is
creasing the diode cross sectitthat raisesZ) or choosing beyond the approach followed in this paper.
the frequencies closer to t_he resonance. However_, b_oth_of A promising opportunity is offered by varactdi2]. For
these ways are accompanied by the increase of dissipatiQpyractors, the capacitive impedance can be much higher than
losses in the media. For practical PUrposes, one he_ls to ensYes resistance and it is only necessary to ensure that this
that t_he Io_s;ses do not exceed the nonllne_ar contribution. TQqndition is fulfilled in the desired frequency range.
remain in  the trgnsparengy 2 region  ®e()) In summary, we have demonstrated that with the help of
>Im(xy(w)), the condition|1- w;/w®|>Rp/wL must be simple electronic components, it is possible to construct a
fulﬂllgd (the overall ohrmc ressgan@of the whole ele.ment metamaterial which possesses nonlinear response. We have
'Osf ?#IelgitT(;)rsé[%sb%gzs?:ﬁgfu:gstlzilt(aers]ég)s.in:hlee n];Otrhrﬁ figure shown how the macroscopic properties of this material can
P be controlled by the characteristics of the structure elements,
their arrangement, and the properties of nonlinear insertions.
. (19 This encourages us to expect that various processes, known
IMGym( @3)) Ro  1-w?ws in nonlinear optics, can be performed in the microwave

) . . range with the help of the proposed metamaterial.
and its larger values are favorable. This relation shows that

choosing one of the frequencies closer to the resonance, one
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