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Soliton molecules in trapped vector nonlinear Schrdinger systems
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We propose a method to build a great variety of stable multisoliton “molecules” with coupled light beams
in Kerr graded indeXGRIN) media or atomic mixtures of Bose-Einstein condensates. We present a general
theory and discuss several specific cases, including two-, three-, and four-atom molecules made up of Gaussian
modes or vortices. A three-dimensional example is also presented.
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Since the begining of its history, physics has studied In this paper, we describe and analyze in detail a method
simple objects and the ways in which they arrange to fornto build “soliton molecules” with several different proper-
more complex structures. Some remarkable successes ifies: (i) an arbitrary number of atoms can be used to build
clude the atomic theory of matter, the structure of nucleus ithese moleculegji) the molecules exist in two-dimensional
terms of protons and neutrons and the substructure of nuclé2D) and three-dimensional scenarios thus providing the first
ons in terms of quarks, to cite a few examples. soliton molecules, shown to exist f@=3 (all previous

Elementary robust objects made of light have been knownalyses correspond to 2D systefies-12)); (iii) they are
since 1970s. In factspatial optical solitons-self-trapped ~Stablefor any number of constituentéiy) the molecules can
states of light with particlelike properties—have attracted &€ built from different types of atom§.e., nodeless, vorti-
considerable attention during recent years as possible buildS: - - % _and (v) existin systems with the simplest type O.f
ing blocks of all-optical switching devices where light is nonlinearity, the cubic one. Thus, our results can be applied

used to guide and manipulate light its¢lf,2]. Robust soli- fjoer'](:é; rgsg;im nonlinear optics and to Bose-Einstein con-
tonic structures appear also in Bose-Einstein condensation, o, " = v o e o system of complex fields

where the dilute quantum gas supports robust structures su | h .
as one-dimensional dark solitof3] or bright solitong 4]. fn(t,r),ug(t,r), - Un(tr), ruled by the equations

In nonlinear optics, the robust nature of spatial optical 1
;ohtons[ZJ allows one tq draw an ?nalogy W|th ato"mlc phys_— gy u(tr)=| - EA+V(r)+ U, (t,r) |ug(tr), 1)
ics, treating spatial solitons as “atoms of light.” Further
more, when several light beams are combined to produce
vector solitonthis process can be viewed as the formation offor j=1,... N. The coupling term is given byJ;(t,r)

composite states or “molecules of light.” ZEkgjk|Uk(t’r)|2 with g, e R. Equations(1) are a set of
The achievement of stable multisoliton states, with an arnonlinear Schrdinger equations(NLSE) which in BEC
bitrary number of “atoms,” has been one of the goals ofproblems describe multicomponent systeras,being the
contemporary research in the field of nonlinear optics. Manywvave functions for each of the atomic species involj/&g-
structures of this type have been studied, for example, spit5]. In optics these equations describe the incoherent inter-
raling solitons [5], dipole and multipole vector solitons action between the slowly varying envelopes of the electric
[6-9], self-trapped ring beam{d.0], rotating propeller soli- field in paraxial beams in Kerr media. We choogér)

tons[11], and rotating optical soliton clustef2]. Although ~ =r?/2, which corresponds to an isotropic magnetic trapping
these studies have provided a better understanding of differn BEC and to a GRIN fiber in the optical case.
ent aspects of soliton dynamics, it is clear thaist of these Single component case: Soliton atorhet us first con-

structures are unstablé.e., they break due to different in- sider the scalar cas&& 1). Solitons or stationary solutions

stabilities after a sufficiently long timeThe most remark- of Eq. (1) in the scalar case have the form(t,r)

able exception is that of dipole mode vector solitpds] in = ¢M(I’)e"‘t and satisfy

saturable media. However, the multipole vector solitons,

which have a larger number of atoms, are also unstadle 1 1

In multicomponent Bose-Einstein condensat&EC), mo,=— §A¢M+§r2¢u+ alo e, . 2

simple nonlinear stationary solutions have been described

[13-15, but no attempt has been made to use them to build

more complex molecules. For a fixed norm| | 2:=(f|¢|2dV)*2, any solution to Eq.
(2) will be a valid soliton atom for our purposes. The sim-
plest case corresponds to a nodeless ground state solution. In

*Electronic address: victor.perezgarcia@uclm.es the strong interaction case, its shape is close to the Thomas-
"Permanent address: Institute for Radiophysics and Electronic§;ermi solution, and in the small interaction cdas it hap-
Kharkov 61085, Ukraine. pens in nonlinear optigst is close to a Gaussian function.
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Many other complex stationary solutions to Eg) are pos-  whereQ;=R;— Ry, Qjx=|Qjx|, andK, m, are polynomial
sible, such as vortices. These objects will play the role ofactors, the lowest order ones for=2 lbeing Koo(Q)=1,
atoms in what follows. . Koa(Q)=Q%4, and K4(Q)=[2—-Q?+4Q")/4. In any
A relevant property is that any function of the form case, the specific form of the interaction is less crucial than
U(r )= b (r — R(1))eilit+ 0] 3) the fact that the forceE;, are central.

Two-component caséor the two-component symmetric

is a solution of the scalar time-dependent NLSE, provided912=921=9) case, Eqs(5) read
R(t) satisfies @?/dt?)R+R=0 and 6(r,t)=(r,(d/dt)R)

+f(t), where f(t)=[5((d/dt)R]>~R?>)dt [16]. This ipl:_R1+ 15,:121 (9a)
means that exact scalar time-dependent solutions, whose dt 2

centers evolve according to harmonic-oscillator-type equa-

tions and preserve the shape of the stationary solution during ip -—R 1_F (9b)
evolution, can be built. However, N=2, the property de- dt 2 2 Zg 12

scribed previously does not hold, in general, because of the ] . o ,

cross interaction. In a general situation, the pulses Collidér_he most interesting quantity i©=0Q;,=R;—R,, which

and lose their individuality. Here we want to give some ideaJives the separation between the centers of mass of the two

on how to overcome this problem and build stationary noncomponents and evolves according E<(F;,),

trivial vector solitons of Eqs(1).
Formalism for the multicomponent cadeet us define the d_ n Q=§F (10)

modulusn; and phasep; of each wave packet through dt? ’

= \/n—jexpwj). Let us define also the center of mass of spe- _ o o

cies j, Rj(t)=/dVnr, and their total momenteP;(t) As discussed above, @ is sufficiently large, the forcé

=[dV n;V¢;, whose evolution laws are «Q and it can be presented in the potential forfn
=—(9laQ)Wi(Q)=—W{(Q)Q/Q. Then, Eq.(10) reads

d

—R;=P,, 4 2

dt ) aQ Q

_2+Wtot(Q)_:0' (11

d . dt Q
—P=—R+= WFi 5 —
dt ! 172 Zk 9 ® where W= 3Q%+ gW;(Q). In the approximation of inde-

) ) ) ) pendent wave packetg/;(Q)=[dV nn,.
The first term in the right hand side of E@) correspondsto ~ Equation(11) has two constants of motion: angular mo-
the external potential, while the nonlinear force is given by mentum L=QxO and energy E=2(O,0)+W(Q)

ij:f dV(nkan_njvnk)- (6) 40

30
If n; for j=1,... N have small enough overlapping, it is W(ng_”_
possible to argue thdt, will be a central force. Let us first
notice that for the scalar case and far from the center of the 107
wave packet, the self-interaction is small amatan be de-

0

scribed by the linear theory to ben(r)oce*rz[r2m 0
+0(r2™2)] for r—o. In the multicomponent case, if the 2
wave packets are separated, then the overlappings betwee
the uys will be small and Vnj=—2(r—R;)+O(|r  W(Q)
—R;|™1). Then, we get 10}

FJKZZ(RJ_Rk)f dv njnk‘f'O(m), (7) 0
i.e., if the wave packets are separated, in the leading order
the intermode force is central. FIG. 1. (a) PotentialW(Q) for g;=0 (dashed lingand nonlin-

Let us evaluate the factgrdV njny, for illustrative pur-  ear potentiaW;(Q) (dotted ling for the interaction of two Gauss-
poses, for the case when  are solutions of linear problem ian modes. Shown are the total potential @2 = 20 (upper solid
(gix=0) of the particular typen;= N_|r_R.|2mjef(r7Rj)2, line) ano_l g/2w= —20 (lower solid Iine): (b) A situation \_/vith L
WﬁereN- are constants ! ! ! =0. Solid line shows the total potential for two Gaussian modes

! with g/27=5. Dashed line shows the potential for Gaussian plus
- 5 vortex modes withg/27w=20. The arrows mark the minima corre-
f dav n]-nk=§NJ-Nke’(l’Z)QJKKmj m(Qji) (8)  sponding to nonrotating vector molecules.
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SOLITON MOLECULES IN TRAPPED VECT@®.. ..
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FIG. 2. Evolution of initial datau;(r,t)= ¢o(r—R;(0))e%Y,
Up(r,t) = do(r +Ry(0))e %Y with g1,=91,=09,=10, [n;dV=1,
R1(0)=(3,0), and¢, is the scalar ground statéa)—(c) Density
plots ofn,(r,t) +ny(r,t) on the spatial regioh— 8,8] X[ —8,8]. (d)
Evolution of Ry(t): X;(t) (solid) andY(t) (dashedl (e) Evolution
of Q(t).

=3Q%+We(Q),  where  Wey(Q)=Q%2+L%(2Q?
+gW;(Q). There will exist an equilibrium distanc®, for

which the effective potentidlV¢ is minimized. The reason is

that the centrifugal contribution is divergent fQ=0, while
the trap potential is unbounded f@— and the effective
nonlinear interaction should decay for lar@and have a
maximum finite amplituddFig. 1).

In the case of small interactio{"=L*? leads to a ro-

tating solution of Egs(1), provided the distances between
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FIG. 4. Same as Fig. 3 but witty; =5. (a—9 Density plots of

Ef:lnj(r,t). (d) Long-time evolution 0fQ4(t).

From Wy we may also obtain the frequency of small

oscillations around),, which is

02=1+3L%/Qj+gW;(Qo). (12
This is a precise prediction of the theory which will be used
to verify its quantitative validity.

Examples of soliton moleculdset us now present several
examples of the soliton molecules discussed previously. First
we have studied the case of a pair of weakly interacting
soliton atoms. The results, obtained with a symplectic second
order in time split-step integrator, are summarized in Fig. 2
where it is seen how the small interaction induces only small
oscillations ofQ(t) (without distortion of the wave packets
whose dominant fast frequency agrees with the prediction of
Eqg. (12).

In Fig. 3, three Gaussian solitons interact more strongly

the components are kept large enough. For larger nonlinegue to the larger number of components and the smaller dis-

terms, Q, will deviate from Q'(‘,n (Qeq™ Qo for g; >0 and
Qeq<Qo for g;x<0) [Figs. Xa),1(b)]. WhenL =0, the com-

tance between the beams. In this case, the oscillations of the
distances between compone@g remain smallFig. 3(d)]

bination of the trap force and the nonlinear term may alsclthough some oscillations of the positions of the beams are
have minimaFig. 1(c)] corresponding to nonrotating soliton appreciableFigs. 3a)—-3(c)]. This leads to a multiscale be-

molecules.

0 60 8 100

FIG. 3. Evolution of a three-component system witf(r,0)
:(1/\/;)ef[(x—xj)u(yfyi)2]/2ei(vxjx+uyjy)‘ (%} ,Y;) =do(cos(2rj/3),
sin(2mj/3)), (vyj,vyj)=do(sin(2mj/3),—cos(2rj/3)) for j=0,1,2.
Parameter valuegy; =3,do=2,/n;dV=1. (a)—(c) Density plots of
Ef:lnj(r,t). (d) Evolution of Ry: (X4(1),Y41(t)) andQq(1).

havior with a fast frequency given by E@.2). Other slower
frequencies related to the details of the interaction appear,
whose detailed analysis will be the subject of future work.
Although this particular configuration is stable, the present

Ql3(t) \ i

0g 20 0 4 60 8

100

FIG. 5. Same as Fig. 4 but with a Gaussian soliton replaced by
a vortex soliton(a)—(c) Density plots ofE?: 1n;(r,t). (d) Evolution
of Q,(t) (solid) and Q4(t) (dashed
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FIG. 6. Evolution of four-vortex solitons placed initially at ol X (t Q(t) (f)
(4,0),(0,4),4,0),(0~4) and orthogonal speeds of equal moduli.
Interaction isg=10. (a)—(d) Density plots ofElen,—(r,t). The
system remains stable after the fifty full rounds that take place from
t=0 tot=300. il 40 80 ¢ 120 160 200

example is a three-body problem for which many behaviors FIG. 7. Weak interaction of two Gaussian solitons

are possible, such as stable solutions, resonances, chaos, tgr,0)= (1/m34) e~ [(x-2*+y*+212g=2iy u,(r,0)= (L/m%)

In fact, if the values of the nonlinear coefficient are in- x g—[(x+2)%+y?+27112g2iy \yjith gx=10. (8—(e) Isosurface plots of

creased, the beams deform more strongly and the intermodg(r,t) + ny(r,t) for n,+n,=0.01. (f) Evolution of the intermode

distanceQ(t) suffer strong oscillationfFig. 4(d)] although  distanceQ(t) andX,(t).

the structure remains stable after long periods of time, con-

taining about one hundred revolutions of the soliton aroundnteraction is apparerjfigs. 1c),7(d)]. The stability of this

the center. ) ) _ three-dimensional object is remarkable since it corresponds
"Replacing one of the Gaussian solitons by a vortex solitoR, the first soliton molecule described in three dimensions.

(Fig. 9, the asymmetry and the longer interaction range Ofyiore complex molecules with larger number of components

the vortex soliton(for which n~r2e™"") make this configu- can be built in three dimensions.

ration unstable and the initial configuration is destroyed after Conclusionsin this paper, we have presented several soli-

a few rounds. ton molecules built up from scalar solitons of the trapped
If only well-separated vortex solitons are used as atomsy sg. They exist forD=2 andD=3, are stable, can be

stable evolutions can be obtaingdg. 6). The stability of the it with any number of lobes, and can be made from dif-

four-vortex molecule, shown in Fig. 6, confirms that our ferent types of elementary components, such as Gaussian-
scheme is useful to build soliton molecules with differentj e modes. vortices. etc.

types of atoms.

We have also analyzed several soliton molecules in three This work was partially supported by the Ministerio de
spatial dimensions. In Fig. 7, we summarize the results for &£iencia y Tecnolog under Grant No. BFM2000-0521 and
stable configuration made up of two weakly interactingConsejer de Ciencia y Tecnologide la Junta de Comu-
Gaussian solitons. The evolution for long times shows thahidades de Castilla-La Mancha under Grant No. PAC-02-
the intercomponent distan€(t) suffers only small oscilla- 002. V. V. was supported by Ministerio de Educagicul-
tions [Fig. 7(f)] which manifest on the plots where more tura y Deporte under Grant No. SAB2000-0256.
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