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Impulses efficiently propagate into nominally dry granular beds and backscatter from buried inclusions in
such beds may be potentially exploited to image shallow buried olj8B©®9. However, reliable imaging of
SBOs requires “cleaning up” of surface vibrations, and, in addition to three-dimendi®baparticle dynam-
ics simulations, a phenomenological model to parametrize the bed surface may be useful for field applications.
We introduce a 1D mean-field-like toy model with two parameters, which allows one to model surface
vibrations, is consistent with experiments in a granular bed, and can help estimate the approximate signal
transmission properties of the bed.
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INTRODUCTION backscattered energy at the bed surface, the energy density at
the bed surface rapidly depletes after the initiation of the

The imaging of shallow buried objects in a complex me-impulse, and then rises as a function of time. The back-
dium, e.g., nominally dry soil, is a difficult problem that has scattering from the shallow layers is significant. The amount
seen limited progresEl]. Such imaging is of relevance in of backscattering from the deeper layers does get weaker,
connection with locating antipersonnel land mines, in ar-and eventually dies out. The dissipative properties of the bed
chaeology, land surveying, and in other applications. It haglay an important role in the attenuation of the impulse.
been shown that gentle mechanical impulg&scan be used We contend that, at least for the purposes of field appli-
to detect buried objects at depths of a meter or so in nomications, it is desirable to explore a tractable 1D toy model
nally dry sand beds. Detailed three-dimensiof®D) simu-  that can capture the critical results of the 3D simulations. In
lations establish that nonlinear pulse propagation in 3D bedthis Rapid Communication, we propose a two-parameter
is a quasi-1D proced8]; normally incident pulses travel as model to describe impulse backscattering at the surface of a
weakly dispersive energy bundles and become more angranular assembly. It may be necessary to use more param-
more 1D-like with an increase in area over which the im-eters (e.g., to include information about the area across
pulse is generated. It would be of interest to rapidly generat&hich the impulse is impartedf one is looking for detailed
images of buried backscatterers by exploiting the informaagreement with experiments. The physics is similar in spirit
tion contained in the time-dependent surface vibrations iffo that of mean-field theories.
granular bed$3].

To accomplish such imaging, it is necessary to probe
some global parameter that contains coarse-grained informa-
tion about grain dynamics at the bed surface. We study the We define a vertical alignment of layers, where each layer
space averaged, time evolution of tfime integratedkinetic ~ can be thought of as a mads. At time t=0, we set initial
energies of the surface grains in idealized sand beds. SeverhergyE= 1 for layer one and zero for the rest. & 1, the
groups have measured impulse backscattered signals at tfiest layer in the vertical chain transfeps(<1) of the im-
surface in empty beds and in beds with some buried objegsulse energy to the second layer, and retains ). At sub-

[2]. Newtonian dynamics based 3D simulations of impulsesequent times, the impulse will propagate in the same man-
backscattering in idealized beds have been carried out by Seter, at every step, all the way down the chére Table)l

et al. [3]. These authors used the velocity-Verlet algorithmEach layer, after pushing the next layer in any time step, will
[4] to integrate the equations of motion, and their data ar@ush the preceding layer in the opposite direction in the fol-
consistent with the available experiments. Thus, a consensiswing time step. Since the phase reverses at every time step,
on the spatiotemporal behavior of impulse backscattered dataey will interact, alternately, with layers above and below, in
is beginning to emerge. alternate time steps, thereby introducing significant back-

It is apparent from the existing work that the energy im-scattering into the problem. Note also that successive layers
parted by the impulse penetrates into the system. The spreadll be in opposite phases at any time, assuring interaction
of the energy in a giver-y plane at a given depth depends between them only in alternate time stepable .
on the packing in the system. There is impulse backscattering We model the interaction between two adjacent layers in
at every granular contact. If one measures the amount ajur simulations in the following two waysi) equipartition

case andii) exchange case. In the equipartition case, the two
interacting layers will move away from the interaction with
*On sabbatical leave from CSIR Centre for Mathematical Model-equal amounts of energy; we add up the individual energies
ling and Computer Simulatior(C-MMACS), Bangalore, India. of the two layers and divide the sum equally between them.
Electronic address: kmohan@buffalo.edu In the exchange case, we let the layers exchange their ener-
"Electronic address: sen@dynamics.physics.buffalo.edu gies; the two interacting layers, after the interaction, move
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TABLE |. Description of the energy transfer process in the 1D model. The arrows indicate the direction
in which the layerslyr1, etc) will interact in the next timegt) step. The exchange case has been depicted
for conveniencee®(t) is the backscattered energy received back at the surface.

t ePs(t) lyri lyr2 lyr3 lyrd lyr5
0 0.0 1 0 0 0 0
1 0.0 (1-p) p 0 0 0
2 p(1-p) (1-p)? p(1—p) P 0 0
3 0.0 p(1-p) (1-p)? p’(1-p) p’ 0
4 p*(1-p) pl-p?  pAl-p) (1-p)? pX(1—p) p*
— — — — —

away with the energy of the other. We have ergodiclike bepositive phases to point down the chaimvill transmit p
havior in the equipartition case, where we assume that th&action of its energy to the surface and retain—fi) frac-
two adjacent layers get compressed to the same extent duritign to itself; the surface does not transfer any energy back to
the interaction, and the potential energy of compression gethe first layer. At the bottom of the chain, we let the last layer
converted back to the respective kinetic energies, which willose p fraction of its energy in its positive phase and retain
now be half of the total energy of the two layers. The equi-(1—p); the lost energy is presumed to travel further down in
partition ansatz negates the symmetry breaking introduced similar manner. These boundary conditions do not, in any
by p#0.5. The exchange model captures the essence of nomay, affect our final results. We have verified our results with
linear impulse propagation in which an impulse travels as donger chains and there are no qualitative chariges fur-
perfect solitary wave in a 1D chain of elastic grai$ and ther discussion below we have, therefore, employed a 40
as a weakly dispersive energy bundle in 3D bg8k we layer long system for our studies.
model the situation where two energy bundles, traveling in
opposite directions, go through each other without distortion. SOME ANALYTICAL RESULTS
In real systems, one would expect that both the equipartition
and the exchange behaviors would be present, and such an
extension of our study will be reported elsewhgrg

We monitor the energy transfer at the surface in our mod
analysis. The first layer, in its negative phasee assume  p(1—p),p?(1—p),p3(1—p), ..., p(1—p)3p3(1-p)3,

For the exchange model, the sequence of backscattered
ergy packets that arrive at the surfaed(t), can be
eY\/orked out[cf. Table I; see Fig. ®)]:
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FIG. 1. The two cases of exchange and equipartition are shova amd(b), respectively, wherp is constant across the layers. The two
smaller insets ina) show the exponential decay efS(t) within a subsequencéop; y-axis logarithmi¢ and the associated logarithmic
growth in EPS(t) (bottom; x-axis logarithmig; the solid lines are the corresponding curve fitting lines. Smaller insetb)ishow the
logarithmic growth ofEPS(t), in the initial stages, in the equipartition ca@®ttom inset uses the same data as the top inset, plotted with
logarithmic x axis). Available 3D simulation results8] show favorable comparisons with these results.
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p}(1-p)° ... p(1=p)°p*(1—p)°,p3(1-p)°, b
0.8 q=0.0 0.8
and so on. Since<1, the sum of the first subsequence q=0.1
(each subsequence is separated by) yields p, and, simi-
larly, the sum of the second subsequence yigs—p)?, 2 q=0.3
and so on. Thus, the entire sequence of energy packets re-'=:>l 02 02
ceived back at the surface can be summed to obtain, with g o
EYS(t) respresentin@!, ~LePS(t’), 8 000 -
mg . q=0.0 50
EPS(t=c0)=p[1+(1-p)®+(1—p)*+---]=1(2—p). w
0.01
We see thaEPS(t=) will always be>1/2; also,EPS(t %
=) is higher ifp is higher. Ifp<<0.5, the successive pack-
ets ofePS(t) in each subsequence is going to decrease fast, 2 8

and, when the next subsequence involving a higher power of log(Time) (arbitrary units)

(1—p) arrives, a jump inEPS(t) takes place. In the other . . ,
FIG. 2. Growth patterns oE"3(t) with an inverse square law-

case, wherp>0.5, there is going to be a faster increase of T R
EPS(t) within each subsequence itself than that brought in b)}ype variation inp. In (&) and(b), equipartition and exchange mod-

the arrival of the next subsequence. The above analysfels’ respectively, are shown fprdecreasing towards the bottom; in

bs s . " ; (Sc) and(d), similarly, for p increasing towards the bottom. Note that
ShOW.S that a plot oE™*(t) against time is going to be char- they ranges in(c) and(d) are extremely small compared to those in
acterized by a sequence of steps and plateaus, as is seen fr%pand (b). The effect of introducing a dissipation paramedeis
Fig. 1(a), first inset. The subsequences can be understood agoun in(a) and (b).

due to the solitary wave—like propagatif®,6], where each
packet travels down the chain undiminished till it loses en-
ergy (by p fraction) at the two ends. Note that the sequenced®® More. The deeper layers, the backscattered energy of

are geometrically decreasing, and, as may be gathered froYﬁhiCh_ reach_es the surface at Iater_times, co_ntribute to pro-
the plot(top smaller inset characterized by an exponential gressively higher-order backscattering. The first inset to the

decrease in packet sizes. As a consequel¥t) is char-  fi9ure showsE(t), growing rapidly in time at early times,

acterized approximately by logarithmic growth in the subsefollowed by a progressive slowing down. The two smaller

quencesbottom smaller ins¢f with the added feature of a INSets in this figure show@s a zoom-ij the region close to
saturation plateau seen in the earlier inset. the origin, of the earll)lfr inset, to show the form of tthega-

An analysis such as the above is not possible for the edithmic) growth in E°(t); the bottom inset plots the data
uipartition case because of the complicated algebra resultingith logarithmic abscissa for explicit confirmation. This pat-
from distributing half of the total energy of the two particles ™ has been seen in 3D simulations of impulse propagation
to each, after the interaction. Nevertheless, numerical resuIF sand bed$8], and is consistent with experimental results
indicate that a similar result, oE°S(t=) being always : _ . bs
>1/2, holds in this case as well. Also, there are no steps and, | "€ maximum attained value d&"(t), referred to as

plateaus in this case, except for the ones introduced by thEmax: iS high compared to the 3D simulation results. Thus,
fact thate®S(t) arrives in alternate time stepBig. 1(b); see  the 1D toy model, with its restrictions in the available energy
further discussion belojy channels, tends to backscatter much more energy to the sur-
face than that is typical of 3D beds. There are two ways to
improve the model to better mimic the properties of 3D beds,
(i) by incorporating restitution between layers atid by

Soil is a highly heterogeneous medium, and impulsevarying p appropriately as a function of position to approxi-
propagation and scattering properties vary much spatiallynately account for changes in layer compression as a func-
decreasing and/or increasing with successive layers. Theréon of depth, inhomogeneities in the medium, etc. We dis-
fore, we investigate the above models for different scenario§uss the effects of these improvements in our model below.
characterized by different distributions pf A reasonable Introducing a tunable parametgr(<1) to account for
model that can be chosen, for qualitative comparison of rerestitutional losses at each interacti@s also the spreading
sults for differentp’s, is that of a logarithmic growth pattern away of energy in 3R which works to dissipate energy,
in EPS(t). This is best illustrated fop=0.25 (for all layery ~ allows us to tuneELs,,; at each step, a fraction<q) of the
in the equipartition casgFig. 1(b)]; depending on the distri- total energy of the two interacting masses is removed. It was
bution and values op, the growth can be higher or lower observedsee Figs. @) and 2b)] thatE%Sax decreases expo-
than an average logarithmic growth in the initial stages. Imentially with g; it drops by an order of magnitude asis
Fig. 1(b), it is seen thae®S(t) =0 in alternate steps; also, the varied from 0.1 to 0.5.
packets arrive in exponentially decreasing quanta in alternate Now, we consider the richness of the model by exploring
steps. Such decay ie’S(t) is expected in view of the fact various distributions op and their effect on the patterns of
that most of the backscattered energy, at early times, is frora°S(t). We will only discuss the results using the plots of
the first few layers, where, by construction, the energy willEPS(t) which are, first, easier analyzed, because of the loga-

NUMERICAL ANALYSIS
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rithmic growth pattern in the initial stages. Secold(t), initial growth is achieved for highgr’s in the top layers and
being an integrated quantity, is, perhaps, more suited fovice versa. We may impose other rates of decr¢iaseease
comparison with experimental results. Hence, we will plotsuch as exponential, inverse square law, etc., but the basic
these graphs on a semilog basis for the study, with time axisharateristic of the convexiticoncavity of the equipartition

being taken logarithmically. graph and steepness of the exchange graph being dictated by
the presence of largésmalley p’s in the upper layers will
DISTRIBUTIONS OF p AND CORRESPONDING remain the same; only it will be more pronounced with larger
PATTERNS IN GROWTH OF EPS(t) rates of decreas@ncreasg such as exponential or inverse

) ) o square law, etc. In Figs(@ and 2b), we have shown results
With a uniform distribution ofp’s (p constant across the for 5 case wherg’s decrease in an inverse square law man-
layers, analysis of the equipartition model shows that thener towards the bottom for the equipartition and exchange
growth is, qualitatively, symmetric with respect =0.5; o qels, respectively; note the high valuesgjf, . Figures
Emax IS the highest fop=0.5, and falls off wherp#0.5.  5(c) and(d) show the results, similarly, for a case where the
Clearly, the equipartition model is working best when they s increase towards the bottom; note thap's in the upper

initial impulse itself is transmitted down the chain with equal layers are extremely smabf the order of, say, 10°), EPS

sharing of the energy between the leading layer and the next’ing'to be extremely small(10~3) in both models.

one in the chain. On the other hand, the curves are also If we let p's vary randomly, we get a combination of the
sryl/mmetrlc, on either side gf= O.5,daround thde mldvaIL:]e (?f effects discussed earlier and the model is sensitive to differ-
the respective ranges, i.e., around 0.25 and 0.75. The latt@hy reajizations of the random distributionwé, a desirable

symmetry is with respect to the initial growth rates. Thegeayre for a simple phenomenological model for a highly
curves are concaviiesser than average logarithmic growth poierogeneous medium such as soil. We have also checked

rate), in the initial stages, on the semilog plots DKQ'ZS_ our results with longer chains. It is clear that the cyclicity in
(p>0.75) and convex(larger than average logarithmic {he exchange model will change with the length of the chain:
growth raté for p>0.25 (p< 0._75). This symmetry is natu- o cyclicity is twice the length of the chain because we are
ral because of the symmetry introduced by the exchange Qf,\y monitoring the energy at one end. This introduces, for
roles betweerp and (1-p) asp is varied. We get the best eyample, a longer plateau length at each step of the staircase,
(approximat logarithmic growth, in the initial stages, for i, certain situations. HoweveE?S,, remains the same in the
p=0.25 p=0.75). . . case of a constarg across the layers. In the equipartition

In the exchange pase,_th%rse IS no S.U.Ch symmetry. [t is fase, EPS . does change slightly; however, the convexity
monotonous behavior WitrE™(t) requiring many more (concavity patterns in the plots, which depend on fheal-
cycles to saturate, the lower thevalue is, and saturating ues, are not changed, only they get more accentuated
faster, the higher the value is. In the latter case, if the Ir,1 summary, it can ’be stated that our 1D model is ronbust
v_alue s suffic_ier_nly highEE“SaX can be _attained alm_ost in the and, at the san,we time, sensitive to changes in the distributio1n
first cycle. This is understandable, since the und|spersed €13t p across the layers. The model qualitatively reproduces the
ergy bundles that trave| up and down the qham, but for th?ime evolution of average energy of the surface grains of a
losses at the two ends, are smalllargen in size whempis oo hjex  heterogeneous medium such as granular beds, fol-

smaller(largler). d ds the b dvi lowing the generation of a normal impulse at the bed surface.
We may letp decrease towards the bottom and vice Versaspg model promises to be a useful tool for further research

In the equipartition case, if we impose_ a Iine_ar_ glecre(ime on this important topic.
creasg the graphs are convdgoncave in the initial stages
and the variation in the amount of decrediserease shows

variation in convexity(concavity. This is due to the longer
presence of energy in the upper layers, with higlhawer) p The research has been supported by NSF CMS 0070055
values. Similarly, for the exchange model as well, steepeand by Sandia National Labs.
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