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Guided modes in negative-refractive-index waveguides
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We study linear guided waves propagating in a slab waveguide made up of a negative-refractive-index
material, the so-calleteft-handed waveguidéNe reveal that the guided waves in left-handed waveguides
possess a number of peculiar properties such as the absence of the fundamental modes, mode double degen-
eracy, and sign-varying energy flux. In particular, we predict the guided wavesawdipole-vortex structure
of their Poynting vector.

DOI: 10.1103/PhysRevE.67.057602 PACS nuniherd1.20.Jb, 42.70.Qs, 78.20.Ci

Recent experimental demonstration of novel compositdace waves at both interfaces of the slab. Therefore, it is
materials with a negative index of refractifh] opens up a important to study the properties of surface waves at the
unique possibility to design novel types of devices wherenterfaces between the negative-refraction and conventional
electromagnetic waves propagate in a nonconventional wajnaterials. So far, only the frequency dispersion of surface
The history of these materials begins with the paper by VeWaves at a single interface was analy7dad], and some
selagd 2], who studied the wave propagation in a hypotheti_mOO!es of a sla_lb waveguide were calculated numerically for
cal material with simultaneously negative dielectric permit-Particular medium parametefs1]. _ _
tivity e and magnetic permeability.. Such media are In this paper, we study the structure and basic properties
usually termed aseft-handed materialssince the electric ©Of electromagnetic waves guided by a left-handed wave-
and magnetic fields form a left set of vectors with the waveduide. In order to emphasize the unusual and somewhat ex-
vector. Already back in 1968, Veselago predicted a numbePtic properties of such waves, we compare them with the
of remarkable properties of waves in left-handed materialsguided waves of conventional planar dielectric waveguides.
including negative refraction. However, the structures with'Ve reveal that the guided modes in left-handed waveguides
both negativee and . have not been known until recently, differ dramatically from conventional gmdgd waves, and
although materials with negative dielectric permittivity are they possess a number of unusual properties, including the
known (e.g., a metal below the plasma frequency absence of the fundamental modes, double degeneracy of the

The study of microstructured metallic materials for mag-modes, the sign-varying energy flux, etc. In particular, we
netic resonance imaging] has shown that such structures pre<_j|ct the existence of different types of guided waves with
can be described in terms of effective magnetic permeabilitf dipole-vortex structure of the energy flux and the corre-
that becomes negative in the vicinity of a resonance freSPonding Poynting vector. o
quency. It was expected that mixing the composite materials e consider a symmetric slab waveguide in a conven-
with negative magnetic permeabilifg] with those possess- tional planar geometrysee, e.g., the top left inset of Fig.
ing negative dielectric permittivity4] would allow us to ()] Inageneral case, a slab of the thicknessgmade up
create a different type ahetamaterialswith a negative in- ©f @ material with dielectric permittivitye, and magnetic
dex of refraction. Indeed, both numerical simulatipisand ~ Permeability..,, which both can be negative or positive. We
experimental result§1,6] confirmed that such left-handed @ssume that the surrounding medium is right handed, and
(or negative-index refractiormaterials can readily be fabri- therefore itis characterized by both positiwgand u,. It is
cated. well known that a slab waveguide made up of a conventional

One of the first applications of the negative-refraction ma-(right-handedi dielectric material withe,>0 andu,>0 cre-
terials was suggested by Pendiij}, who demonstrated that a ates a nonleaky waveguide for electromagnetic waves, pro-
slab of a lossless negative-refraction material can provide ¥ided the refractive index of a slab is higher than that of the
perfect image of a point source. Although the perfect imagéurrounding dielectric medium, i.eepu,> €1u1. However,
is a result of an ideal theoretical model used in Réf, the  in the following, we demonstrate that this simple criterion
resolution limit was shown to be independent of the wave£annot be applied to the waveguides made up of a left-
length of electromagnetic wavébut can be determined by handed material.
other factors such as loss, spatial dispersion),etad direct To be specific, below we describe the properties of the TE
numerical simulationg8] indicate that the resolution limit guided modes in which the electric fielidis polarized along

can be better than that of a conventional lens; however, thi1ey axis. A similar analysis can be carried out for the TM
problem is still under intense investigatif®. modes. From Maxwell's equations, it follows that stationary

The improved resolution of a slab of the negative- TE modes are described by the following scalar equation for
refraction material can be explained by the excitation of surthe electric fieldE=E,:
PP W 1 du d

L L cou-—2E ZlE=0, )
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The parametek, becomes purely imaginary for “slow
________ T waves,” when the propagation constdnexceeds a critical

: value; such waves resemble surface waves in metal films
[12]. Then, it is convenient to present Ed) in an equiva-
lent form using the notatior,=ik,,

(L) = — 22 (el ptant ol ). )
M2

Following a standard analysisee, e.g., Ref{13]), we
consider the parameter plank,(,«L), and also extend it
by including the imaginary values &, using the auxiliary
parameter planexL,«4L). In Figs. Xa) and Xb), we plot
the dependencies described by the left-hé&ddshed and
right-hand(solid) sides of Eqs(4) and(5), using the param-
eter

K,

1
Ip,7 (kL)% + (KoL )?=L*(w?/c®)(eouo— €11)=p.  (6)

FIG. 1. A comparison between the conventiofal and left- . .
handedb) guided modes of a slab waveguide. The dashed and soIiJJf1 Figs. 1a) and 1b), three dashed lines])—(3), correspond

curves correspond to the left- and right-hand sides of the dispersioff different slab waveguides having the same ratidu,.
relations in Eqgs.(4) and (5), respectively. Intersections of these The intersections of a dashed curve with solid curves indi-

curves indicate the existence of guided modes. Three dashed lin&&ite the existence of solutions for guided modes. We present

in each plot correspond to waveguides with different parameter§esults for a conventionatight-handed waveguide in Fig.
p1>p,>ps, but the fixed ratiqu,/u,. Insets show the waveguide 1(3), in order to compare them directly with the correspond-

geometry and the transverse profiles of the guided modes. in(%)dependencies for a left-handed slab waveguide in Fig.
1(b).
wherew is the angular frequency of the field. First of all, the analysis of Eqs4) and (5) confirms the
The guided modes are stationary solutions of @g.of well-known result that a right-handed slab waveguide can
the form only support fast guided modes, which exist when the wave-
guide core has a higher refractive index than its cladding,
E(x,z2)=Eq(x)e", (2) e, for e;up,>e€1us. In this case, there always exidise

fundamental guided modevhose profile does not contain
where realh is the wave propagation constant aBg(x) is zeros. The conventional waveguide can also support higher-
the spatially localized transverse profile of the mode. Substiorder modes, their number depends on the valp&?2r.
tuting Eq.(2) into Eqg. (1), we obtain an eigenvalue problem These various regimes of the mode guiding are presented in

that possesses spatially localized solutions for Fig. 1(a) by different dashed lines.
The properties of the left-handed slab waveguides are
w2 found to be very different. First, such waveguides can sup-
k3=h?— — €1141>0, (3)  port slow modes, and they are either symmetnicde less
c

or antisymmetric(one zerg. Such solutions represeim-

) _ ) phaseor out-of-phasebound states of surface modes, local-
because only in this case the mode amplitude decays awgyed at two interfaces between right and left media. In the
from the waveguideEq(x) ~exp(—«i/x)). conventional case of both positive and x, such surface

We solve the eigenvalue problem in each of the homogeyayes do not exist, however, they appear when the magnetic
neous layers, and then employ the corresponding boundagyeymeability changes its sigfor the TE polarization Thus,
conditions following from Eq(1). As a result, we obtain the pe guided modes can be supporteddnth low-index and
dispersion relations that define a set of allowed eigenvalUeﬁigh-indexleft-handed slab waveguides.

h, Second, the conventional hierarchy of fast modes disap-
pears. Specificallyi) the fundamental node-less mode does
(reyl)= iﬂ(kzL)tanﬂ(kzL), 4) qot exist at all (i) the first—qrder mode gxists only i'n a par-
M2 ticular range of p, and it always disappears in wide
waveguides whem exceeds a critical value, andi) two
where (+) and (=) correspond to the symmetric and anti- modes having the same number of nodes can coexist in the
symmetric guided modes, respectively, and, same waveguide. We illustrate some of these nontrivial fea-
=[(w?/c?) e, —h%]Y2 Whenk, is real, the corresponding tures in Fig. 1b).
modes can be identified as “fast waves,” since their phase Frequency dispersion of the guided waves in the left-
velocitiesw/h are larger than the phase velocity in an homo-handed waveguides should be studied by taking into account
geneous medium with the sanag and u,. the dispersion of botle, and u,, since this is an essential
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FIG. 2. Frequency dispersion curves for the three lower-order s, S~ 4
guided modes of the left-handed slab waveguide 2 cm). Insets ™ ol | N
show the characteristic mode profiles. Prd . | \Y Mb)_-
. . . 0 0.1 0.2 0.3 0.4
property of such materialg2]. We consider the following L (cm)
frequency dependencies of the effective left-handed medium
characteristics, FIG. 3. Surface waves in a slab waveguide for the cgge,
<e g andu,<wq. Shown arga) the propagation constahtand
P 5 (b) the normalized energy fluR vs the slab thickness parameter
_ _ Solid and dashed lines correspond to strongly and weakly localized
=1-—£, =l-——-7, 7 . - ,
€2() w? pa(@) 02— w2 @ modes, respectively. Insets show the characteristic mode profiles.

0

where the parameters),/2m=10 GHz, wo/2m=4 GHz, ©<0) is opposite to that in_ the claddinwith w>0). This
and F=0.56. Our choice is motivated by the experimentaloccurS beca}use t_he _norrr]allzed wave vector component along
results. The region of simultaneously negative permittivitythe wayegwdeﬁh) IS fixed Ina guided modg according to Eq.
and permeability in this case ranges from 4 GHz to 6 GHZ_(2). An important information about the gwd_ed modes can be
Dispersion curves for the first three guided modes in a slafXtracted from the study of the normalized energy flux
waveguide with the thickness parametter2 cm are shown F = (P1+P2)/([P|+[Pz[). This parameter is bounded,
in Fig. 2, where dashed curves correspond to fast modes al ﬁ|<1' P—1 when the mode is weakly. localized
solid curves to slow modes. We find that the fundamentaf!P1/>[P2|), whereasP<0 for modes that are highly con-
slow mode exists only at higher frequencies, whereas thined inside the left-handed slab. . .
second-order fast mode appears at lower frequencies. Both Ve have performed a detailed analysis of the slow guided
modes can have either positive or negative group-velocityn°des and identified following four distinct cases.
dispersion in different parameter regions. Properties of the () €2/2> €141, Mo K. Only odd mode exists below
first-order antisymmetric mode are different. The type of thisthe thresholdp< i/ u3. The corresponding critical value of
mode seamlessly changes from fast to slow as the wave nurif€ slab thickness. below which the odd mode exists is
ber grows. This transition occurs when the condiigr=0  found as

is satisfied, which is a boundary separating the two types of

modes, as shown in Fig. 2 by a dotted line. The high-order L _c M1 ®)

fast modes exist at the frequencies close to the resonant fre- T 0 e ey

quency atw=4 GHz.

In the left-handed materials, the electromagnetic waveghe energy fluxP is positive for all values of.. The modes
are backward, since the energy flux and wave vector have thgre forward propagating, i.e., the total energy flux along the
opposite direction$2], whereas these vectors are parallel inwaveguide is codirected with the wave vector.
the conventionalright-handedlhomogeneous materials. The (i) e,u,> €11, mo<u;. Even mode exists for all val-
energy flux is characterized by the Poynting vector averagedes ofp; odd modes can appear only when a threshold pa-
over the periodlT=2m/w and defined a$=(c/8m) REE  rameter value is exceedgst> 12/ u3. Accordingly, the criti-

X H*]. A monochromatic guided mode has, by definition, aca value(8) determines the lower boundary of the existence
stationary transverse profile, and the averaged energy flux iggion for odd modes. The total energy flux is negative for

directed along the waveguide only. It follows from Max- a|| L, and the modes are backward. The energy is mostly
well's equations and Eq2) that thez component of the |gcalized inside the slab.

energy flux is found a8,=c’hEg/8rou(x). (iii) €ypp<eimy, mo>pmi. Both odd and even modes
The total power flux through the waveguide core andexist at all values op andL, and the modes are forward.
cladding can be found asP,=/% S,dx and P; (iV) exmr<e€rpn1, mo<pmi. Only even modes exist below

=2["s,dx, respectively. We find that the energy flux dis- the threshold value op that can be found from Eq(5).
tribution for the waves guided along the left-handed slab isCharacteristic dependences of the wave number, and normal-
rather unusual. Indeed, the energy flux inside the Shdth ized power versus the slab width are shown in Figa) &nd
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waveguides. We calculate the Poynting vector averaged over
the period of the pulse carrier frequency, and present the
characteristic structure of the energy flow in Fig. 4. Due to
the unique double-vortex structure of the energy flow, most
of the energy remains localized inside the wave packet, and
it does not disintegrate. The group velocity is proportional to
the total energy flu?, and it can therefore be made very
small or even zero by a proper choice of the waveguide
parameters as demonstrated above. On the other hand, the
group-velocity dispersion, which determines the rate of pulse
broadening, can also be controlled. This flexibility looks very
promising for potential applications.

Finally, we note that recent numerical simulations demon-
strated that the phenomenon of the negative refraction, simi-
lar to that found for the left-handed metamaterials, can be

FIG. 4. (Color onling Structure of the Poynting vector field in a OPServed inphotonic crystalg8,14]. Although in this case
localized surface wave propagating along a left-handed slab.  the wavelength is of the order of the period of the dielectric
structure(and, therefore, the analysis in terms of the effec-
tive medium approximation is not justifigdwe expect that

3(b). For any slab thickness below a critical value, tWo gjmjjar mechanisms of wave localization will remain gener-
modes always coexist. One of the modes is forward angl”y valid.

weakly localized, but the other one is backward and more |, conclusion, we have described for the first time, to the

confined. When the slab width approaches the critical valugyast of our knowledge, guided waves in left-handed slab

the branches corresponding to different modes merge and ﬂWaveguides. We have demonstrated a number of exotic prop-

energy flux vanishes. In this special case, the energy flux€siies of such waves, including the absence of fundamental
inside and outside the slab exactly compensate each other,gdes and the sign-varying energy flux, and we have pre-

Since the energy fluxes are oppositely directed inside thgjcted the existence of the fundamentally different classes of
guided modes, it might initially seem that such waves caryijed waves with a vortex-type internal structure.
only be sustained by two continuously operating sources po-

sitioned at the opposite ends of the waveguide. Therefore, it We thank C. T. Chan and C. M. Soukoulis for useful
is important to understand whether wave packets of finitaliscussions, and D. E. Edmundson for assistance with
temporal and spatial extensions can exist in left-handedrig. 4.
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