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Nonlinear drift waves in electron-positron-ion plasmas
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It is suggested that low-frequency drift waves can play an important role in the dynamics of electron-
positron plasmas comprising some concentration of ions. In the electromagnetic case the drift wave couples
with the shear Alfve´n wave in an electron-positron-ion plasma. The drift wave frequency can be very low in
such plasmas depending on the concentration and density scale lengths of the plasma components. In the
nonlinear regime these waves can give rise to dipolar vortices in both electrostatic and electromagnetic limits.
The velocity of the nonlinear structure turns out to be different compared to the case of an electron-ion plasma.

DOI: 10.1103/PhysRevE.67.057402 PACS number~s!: 52.27.Ep, 52.35.Kt, 52.35.Mw
n
t o
uc
n

he
c
a

th
-
ce
ua
tr

en

e
o
t
ll

he

-

c
e
c

ic
r

io
s
nt
f
ed

at
as
th
n

ar
tic
n-

f
on

tud-
s in
ron
es.
fol-
o-

ay
ave
e

-
go

-
ast
ft

gly
es-
rift
tron-

on-
ant
in-

of
n-
ied

can

d in
-
e
the
The investigation of collective phenomena in electro
positron ~pair! plasmas in the past has been the subjec
studies dealing mainly with some astrophysical objects, s
as active galactic nuclei, early stage in the evolution of U
verse, as well as with pulsar magnetospheres~with extreme
physical conditions which include magnetic fields of t
magnitudes up to 108 T, and magnetic-field-aligned electri
fields of about 1010 V/m). In the pair plasma the plasm
frequencyvp is modified @1#, i.e., it is vp

252ve
2 , where

ve5n0e2/«0me , as well as some other quantities such as
Debye length, the Alfve´n velocity, etc. The other very impor
tant difference, in comparison to standard plasmas, is
tainly the annihilation process. In some astrophysical sit
tions the analysis of corresponding annihilation spec
allows for the estimate of the conditions in the environm
where the annihilation takes place. It can be shown@2# that
usually the pair plasma will last sufficiently long for th
collective interaction to take place; otherwise a process
creation of pairs is required to balance the annihilation ra
This is the situation in laboratory environments as we
where in fact the annihilation is not of much importance; t
annihilation time turns out to be of the order of 1 s at tem-
peratures of about 1 eV and the electron concentration
1012 cm23 @3#. As for the investigation of waves in pair plas
mas it started as far back as in 1978@4#. A review of standard
modes in a pair, unmagnetized and magnetized, plasma
be found in Ref.@2#. In laboratory conditions positrons ar
most efficiently accumulated from some radioactive sour
and then cooled to room temperature in a few seconds@3#.

Experimental studies and the corresponding analyt
modeling can be used for the understanding of physical p
cesses in astrophysical situations as well. In such situat
the presence of ions should be taken into account. Thi
clear bearing in mind the recent progress in producing a
hydrogen in laboratory conditions@5,6#. Various aspects o
the presence of ions in pair plasmas have been discuss
Refs.@7–12#.

Due to the presence of ions, low-frequency electrost
ion acoustic waves can exist in electron-positron-ion pl
mas. The nonlinear study of this mode has shown that
amplitude of density humps can reduce due to the prese
of positrons in electron-ion plasmas@8#. The effects of sta-
1063-651X/2003/67~5!/057402~4!/$20.00 67 0574
-
f
h

i-

e

r-
-

a
t

f
e.
,

of

an

e,

al
o-
ns
is
i-

in

ic
-
e
ce

tionary ions were incorporated into the study of nonline
coupling of low-frequency electrostatic and electromagne
waves in a strongly magnetized nonuniform electro
positron plasmas@9#. In Ref. @11#, the nonlinear dynamics o
drift-Alfvén waves in an inhomogeneous electron-positr
plasma with a small admixture of heavy ions has been s
ied. It has been shown that electromagnetic perturbation
the presence of heavy ions in a relativistic electron-posit
plasma can saturate into two-dimensional dipolar vortic
The vortices appear due to the vector nonlinearity that
lows from the convective derivatives in corresponding m
mentum equations.

In the case of standard electron-ion plasmas, vortices m
appear in the presence of a nonlinear electrostatic drift w
@13#. This is a low-frequency wave, in comparison with th
ion gyrofrequencyV i5eB0 /mi , wheremi is the ion mass,e
is electron charge, andB0 is the external magnetic field, with
the perpendicular~with respect to the magnetic field! wave
numberk' which is much larger than the parallel wave num
ber ki . Theory of drift waves has begun about 40 years a
by theoretical predictions@14,15# and experimental verifica
tions @16#, and has been developed intensively in the p
several decades@17–19#. The nonlinear electromagnetic dri
waves were studied in an electron-ion plasma long ago@18#.
The electron and ion mass difference, and correspondin
their slow and rapid response to the electric field in the pr
ence of a density gradient, is a typical feature of the d
wave. Therefore in equal mass plasmas, such as elec
positron~pair! plasmas, these waves do not appear.

In this study we show that the presence of ions in a n
uniform electron-positron plasma can introduce import
low-frequency phenomenon, the drift wave. Both the nonl
ear dispersion relation and the nonlinear wave structure
the electrostatic drift wave are modified in the electro
positron-ion plasma, similar to the ion acoustic wave stud
a few years ago@8#. The drift wave can also couple with
Alfvén waves and hence the electromagnetic drift waves
appear in the electron-positron-ion plasmas as well.

We consider an electron-positron-ion plasma embedde
a uniform magnetic fieldBW 05eW zB0, and having density gra
dient along thex axis. The background densities of all thre
plasma species obey the quasineutrality condition in
equilibrium:
©2003 The American Physical Society02-1
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ne0~x!5ni0~x!1np0~x!. ~1!

The perturbedEW andBW are written as

EW 52¹W f2
1

c

]Az

]t
eW z , BW 52eW z3¹W'Az , AW z5AzeW z .

Ampère’s law gives

¹W 3BW 5
4p

c
jW and j z'2

c

4p
¹'

2 Az .

The equation of motion for thej th species is

S ]

]t
1vW j•¹W D vW j5

qj

mj
EW 1

qjB0

mj
vW j3eW z2

1

njmj
¹W pj , ~2!

where j 5 i ,e,p. With the help of this equation, the perpe
dicular velocity components can be written as

vW'e'
c

B0
EW 3eW z2

cTe

eB0ne
eW z3¹W ne1vez

BW'

BW 0

, ~3!

vW'p'
c

B0
EW 3eW z1

cTp

eB0ne
eW z3¹W ne1vpz

BW'

BW 0

, ~4!

vW' i'
c

B0
EW 3eW z1

cTi

eB0ne
eW z3¹W ne1

c

B0V i
F ]

]t
1

c

B0
eW z

3¹W'f•¹W'1v jz

]

]zG¹W'f. ~5!

The charge conservation equation becomes

]

]t
~ni1np2ne!1¹W'•~nivW' i1npvW'p2nevW'e!1

]

]z S j z

e D50.

~6!

Using the quasineutralityni1np;ne and Ampère’s law, the
charge conservation equation yields

cni0

B0V i
dt¹'

2 f52
c

4pe
]z¹'

2 Az , ~7!

wheredt5]/]t1vW E•¹W and the ion continuity equation ca
be written as

dtni2
c

B0
~eW z3¹W ni•¹W'!f2

cni0

B0V i
dt¹'

2 f50. ~8!

The parallel equation of motion for electrons and positro
becomes

S ]

]t
1vW j•¹W D j z'

~ne01np0!

mc F2cdzf2
cT

e2
dzS np2ne

ne01np0
D

2S ]

]t
2

cT

eB0

eW z3¹W ni0

ne01np0
•¹W DAzG ~9!

or
05740
s

S ]

]t
1N0v0*

]

]yDAz5lep
2 dt¹'

2 Az2cdzS f2
T

e
N0

ni

ni0
D .

~10!

Here N05ni0 /(ne01np0), dz5]/]z1(¹W'Az3eW z•¹W')/B0 ,
v0* 5cTuk i u/eB0, and k i52dni0 /ni0dx, lep

2 5c2/(vpe
2

1vpp
2 ) with vpe

2 54pne0e2/m, and vpp
2 54pnp0e2/m. In

deriving these equations we have takenTe5Tp as a natural
condition for the equal mass particles and ignored the pa
lel velocity of ions and the temperatureTi , while VW E•¹W'

@v jz]z has been assumed. Note thatVW E5cEW 3eW z /B0 is the
electric drift.

In the linear domain, perturbations proportional
exp@i(kyy1kzz2vt)# are assumed. From Eqs.~7!, ~8!, and
~10! we obtain the linear dispersion relation of electroma
netic drift waves in the electron-positron-ion plasma as

S v22
N0vv*

aep
2

vA
2rs

2ky
2

aep
Dv5

vA
2

aep
~v2N0v* !, ~11!

wherev* 5v0* ky , vA
25vA

2kz
2 , andvA

25B0
2/(4pni0mi). For

N051 andaep511le
2k'

2 , with le
25c2/vpe

2 , Eq. ~11! will
become the linear dispersion relation for the case of p
electron-ion plasma.

Now we look for traveling solutions that are stationary
the reference framej5y1az2ut, which moves with the
velocity u. Nonlinear equations~7!, ~8!, and~10! can be writ-
ten, respectively, as

D̂f¹'
2 f̄52

vA
2

cu
aD̂A¹'

2 Āz , ~12!

D̂fF ni

ni0
2S v0*

u
1rs

2¹'
2 Df)G50, ~13!

and

caD̂AF S N0v0* 2u

ca DAz1S f2N0

ni

ni0
D G50. ~14!

Here f̄5ef/T, Āz5eAz /T, D̂f5$]j1C(]xf]j

2]jf]x)/MB0%, and

D̂A5H ]j1
1

aB0
~]xAz]j2]jAz]x!J .

The D̂f and D̂A operators satisfy the relation

D̂fS f2
u

ac
AzD5D̂AS f2

u

ac
AzD . ~15!

The trivial solution of Eq.~13! yields

ni

ni0
5

v0*

u
f̄1rs

2¹'
2 f̄.
2-2
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Using the above relation forni /ni0 in Eq. ~14!, we can ob-
tain as a trivial solution, the following relation:

¹'
2 f̄5G0S Āz2

ca

u
f̄ D , ~16!

where

G05
1

N0rs
2 S N0v0* 2u

ca D .

Equations~12!, ~15!, and~16! yield

D̂AF¹'
2 Āz2P0S Āz2

ca

u
f̄ D G50.

HereP05cuG0 /vA
2 , and its solution can be written as

¹'
2 Āz2P0S Āz2

ca

u
f̄ D5 f ~Āz1aB0x!. ~17!

The functionf 5 f (Āz1aB0x) for simplicity can be assume
to be linear such thatf 5C1(Āz1aB0x), whereC1 is a con-
stant. Equations~16! and ~17! yield

¹'
4 f̄1b¹'

2 f̄1df̄2C1aB0x50, ~18!

where

b5S ca

u
G02P02

C1

G0
D and d52

ca

u
C1 .

To find the solution of Eq.~18! we divide the space by a
circle of radiusr 0, and search for solutions independently
the outside (r .r 0) and the inside region (r ,r 0).

In the outside region, to avoid growing solutions, w
chooseC150, and Eq.~18! becomes

¹'
4 f̄2b1

2¹'
2 f̄50, ~19!

whereb1
25caG0 /u2P0. Its solution is

f̄out~r ,u!5@A1K1~b1r !1A2 /r #cosu, ~20!

whereA1 andA2 are arbitrary constants andK1 is the modi-
fied Bessel function. It should be noted thatb1 .0 for C1
50, which is the condition for the localized solution.

For the inside solution, thex dependence should be take
into account as well. For this purpose we takeC1Þ0. The
linear combination of the solutions of homogeneous a
nonhomogeneous parts of the equation gives

f̄ in~r ,u!5FA3J1~b2r !1A4I 1~b3r !1
C1aB0

d
r Gcosu,

~21!

where

b2,3
2 5 1

2 @Ab224d6b#,
05740
d

with the conditiond,0. HereJ1 andI 1 are the ordinary and
modified Bessel functions, respectively.

We can find the corresponding vector potential from E
~16! as

Āz,out~r ,u!5F 1

G0
S b1

21
G0ca

u DA1K1~b1r !

1
G0ca

ur
A2Gcosu, ~22!

and

Āz,in~r ,u!5F 1

G0
S 2b2

21
G0ca

u DA3J1~b2r !

1S b3
21

G0ca

ur DA4Gcosu. ~23!

The arbitrary constantsA1 ,A2 ,A3 ,A4 are to be found from
the corresponding continuity conditions forf̄,] rf̄,¹2f̄, and
for Ā,] r Āz ,¹2Āz at r 5r 0. The solutions presented by Eq
~20!–~23! are for the case of electromagnetic drift waves.

In the electrostatic limit, we ignore the electron and po
itron inertia, i.e., they follow the Boltzmann distribution
Then we have

ne5ne0 expS ef

Te
D , np5np0 expS 2

ef

Tp
D . ~24!

The quasineutrality in the perturbed state yields

ni5ne0~x!expS ef

Te
D H 11a0 expF2S 11

Te

Tp
Def

Te
G J ,

~25!

where a052np0 /ne0. The ion equation of motion, along
with the Eqs.~24! and ~25!, yields

S ]

]t
1

c

B0
eW z3¹W f•¹W D FT

e
ln ni01S 112

np0

ni0
D f 2rs

2¹2fG
50, ~26!

which is a modified Hasegawa-Mima equation@13#. In de-
riving Eq. ~26! we have again assumedTe5Tp . From Eq.
~26! we obtain the linear dispersion relation for electrosta
drift waves in the electron-positron-ion plasma as

v52
cs

2ky

V i

ni08

ni0

1

112
np0

ni0
1rs

2ky
2

[
cs

2ky

V ini0S 112
np0

ni0
1rs

2ky
2D ~ne08 2np08 !, ~27!

or
2-3



-
u
m
ar
lim
an

th
es
e
o
th

m
e

a

n-

c

of
u-

an
the
on
h a
ro-
rd
tes

n.

g
ode.

he

t as
e
m-
o-
uch
ns
ther

BRIEF REPORTS PHYSICAL REVIEW E67, 057402 ~2003!
v5
v*

S 112
np0

ni0
1rs

2ky
2D ,

wherecs
25T/mi , rs5cs /V i , and the prime denotes deriva

tives in thex direction. In standard two-component quasine
tral plasmas, the drift frequency is determined by the plas
density gradient; here, however, the drift frequency can v
depending on the gradients of the plasma species. In the
ne08 →np08 , the frequency goes to zero. Physically, the me
ing of the right hand side of Eq.~27! is clear bearing in mind
that the propagation of a drift wave is closely related to
density gradient, as well as to mobility of lighter particl
~electrons and positrons! along the magnetic-field lines. Th
perturbation of density is proportional to the perturbation
electrostatic potential, which causes the ion oscillation in
perpendicular~to the wave vector! direction. However, the
light particles are of the opposite sign and with the sa
mass~i.e., mobility! that will influence the magnitude of th
potential perturbation, and consequently the ion motion
well. In the absence of positrons Eq.~27! reduces to the
well-known dispersion relation of the drift wave in the sta
dard electron-ion plasma.

The localized solution of Eq.~26! for the outer region
(r .r 0) can be written in terms of the modified Bessel fun
tion K1(r ) as

fout~r ,u!5Q1K1~l1r !cosu, ~28!

whereQ1 is the integration constant and

l1
25

2v0* 1S 112
np0

ni0
Du

urs
2

.0. ~29!
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The inner solution (r ,r 0) turns out to be

f in~r ,u!5FQ2J1~l2r !1
l1

21l2
2

l2
2

ruB0/cGcosu, ~30!

where J1 is the Bessel function, andQ2 and l2
2 are new

constants of integration that should be, together withQ1,
determined from physically justified continuity conditions
the solution at boundary of the circle, i.e., from the contin
ity of f, ¹W f, and¹2f.

In conclusion, we have studied the drift waves in
electron-positron-ion plasma. It is important to note that
low-frequency drift waves do not occur in electron-positr
plasmas. However, a small concentration of ions in suc
system can introduce these low-frequency fluctuations p
vided that the density is nonuniform. In the standa
~electron-ion! plasma case the electrostatic vortex propaga
with the velocity that exceeds the phase speedv0* of the
linear mode, or the propagation is in opposite directio
Here, we see from the condition of localized solutions~29!
that it is satisfied even ifu5v0* . Otherwise we find thatu
.v0* /(112np0 /ni0), i.e., the magnitude of the propagatin
speed can be less than the phase speed of the linear m
The frequency of the drift mode can be very small in t
electron-positron-ion plasmas ifne08 →np08 . In this situation
some higher-order effects should be taken into accoun
well, such as the parallel ion motion, which will introduc
the ion acoustic wave dynamics. Thus the drift-wave dyna
ics may be of importance for the wave propagation in lab
ratory pair plasmas as well as in astrophysical objects. S
plasmas support low-frequency drift-wave-type fluctuatio
as long as ions are present. Therefore, we believe that fur
study in this direction should be interesting.
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