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Direct observation of homoclinic orbits in human heart rate variability
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Homoclinic trajectories of the interbeat intervals between contractions of ventricles of the human heart are
identified. The interbeat intervals are extracted from 24-h Holter ECG recordings. Three such recordings are
discussed in detail. Mappings of the measured consecutive interbeat intervals are constructed. In the second
and in some cases in the fourth iterate of the map of interbeat intervals homoclinic trajectories associated with
a hyperbolic saddle are found. The homoclinic trajectories are often persistent for many interbeat intervals,
sometimes spanning many thousands of heartbeats. Several features typical for homoclinic trajectories found in
other systems were identified, including a signature of the gluing bifurcation. The homoclinic trajectories are
present both in recordings of heart rate variability obtained from patients with an increased number of arrhyth-
mias and in cases in which the sinus rhythm is dominant. The results presented are a strong indication of the
importance of deterministic nonlinear instabilities in human heart rate variability.
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[. INTRODUCTION [15,17,18) and that the origin of these fluctuations is not
fully understood. The character of the heart rate variability is
Since its first description by Shilnika\i,2] in 1965, ho-  important for medical diagnostics and especially for the pre-
moclinic chaos, in which competition occurs between severatliction of the risk of sudden cardiac death. Consequently, a
unstable states including a saddle focus or a hyperbolitarge research effort has been made to establish that the
saddle, remains of interest. Chaos of this kind has beemource of the fluctuations is due to stochastic phenomena
found in many systems, notably in hydrodynamic instabili-[18] or that they are due to nonlinear instabilities in a deter-
ties [3], in chemical reaction§4], in the dynamics of food ministic system[19,20. One spectacular approach was the
chaing[5], in laser dynamic$6—8|, and in spiking phenom- application of a modified OGY algorithm to the control of
ena[9]. The gluing bifurcation is also a characteristic featureheart rate variability both in animal heart preparations as
of homoclinic chao410,3]. Synchronization in homoclinic well as in human$21]. Recently, however, these results as
chaos has been recently achieved—pursued mainly in theroof of the deterministic origin of heart rate variability have
context of systems of neuroh$1,12. The paper by Postnov been disavowed by the work of Christini and co-workers
et al.[12] discusses coupled van der Pol oscillators as modf22,23, where it was found that the control algorithm works
els of neurons. It was found that the interaction of the trajecjust as well for a system with noise and without a fixed point
tory of the system with a hyperbolic saddle close to theat all.
homoclinic bifurcation may lead to a dephasing of synchro- We have often founfi24—26 that, in a three-dimensional
nization. Van der Pol oscillators have been used since 192projection in delay coordinates with the Takens delay equal
[28] to model the interaction of the natural pace-maker structo two heartbeats, the phase trajectory of the RR intervals is
tures within the human healthe sinus and the atrioventricu- dominantly of two forms. In most healthy individuals, the
lar node. RR intervals form a spiral trajectory repeatedly approaching
The outstanding feature of homoclinic chaos is that thehe focus and diverging from it at an oblique angle. Such
shape of the trajectories is very regular but the first returrbehavior is well known in systems where motion around a
times (the time between subsequent crossings of a Poincasaddle focus occur@ompare, e.g[,9,8]). When the average
section may fluctuate strongly13]. Consequently, return heart rate changes, the focus shifts; but, otherwise, the topol-
time maps are considered a tool of choice for the analysis odgy of the trajectory remains the same. A crosslike shape,
homoclinic chao$14,8]. which we initially called radial behavior, was found to be
An electrocardiogram tradd 5] is a recording of the elec- associated with the pathological rather than the healthy heart
trical activity of the heart from electrodes on the surface ofrate variability. It may, however, also be found in some indi-
the body. It is composed of repeating shapes that do natiduals considered to be healthy. It is the purpose of this
differ much from each other over long periods of time. Thepaper to examine in detail the latter kind of RR interval
shape of the trace is so typical that the extrema of the repeatrajectory using two-dimensional mappings. We examine
ing spikes have been assigned the letRer®), R, S andT  three chosen cases of 24-h recordings of the heart rate vari-
with the P peak associated with the contraction of the hear@bility (RR interval time serigsin different patients. These
atria and theR peak is associated with that of the ventricles. datasets were chosen as representative but we have found the
The RR interval then is the time between heartbeats. The RBhenomena discussed below in mdoyer a hundredother
interval may also be treated as the time of flight betweercases. We show that, if one investigates the second or fourth
Poincaresections of the trajectory of the full ECGee, e.g., iterates of the RR interval map, homoclinic trajectories asso-
Fig. 4.4.6 in Ref[16]). It is well known that the heart rate ciated with flip saddles may be found—in some cases lasting
fluctuates (a phenomenon called heart rate variability many thousand heart beats. We find three different types of
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these homoclinic trajectories and discuss whether the exis- 2500
tence of such dynamics may be associated with arrythmia

only or can be a signature of the properties of the sinus T 2000
rhythm. The sinus node is the natural pacemaker of the heart. =
The findings of this paper are a strong indication of the im- =2
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portance of nonlinear instabilities in heart rate variability =
processes. c
£ 1000
14
o

Il. DATA
500

Heart rate variability data were extracted from 24-h RRRRNREREEEEEREEREEy nE s
Holter device ECG recordings USing the 563 Del Mar Avion- 0 20000 40000 60000 80000100000
ics system at the National Institute of Cardioldyyarszawa, RR interval index
Poland. All data were checked by a qualified cardiologist:
normal beats were detected, artifacts were deleted, and ar-
rhythmias were recognized. The data were sampled at 2
Hz except for an older recording CH), which was sampled
at 128 Hz. The true error of automafiepeak discrimination We focus on a portion of the recording depicted in Fig.
may be much larger than the nominal sampling error due t@—it can be seen that Iarge excursions of the RR interval
the distorted morpho]ogy of the QRS Comp|ex in Severe]y i||value are interspersed with a low variance heart rhythm. In
patients_ Then the error may be as |arge as 30 ms. fact, LCH is one of the two recordings that inspired the

In over a hundred of the recordings in our database, hosearch for type-I intermittency in heart rate variabiligy].
moclinic orbits were found. For this study, three demonstralet us examine in detail how does a given RR interval map
tive 24-h ECG recordings were chosen. onto the next one. Figure 3 depicts a sequence of 260 evo-

The patient LCH exhibited an extreme number of arrhyth-lutions of the system starting at RR interval index
mic beats(over 70% during the 24-h recording. The stan- =76400 and presented as the map RR{) vs RR(). It
dard deviation of the RR intervals was very lar@86 ms can be seen that the data points form a trajectory resembling
but we have shown elsewhef&5] that, in fact, the data @ period-3 orbit with noise or what seems to be drift along
contain predominantly periodic orbits. It is the nature ofthe diagonal interposed on it. This drift spans om200 ms
these orbits which is the focus of the present paper. along the diagonal and is consistent with all our earlier ob-

The patient NRGLL had atrial flutter—a heart rhythm in servation§24,26,23 that—for a given person—the topology
which periodic electric activity at the atria occurs with a Of the trajectory of the RR interval in delay coordinate space
varying conduction to the ventricles. The RR intervals, instays constant for very long periods of the time. It is only the
this condition, often appear as multiples of the basic periodenter of gravity of the trajectory that moves along the diag-
of atrial activity. onal reflecting the change of average heart rate. In Fig. 3 it

The patient SWK was characteristic: the standard deviacan be seen that the RR intervals left the periodic trajectory
tion of heart rate variability was extremely Io{5.6 mgand  for only 3 out of the 262 evolutions shown.
there were less than 1000 ventricular arrhythmic beats in 24 To understand better the nature of the trajectory of RR
h. This is then a case of sinus rhythm with a decreased hedfttervals for this case, we will examine the second iterate
rate variability. (Fig. 4). The 262 RR intervals form a cross-shaped trajectory

with some of the RR intervals close to the diagonal. Only
when one patiently follows through the evolution of the tra-

FIG. 1. 24-h long recording of heart rate variability for the LCH
se: RR intervals as a function of the interval index.

IIl. RESULTS AND DISCUSSION jectory in Fig. 4, it becomes evident that it is formed of a
For each case, we examined the two-dimensional map-
pings of RR({+ 7) versus RRi). i is the RR interval index 1600

and 7 denotes the iterate of the map. We changdm 1 to

6 for all cases studied but the most interesting results were
obtained for the second and the fourth iterate of the RR in-
terval maps.

The first case we examine here is that of patient LCH—
since deceased. In the 24-h ECG recording, over 70% of
heartbeats were due to ventricular arrhythmia. The complete
heart rate variability record is presented in Fig. 1. It has been
shown elsewherg25] that this patient—in spite of an ex- 400
tremely large variance of the RR interval286 ms—
exhibited period-3 orbits for the best part of the 24-h record- [TrTrprTTrp T v e
ing (with only occasional occurrences of period-5 or higher 76200 76400 76600 76800 77000

. h . RR interval index
orbits; there were also some narrow periods of the time of
extremely low variance but with an irregular heart jate FIG. 2. Short fragment of the data in Fig. 1.
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FIG. 3. Return map of the data in Fig. 2. FIG. 5. Afragment of the trajectory of Fig. 4: RR interval index
i =76 400-76 477. The arrow marks the last point.

single, somewhat noisy hyperbolic saddle point to which the

trajectory returns repeatedly. Figure 5 dep|cts_ the f|r_st_par_t O?art of the phase space, the trajectory will become affected
the trajectory associated with the saddle point—originatin

. : . : the stable and unstable manifolds repeatefig. 7 for
at a location very close to the fixed point and ending at the”” . S
arrow (RR inde>)</i:76 400-76 477)? Twelve homogclinic i=76510-76 650). The case of LCH is special in the sense

branches of the trajectory may be seen in this figure. Th hat this patient exhibited an extremely large standard devia-

width of the spread of the location of the points on the diag- |otn Oft thedheart rat_eé28t6|ms; F'%' 1tbet thet avsrzge h_ez(ijrt f
onal is less than 80 ms. rate stayed approximately constant for extended periods o

Figure 6 depicts the next sequence of events startirig att|m)e (the 24-h average of the RR intervals was equal to 832

=76477 and ending &=76510. At the bggmmng of this . The homoclinic trajectory discussed in Figs. 4—7 was
sequence, the average heart rate drops slightly and the trajec

tory remains close to the diagonal. This behavior has all theOund throughout the LCH recording and it is very common

features of a slightly noisy nodal poift9 data points with in the recordings of heart rate variability examined by our
standard deviation 28.5 mgradually drifting upwards along group. Whenever it occurred for the LCH case, the position

. : . ) f the saddle shifted by less than50 ms and it was ob-
the diagonal. Then, in a region that lies at the lower border o gined in the range of RR interval length between 650 and

the saddle seen in Fig. 5, again trajectories along portions 9000 ms. The most often obtained position was at 720-750

the unstable and stable manifolds are seen with just tW(r)ns, at 900 ms and at 1020 ms. In particular, at the latter

branches of the homoclinic orbit. At the end of the sequence . . . : .
(filled arrow in Fig. 6, the trajectory lands above saddle position, the saddle point was obtained for indéxetween

. . . . 77760 and 80680 with its position fixed at 1020 ms
point and is allowed to linger close to the diagonal for sev-_ 40 ms
eral heartbeats. In the time that follows, until a major change™ '

f the average heart rate occurs so that the system leaves this
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FIG. 6. The next fragment of the trajectory of Fig. 4: index

FIG. 4. Second iterate of the map in Fig. 3: the RR interval =76 477—76 510. The lower arrow marks the beginning and the
indexi changes from 76 400 to 76 650. upper arrow marks the end.
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FIG. 9. The second iterate of the map of RR intervals ifor
=2640-2880. The trajectory may be the result of a gluing bifurca-
tion: note the lack of data points on the diagonal.

FIG. 7. The last fragment of the trajectory of Fig. 4: indiex
=76510-76 650. The saddle point shifts by aba80 ms.

Two other homoclinic orbits were found in the LCH re- _ _ _ _ _
cording. One was obtained uniquely for RR intervals be-of orbit may occur at a gluing bifurcatio.g., compare Fig.

tween i =8400 andi=10150 for the map RR(4) vs 4 of Ref.[10]) In our measurements, it was obtained rarely
RR(i). It is a much more complex homoclinic trajectory. In and only for much shorter periods of time than the other two
Fig. 8, which depicts a fragment of this trajectory for RR kinds found for the patient LCH.
intervals from the range of the index from 8930 to 9030, the All unstable fixed points discussed up to now have been
stable and unstable directions of the saddle point may bef the flip saddle kind. Although this kind of saddle seems to
distinguished but the evolution between these manifolds i®€ the easiest to find in heart rate variability time series, it is
more complex than discussed before. In the whole range, iRot always the case. Figure 10 depicts 250 consecutive RR
which this kind of homoclinic trajectory was found, the po- intervals projected as a second iterate map for the patient
sition of the saddle point was fixed between 900 and 950 m$NRGLL who had permanent atrial flutter. It can be seen that
The third kind of homoclinic trajectory was found only at the trajectory of the system remains on one side of the fixed
the beginning of the recording. Figure 9 depicts a particuf0oint moving along the unstable and the stable direction con-
larly long example of this kind—obtained for RR interval secutively(note the enlarged scale of Figs. 10 and 11 bglow
index i =2640—2880. It can be seen that the trajectory conand that the position of the saddle point remains stable
tains three rotations of a period-3 orbit but otherwise thewithin =25 ms. Such a shape of the trajectory may occur
image is consistent with a hyperbolic saddle situated at 728bove the gluing bifurcatioitsee Fig. 4 of Ref[10]). The
+25 ms. The important difference in Fig. 9 as compared to
the homoclinic orbits discussed above is that, in this case, 1000 — p
there are no RR intervals that land at the diagonal. This type

1600 — .
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1000 —
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600 —

T 1 T 1 T T 1 600 700 800 900 1000

400 600 800 1000 1200 1400 1600 RR(i) [ms]
RR() [ms]

RR(i+2) [ms]

RR(i+4) [ms]

FIG. 10. Second iterate of the RR interval m@a0 intervaly
FIG. 8. The fourth iterate of the RR interval map for for the NRGLL case. Another example of a possible result of the
=8930-9030. This is a fragment of a 1750-interval-long trajectory.gluing bifurcation.
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800 — . that they interact with at least a third oscillator—the barore-
ceptor systenquite possibly there may be as many as nine
interacting oscillators in the whole system if one also con-
siders the various areas of the heart that may be a source of
arrhythmia. In addition, we have the moderating effect of
the autonomic nervous system on the properties of the heart
rate. We are dealing with a very complex system.

One question that should be discussed in the context of
the results of our measurements is whether one may interpret
the trajectories as a persistent saddle point in spite of the fact
that the system—at least in principle—is nonstationary. After
all, the Holter ECG is a portable device and the subjects were
free to follow their daily activities and were not constrained

RR(i+2) [ms]
l

400 e LI B e o e O S to some well definedstationary behavior. Assuming that
400 500 600 700 300 one may judge by the properties of a single van der Pol
RR(i) [ms] system, we made a simulation using the XPP systa#j

with the modified van der Pol system of R¢L2]. In this

FIG. 11. Homoclinic trajectory for a castSWK) with sinus  model, it is possible to change the position of the stable

rhythm (9500 consecutive intervals, i.e., 1.5 h node, of the hyperbolic saddle, and the properties of the limit
cycle in a wide range. Moreover, the position of these points

kind of behavior depicted in Fig. 10 is also very commonmay be set to a large degree independently. In our simula-
among the different heart rate variability cases studied by oution, the position of the saddle point was modified harmoni-
group. cally with the time at a frequency 1.5 times the natural limit

All instances of homoclinic orbits discussed above havecycle frequency of the oscillator. The amplitude of the mo-
been obtained in cases where different kinds of arrhythmigion of the saddle was chosen in such a way that the saddle
were abundant. However, saddle points may be obtainegepeatedly approached the limit cycle stopping just before
also—if somewhat more rarely—for cases of prevalent sinushe homoclinic bifurcation occurred. If the bifurcation would
rhythm. The patient SWK was special: the standard deviatiomave had occurred, the state point would have moved from
of the heart rate was extremely lo\6 mg and there were the limit cycle to the stable nod&2]. The time between zero
less than 1000 ventricular arrhythmic beats during 24 h. Anctrossings was determined for each movement around the
yet a well formed homoclinic orbit associated with a Jimit cycle and a mapping of these times was constructed. It
period-2 flip saddle may be found in this case for long peri-was found that the limit cycle is stable against such paramet-
ods of the time. Figure 11 depicts an example—found for RRic perturbation. In the third iteration of the mapping, a node
interval indexi = 1-9500(note the changed scale of the fig- drifting back and forth along the diagonal was obtained. This
ure). It can be seen that the position of the saddle itselimotion of the node is equivalent to a change in the frequency
fluctuates by not more thar 30 ms, which is within the of the limit cycle. In this simple model, we did not obtain a
upper bounds of the error of the automatic heart rate varidestabilization of the limit cyclgwhich should lead to a
ability analysis algorithm of the Holter device. Thus, for a saddle visible in the mappifgNote, however, that, occa-
long time (the 9500 RR intervals corresponded to about 1,5sionally, in our measurements there also appears a node slid-
h) the saddle point remained at one position. Hor ing along the diagonal. We stress that the only reason we
=9500-10440, a fixed pointa nod¢ slowly drifting up-  made the simulation was to see if the van der Pol system—a
wards along the diagonal was obtained and for good candidate for use in future modeling of our results—
=10440-19 952 again the same homoclinic orbit as seen iwill yield a behavior structurally stable under such a para-
Fig. 11 was obtained. Note that, during this long time, in thismetric nonstationarity close to the homoclinic bifurcation.
case the saddle point drifted between 550 ms and 670 m3he model used in the simulation is, however, much too
Similar behavior was obtained also for31350-33369, simple to provide results fully resembling what we see in our
34 000-55 00@saddle point at 550—650 m$H5000—-73 650 measurements.
(saddle point at 650—750 msWithin i=73650-101257 a In the past, attempts have been made to find stable and
fixed point was found drifting between 650 and 750 ms andunstable manifolds in heart rate variability—notably Ref.
finally, for i=101257 till the end of the recording at [21] and references therein. The main differences between
=127 928 again a homoclinic orbit was found. Within this the results published earlier and our results are the following.
time the saddle point drifted frors 700 ms to a position at (1) Other authors endeavored to find the stable and un-
about 570 ms. stable directions based on just a small number of evolutions

We do not have a model that reproduces the type of beef the system while here we show many hundreds or even
havior presented above. The van der Pol oscillator and itthousands of occurrences of consecutive, repeated behavior,
modifications have been used in the pg28—31] to model  which is found to be extremely persistent in the time.
the properties of the sinoatrial node and of the atrioventricu- (2) To our knowledge, no other group tried to look for
lar node. There seems to be a consensus among physiologifiteed points in higher-order mappings of the RR intervals—
that these nodes may be treated as coupled oscillators atftey restricted themselves to RR(1) vs RR().
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IV. CONCLUSIONS well known that arrhythmiger seis not always malignant
and not in all the cases does it lead to cardiac afiest to

fror'\r/:atflz %isiigst?lcems“iﬁ;fzci Itﬂtrig/arﬁﬂeedrs:gls oghsalﬁgztg:ggi sudden death Whether the presence or the absence of ho-
y moclinic orbits as well as their stability or instability is the

cases were exa”.“”ed- Homoc!lnlc orbits assqmated with se\fhodulating or the determining factor, is a subject for future
eral different period-2 and period-4 hyperbolic saddles wer esearch

found.. Pr_evalently, these hype_rbollc saddle. pom_ts Were O The existence of homoclinic orbits and the very little
the flip kind and features typical for a gluing bifurcation

were obtained in some cases. For a given patient, the phépread in the position of the saddle points for sustained pe-

nomena observed mav be heart rate dependent. as sad "Pds of time indicate the importance of deterministic insta-
oints were found to o{:cur repeatedly in E ecific ,ran es Oglﬁties in the heart rate regulation precesses. Note also that,
Fhe heart rate P y P 9 in view of the similarity of the morphology of the QRS com-

Although the hyperbolic saddle points may readily beplex from heartbeat to heartbeat—a similarity which is also

found in the heart rate variability of patients with arrhythmia, > important feature of oscillations in Shilnikov chaos—
. r1abiiity of p YIMIA, ¢ ure research work may show that the complete ECG is
the same kind of homoclinic orbit may be found in patients

with a dominantly sinus rhythm. This seems to be an impor-aISO a result of homoclinic trajectories.

tant finding. It indicates that the source of the variability of
the heart rate may be due to the instabilities of the sinus node
and the systems that control it. Arrhythmia seems to enhance
the ability of the system to form homoclinic orbits as it is  The authors are very grateful to L. Glass and D. Kaplan
much easier to find such a behavior in patients with arrhythfor inspiring discussions. This work was supported by KBN
mia. On the other hand, it is not only of purely physical butGrant No. 5 PO3B 001 21. A. Krawiecki is thanked for a
also of medical interest to investigate the relationship beeritical reading of this paper and K. Grudgki for making
tween arrhythmia and the presence of homoclinic orbits. It igshe simulation.
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