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Minimal renormalization without « expansion: Four-loop free energy in three dimensions
for general n above and belowTc

M. Strösser and V. Dohm
Institut für Theoretische Physik, Technische Hochschule Aachen, D-52056 Aachen, Germany

~Received 10 October 2002; published 22 May 2003!

We present an analytic four-loop calculation of the free energy in three dimensions within theO(n) sym-
metric w4 theory at infinite cutoff for generaln above and belowTc . It is shown that Goldstone singularities
arising at intermediate stages of the calculation cancel among themselves. The correlation length aboveTc and
an appropriately defined pseudocorrelation length belowTc are calculated analytically up to four-loop order for
generaln. The method of minimal renormalization at fixed dimensiond53 is used to determine the analytic
expressions for the four-loop series of the amplitude functions of the free energy, correlation length, and
specific heat above and belowTc in terms of the renormalized coupling. These expressions provide the basis
for future accurate Borel resummations of universal amplitude ratios characterizing the asymptotic critical
behavior and of crossover functions describing the nonasymptotic critical behavior. A brief application is given
by a variational calculation of the universal specific-heat amplitude ratiosA1/A2 and P5a21(12A1/A2)
and of the universal quantityRj

15j0
1(A1)1/d for generaln.
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I. INTRODUCTION

One of the important achievements of the renorm
ization-group~RG! theory is the identification of universalit
classes for the critical behavior of thermodynamic syste
@1,2#. Critical exponents, ratios of asymptotic amplitude
and scaling functions of thermodynamic quantities are p
dicted to depend only on the dimensiond of the system and
the numbern of components of the order parameter.

This unifying feature of bulk universality holds not on
for ideal systems with purely short-range interactions
also for real systems with subleading long-range interactio
such as fluids with van der Waals interactions. Universalit
not generally valid, however, for the sizedependent par
the scaling functions of confined fluids@3#. Even for systems
with purely short-range interactions, universality is not va
for the exponential large-distance behavior of the bulk ord
parameter correlation function in the asymptotic critical
gion aboveTc @4#.

Of fundamental interest is the critical behavior of the fr
energy densityf and the specific heatC. The goal of the
present paper is to present field-theoretical results for
amplitudes of these quantities above and belowTc for gen-
eral n in d53 dimensions, which provide the basis for im
proving the accuracy of the theoretical predictions for m
surable universal amplitude ratios and crossover function

We consider the Gibbs free energyf 6(t) per unit volume,
divided by kBT, at zero-ordering field and at the reduc
temperaturet5(T2Tc)/Tc above (1) and below (2) Tc .
It is expected that, for smallutu, the free energy can be de
composed as@5#

f 6~ t !5 f s
6~ t !1 f ns~ t !, ~1!

with the ‘‘singular part’’

f s
6~ t !52

A6

a~12a!~22a!
utu22a@11af

6utuD1•••# ~2!
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and the ‘‘nonsingular part’’

f ns~ t !5 f 01 f 1t2 1
2 Bt21O~ t3!. ~3!

In Eq. ~2! we have included the leading Wegner correctio
to scaling@6#. NearTc , the leading critical behavior of the
specific heat per unit volume, divided bykB , is obtained
from f 6(t) as

C6~ t !52
]2f 6

]t2
5Cs

6~ t !1Cns~ t !, ~4!

where

Cs
6~ t !5

A6

a
utu2a@11ac

6utuD1•••#, ~5!

Cns~ t !5B1O~ t !. ~6!

The specific heat is the most favorable candidate for a qu
titative test of the predictions of the RG theory. These p
dictions include the universality of the ratiosA1/A2 and
ac

1/ac
25af

1/af
2 @5,7#. This is of particular interest for the

d53, n52 universality class, where detailed experimen
tests of universality have been performed in the past@8# and
where new high-precision estimates are available from rec
experiments in space@9,10# and from numerical investiga
tions@11#. Additional experimental tests of universality alon
the l line of 4He are planned for future research@12#.

Equations~3! and~6! imply that, for negativea, the spe-
cific heat iscontinuousat Tc with a finite nonuniversal value

lim
t→01

C1~ t !5 lim
t→02

C2~ t !5Cns~0!5B.0. ~7!
©2003 The American Physical Society15-1
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To the best of our knowledge, however, there exists no g
eral proof in the literature on the continuity ofC6(t) for a
,0. On the contrary, on the basis of a field-theoretic R
analysis the possibility has been suggested@13# that, for a
,0, limt→01C1(t)5B1ÞB25 limt→02C2(t) correspond-
ing to a discontinuity of the specific heat atTc .

The nonuniversal amplitudes (A6)1/d have the dimension
of inverse lengths. AboveTc , an additional length scale i
provided by the~second-moment! correlation length

j15j0
1t2n. ~8!

In accord with the hypothesis of two-scale factor universa
or ‘‘hyperuniversality’’ @14#, however, RG theory@7,15# pre-
dicts a universal relation between the lengthsj0

1 and
(A1)21/d such that

Rj
15j0

1~A1!1/d ~9!

is a universal quantity. Together with the hyperscaling re
tion @1,2#

dn522a, ~10!

this implies that the singular part of the free energy in
correlation volume (j1)d

lim
t→0

f s
1~ t !~j1!d52

~Rj
1!d

a~12a!~22a!
, ~11!

is universal. There exists also a corresponding universal r
below Tc @5,7#.

In the field-theoretic RG calculations of universal amp
tude ratios, two different approaches have been used,~i! the
«542d expansion@16#, ~ii ! calculations at fixed dimensio
d53 @17#. Within these two approaches one can further d
tinguish between two types of renormalization:~a! the use of
renormalization conditions@18# and~b! the minimal subtrac-
tion scheme@19#. Part of the results for universal amplitud
ratios have been obtained within the« expansion@20,21# and
within the d53 approach using renormalization conditio
@22–28#. As an alternative approach, a combination of t
minimal subtraction scheme with thed53 approach, without
an « expansion, was proposed@29–31# and applied to vari-
ous universal amplitude ratios and amplitude functions@29–
37#.

While the field-theoretic calculations have been p
formed for critical exponents partially up to seven-loop ord
@28,38,39# and for amplitudesabove Tc up to five-loop
@27,32,35#, six-loop@22# and partially seven-loop@28,40# or-
der, considerably less is known for amplitudesbelow Tc . In
this case, five-loop@23,27,33# and partially seven-loop
@28,40# results are available only forn51 on the basis of the
five-loop expression for then51 free energy@23#. For the
important casen>2 there exist field-theoretic results only u
to two-loop@20,21,31,34# and three-loop@36,37# order. This
is due to the fact that analytic calculations belowTc for n
.1 are significantly more difficult than forn51 because of
the existence of both longitudinal and transverse fluctuati
of the order parameter. These difficulties are related to s
05611
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rious Goldstone divergences at intermediate stages of
perturbation theory unless an external ordering field is k
finite until the end of the calculations@34,36#. Even for n
51 the amplitude of the correlation length belowTc requires
nontrivial calculations at finite wave vector, which have
far been carried out only up to three-loop order@25,26#.

In the present paper we perform the next substantial s
by deriving the analytic perturbative expressions for t
Gibbs free energyf 2(t) and the specific heatC2(t) below
Tc up to four-looporder for generaln within theO(n) sym-
metric w4 theory. The starting point is the perturbative fou
loop expression of the bare Helmholtz free energy deriv
recently@41#. The desired information is the four-loop con
tribution to the amplitude functions off 2 andC2 in terms of
the renormalized coupling. We employ the method of co
bining @29,30# the minimal subtraction scheme with the ma
sive field theory at fixed dimensiond53, involving an ap-
propriately defined pseudocorrelation lengthj2 @31#. Our
approach has the advantage of being applicable both ab
and below Tc with the same multiplicative and additiv
renormalizations, unliked53 RG theories using renorma
ization conditions. At the two-, three-, and four-loop leve
this implies substantial simplifications in the analytic calc
lation of universal combinations of amplitude function
above and belowTc .

As a by-product we also obtainanalytic perturbative ex-
pressions forf 1(t), j1(t), andRj

1 at d53 for generaln up
to four-loop order, whereas the previous higher-loop res
@22,27,28,32,35,40# aboveTc were restricted ton51,2,3 in
numerical form. Our results aboveTc provide the basis for
predictingRj

1 for arbitrary n including the approach to the
exactly known@5,42# limit n→`.

Furthermore, we take up the question regarding the c
tinuity of C6 at Tc for a,0. We show thatC6 is continuous
at Tc for a,0 within the w4 theory at infinite cutoff in 2
,d,4 dimensions. This is at variance with Fig. 3~b! of Ref.
@13#. We note, however, that a more complete proof is
quired involving a RG treatment atfinite cutoff, since the
critical valueB of C6 is nonuniversal and depends on th
cutoff procedure.

Our analytic four-loop results forf 6(t), j6(t), and
C6(t) are not restricted to the asymptotic critical region b
contain sufficient information to derive the nonasympto
contributions of the Wegner expansion~at infinite cutoff!.
This information can also be used for quantitative studies
nonasymptotic critical behavior and of the crossover betw
critical and noncritical behavior by means of a nonlinear R
analysis@43,44#.

Since the loop expansions of thew4 theory are not con-
vergent it is necessary to use resummation techniques.
recent reviews see Refs.@45,46#. Two methods are available
~i! Borel resummations@22,23,27,28,32,47# and ~ii ! order-
dependent mapping and variational approach@48–55#. An
application of these methods to our four-loop results inclu
ing a careful determination of error bars is the next import
step, which is beyond the scope of the present work and
partially be performed in a separate paper@47#.
5-2
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Here we confine ourselves to a brief application of t
variational approach to estimateP5a21(12A1/A2) and
Rj

1 for generaln, without an estimate of error bars. Ou
variational four-loop results are close to the experimen
@9,10# and numerical results@11# and Borel resummation
@22,23,27,32,33,35–37,47#. The Borel-resummed result ofP
for n52 of the most recent work@47# is based on the four
loop series of the present paper and is more accurate tha
most recent numerical estimate forP within the three-
dimensionalXY model@11#, the high-precision experimenta
result forP near the superfluid transition of4He @9,10#, and
the Borel-resummed values based on earlier three-loop s
@35,37#. Our four-loop variational estimates also improve t
corresponding variational estimates@55# based on our earlie
three-loop results@36#.

The outline of our paper is as follows. In Sec. II w
present the analytic four-loop expression of the bare He
holtz free energy of theO(n) symmetricw4 theory for gen-
eral n in three dimensions near the coexistence curve be
Tc . Section III serves to provide the analytic perturbati
relations between the bare correlation lengths and the t
perature variable above and belowTc up to four-loop order.
The bare Gibbs free energy in the limit of vanishing order
field is calculated up to four-loop order in Sec. IV. The ren
malized version of the theory is presented in Sec. V, wh
the power series of the amplitude functions of the spec
heat and the correlation lengths are given up to four-lo
order. In Sec. VI the results of Sec. V are applied to
asymptotic critical region. A variational calculation of un
versal amplitude ratios for generaln in three dimensions is
presented in Sec. VII. The Appendixes contain import
complementary information.

II. BARE HELMHOLTZ FREE ENERGY

We consider the standard Landau-Ginzburg-Wilson fu
tional

H5E
V
ddxF1

2
r 0w0

21
1

2 (
i

~“w0i !
21u0~w0

2!22h0•w0G ,
~12!

r 05r 0c1a0t, t5~T2Tc!/Tc ~13!

for a d-dimensional system of volumeV with an
n-component fieldw0(x)5„w01(x), . . . ,w0n(x)… in the pres-
ence of the homogeneous external fieldh05(h0 ,0, . . .,0).
The spatial fluctuations ofw0(x) are restricted to wave num
bers less than a cutoffL. A factor 1/kBT is absorbed inH.
The Gibbs free energy per unit volume~divided bykBT) is

F0~r 0 ,u0 ,h0 ,L!52V21ln E Dw0exp~2H!. ~14!

For a comparison with experiments, a ‘‘background’’ Ham
tonianHB(T) must be added to Eq.~12!, which describes the
effect of degrees of freedom other thanw0(x) and contrib-
utes an additive regular part
05611
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f B5HB /V5 f 0
B1 f 1

Bt2 1
2 CBt21O~ t3! ~15!

to F0. Additional fluctuation-induced regular terms are co
tained in F0 as will be discussed below. We shall alwa
consider the bulk limitV→`. The Helmholtz free energy
per unit volumeG0 is obtained fromF0 via the Legendre
transformation

G0~r 0 ,u0 ,M0 ,L!5F0~r 0 ,u0 ,h0 ,L!1h0M0 , ~16!

where M0(r 0 ,u0 ,h0 ,L)5^w01&52]F0 /]h0 is the order
parameter~magnetization!. The perturbative expression o
G0 is given by the mean-field term minus the sum of t
one-particle irreducible vacuum diagrams. The structure
the analytic expression is~apart from an unimportant addi
tive constant that can be absorbed intof 0

B)

G0~r 0 ,u0 ,M0 ,L!

5
1

2
r 0M0

21u0M0
41

1

2Ep

L

ln~ r̄ 0L1p2!

1
1

2
~n21!E

p

L

ln~ r̄ 0T1p2!

1 (
b52

4

u0
b21X0

(b)~r 0 ,u0 ,M0 ,L!1O~u0
4!,

~17!

where*p
L[(2p)2d*Lddp means integration up toupu5L.

The terms u0
b21X0

(b)(r 0 ,u0 ,M0 ,L) represent the two-,
three-, and four-loop contributions with longitudinal an
transverse propagatorsGL(p)5( r̄ 0L1p2)21 and GT(p)
5( r̄ 0T1p2)21, where

r̄ 0L5r 0112u0M0
2 , r̄ 0T5r 014u0M0

2 . ~18!

The two- and three-loop diagrams ofX0
(2) andX0

(3) have been
presented in Fig. 1 of Ref.@36#. The topology of the various
vacuum diagrams of the four-loop contributionX0

(4) is shown
in Fig. 1. There are~i! 12 types of diagrams (a–l ) that are
multiplicatively constructed from one-, two-, and three-lo
diagrams and~ii ! 14 topologically true four-loop vacuum
diagrams (A–N). The specification of the propagators~ei-
ther longitudinal or transverse! in A-N leads to 92 diagrams
of the type~ii !.

A. Mass shift and overall subtraction

We are primarily interested in the universal amplitude
tios A1/A2 andRj

1 . They are independent ofL, therefore
we aim at a calculation ofG0(r 0 ,u0 ,M0 ,`) in the limit L
→` using the prescriptions of dimensional regularizatio
Accordingly we use the critical parameterr 0c in the dimen-
sionally regularized form@57#

r 0c~u0 ,«!5u0
2/«S~«!, ~19!
5-3
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FIG. 1. Topology of vacuum diagrams in four-loop order det
mining the contributionX0

(4) to the Helmholtz free energyG0, Eq.
~17!. ~i! Four-loop graphs constructed from multiplication of lowe
order diagrams,~ii ! topologically true four-loop graphs. After spec
fication of the propagators~longitudinal or transverse! one obtains
the following numbers of different diagrams: 6~A!, 5 ~B!, 6 ~C!, 8
~D!, 8 ~E!, 10 ~F!, 3 ~G!, 6 ~H!, 7 ~I!, 7 ~J!, 5 ~K!, 9 ~L!, 6 ~M!, 6
~N!, thus a total number of 92 four-loop diagrams of the type~ii !.
05611
where the functionS(«) is finite for «542d.0 except for
~simple! poles atdl5422/l , l 52,3, . . . . Near d5dl , the
structure ofr 0c is

r 0c~u0 ,«!5u0
2/«F cl~n!

«22/l
1S̃l~«,n!G , ~20!

where S̃l(«,n) has a finite limit for«→2/l . The pole atd
53 has the coefficient@34#

c2~n!5
n12

p2
. ~21!

We do not use, however, the mass shiftr 02r 0c with r 0c in
the form of Eqs.~19!–~21!. As explained in earlier work
@23,34#, we use, neard53, the simpler mass shift

r 08~u0 ,«!5r 02dr 0~u0 ,«!, ~22!

dr 0~u0 ,«!5u0
2/«Fc2~n!

«21
1C~n!G . ~23!

Here the function S̃2(«,n) has been replaced by th
d-independent constant

C~n!5
n12

p2 S 12g1 ln
4p

9
22ln24D , ~24!

whereg is Euler’s constant. The parameterdr 0 contains the
d53 pole of r 0c but not the poles ofr 0c at dlÞ3. For the
choice of C(n) we refer to Ref.@34#. @The description in
terms ofr 08 is only an intermediate step. The final results f
the amplitude functions and amplitude ratios do not dep
on the particular choice ofdr 0 and of C(n) @30#, since the
perturbation series will be expressed in terms of the corr
tion length.# Correspondingly, instead ofr̄ 0L andr̄ 0T , we use
the longitudinal and transverse parameters

r 0L5r 08112u0M0
2 , r 0T5r 0814u0M0

2 . ~25!

We are primarily interested in the singular part of the te
perature dependence of the free energy atd53. Therefore it
is justified to subtract fromG0, regular contributions tha
consist of a term independent ofr 0 and a term linear inr 0
2r 0c . In the limit L→` these terms are divergent ford
.2. In addition,G0 contains a cutoff-dependent contributio
proportional to (r 02r 0c)

2. We denote this fluctuation
induced regular contribution by

2 1
2 Bcr~L!t2. ~26!

The coefficientBcr(L) has a finite~nonuniversal! value

Bcr[Bcr~`! ~27!

in the limit L→` for d,4. ~This value will be given in Sec.
VI C.! All regular subtractions fromG0 that have a power-
law dependence onL are ignored within dimensional regu
larization. As far as the term linear inr 02r 0c is concerned,

-

5-4
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this is equivalent to settingf 15 f 1
B in Eq. ~3!. The

r 0-independent part ofG0 corresponding tof 0 in Eq. ~3!
contains a contribution in four-loop order@22,23# that has a
logarithmically divergent cutoff dependence atd53, which
appears as a pole in the dimensional-regularization sche
This four-loop pole contributionP4(u0 ,d) to G0 ~which
comes from diagrams of typeB in Fig. 1! reads

P4~u0 ,d!5u0
3 n~n12!~n18!

192p2~d23!
. ~28!

There exist no contributions tof 0 with d53 pole terms be-
yond four-loop order, as can be seen from dimensional a
ments. After substitutingr 05r 081dr 0(u0 ,«) into G0, we de-
fine the dimensionally regularized Helmholtz free energy
a function ofr 08 , u0, andM0 at d53 by

G° ~r 08 ,u0 ,M0!5 lim
d→3

@G0~r 081dr 0 ,u0 ,M0 ,`!2dG0~u0 ,d!#,

~29!

where the overall subtraction

dG0~u0 ,d!5P4~u0 ,d!1
n~n12!~n18!

192p2

3u0
3F12g1 ln p22 ln 242

21

p2
z~3!G

~30!

contains the d53 pole term ~28! and an additional
d-independent constant. Here we have chosen this con
so as to conform with the corresponding choice in the fo
loop free energy of Refs.@23,33# for the special casen51.
This is equivalent to settingf ns(0)5 f 05 f 0

B in Eq. ~3!. In
summary we have the following identifications:

lim
h0→0

G° ~r 08 ,u0 ,M0!5 f s
6~ t !2 1

2 Bcrt
2 ~31!

and

lim
h0→0

2
]2

]t2
G° ~r 08 ,u0 ,M0!5Cs

6~ t !1Bcr , ~32!

Cns~0!5B5CB1Bcr , ~33!

apart from cutoff-dependent contributions.

B. Result in four-loop order

Our four-loop result can be written as

G° ~r 08 ,u0 ,M0!5G° MF~r 08 ,u0 ,M0!1 (
b51

4

G° b~r 08 ,u0 ,M0!

~34!

with the mean-field term

G° MF~r 08 ,u0 ,M0!5 1
2 r 08M0

21u0M0
4 . ~35!
05611
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The contributions inb-loop order withb51,2,3,4 have the
form

G° b5 (
l 50

b21

(
k50

1

~21!k22 l 2kFblk~w̄,n!~24u0!32 l~M0
2! l

3F r 0L

~24u0!2G (42b22l )/2S ln
r 0L

~24u0!2D k

. ~36!

The crucial information is contained in the analytic expre
sion of the coefficientsFblk(w̄,n) in b-loop order, which
depend on the parameter

w̄~r 08 ,u0 ,M0!5
r 0T

r 0L
5

r 0814u0M0
2

r 08112u0M0
2

. ~37!

For our purpose of deriving the bare Gibbs free energy~Sec.
IV ! at h050 aboveTc and near the coexistence curve belo
Tc , it is not necessary to calculate the completew̄ depen-
dence of all coefficientsFblk(w̄,n). Above Tc at h050 we
haveM0

250 andw̄51. Because ofM0
250 there are no con-

tributions toG° with l .0. Thus, aboveTc , we need only the
coefficientsFb00 and Fb01 with l 50 at w̄51. Up to three-
loop order (b51,2,3) these coefficients are given in Eq
~11!–~16! of Ref. @36#. In four-loop order, the new coeffi
cientsFblk(w̄,n) with l 50 read, atw̄51 for generaln in
analytic form

F400~1,n!5
~4p!24

1728
n~n12!2S 1

3
~n12!14 ln

4

3D ,

~38!

F401~1,n!5
~4p!24

864
n~n12!S p2

6
~n18!22n24D .

~39!

For the special casen51, these analytic expressions agr
with the numerical values given in Table 2 of Ref.@23#,
Table 1 of Ref.@33#, and Table A.1 of Ref.@27#.

Below Tc, the parameterw̄ becomes a small quantity nea
the coexistence curve wherer 0T becomes small. If we em
ploy an expansion ofw̄ with respect tou0 at fixedr 08,0 and
at fixed smallh0 @compare Eqs.~82!–~86! of Sec. III#, we
obtain to leading order

w̄~r 08 ,u0 ,M0!5
1

~22r 08!
F h0

M0
13p21u0~22r 08!1/2G

1O„u0
2 ,u0~h0 /M0!1/2

…. ~40!

Thus, near the coexistence curve at finiteM0 below Tc , w̄
can be considered as a small parameter and it suffice
calculate only the leadingw̄ dependence ofFblk(w̄,n). The
coefficients up to three-loop order (b51,2,3) are given in
Eqs. ~11!–~20! of Ref. @36#. The new four-loop coefficients
near the coexistence curve belowTc read in analytic form for
generaln and for smallw̄
5-5
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F400~w̄,n!5
~4p!24

3456 H 18172 ln
4

3
1~n21!F2

w̄23/2

3
1S 4~n11!ln~4w̄!18~n12!ln

2

3
1n212n17D 1

w̄1/2
14~n11!

3S n112
p2

12
~n17! D ln w̄1

2p2

3 S n~n18!ln
2

3
115 ln 227 ln 3D1

2n3

3
12n2110n1

38

3

17~n2111n113!z~3!28~n213n15!ln 318~2n215n16!ln 21O~w̄1/2,w̄1/2ln w̄!G J , ~41!

F401~w̄,n!5
~4p!24

1728 H 9p22362~n21!F4~n12!

w̄1/2
14~n213n15!2~n2111n127!

p2

3
1O~w̄1/2,w̄1/2ln w̄!G J , ~42!

F410~w̄,n!52
~4p!24

2592 H L1~n!1~n21!F 1

w̄3/2
2

n22n11128~n21!ln 3

w̄1/2
1~n11!S 4~n12!2

p2

2
~n17! D ln w̄

1O~w̄1/2,w̄1/2ln w̄!G J , ~43!

L1~n!5361360 ln 5272 ln 32576 ln 2281S ln
3

4D 2

2162FLi2S 2
1

4D1Li2S 2
2

3D1Li2S 2
1

3D G2
81

2
p21324c41648J1,1

(1)

1648E11~n21!F ~32p2ln 3116 ln 2!n21X10

3
p21

51

2
z~3!227156 ln 2236 ln 32

11

6
p2ln 327p2ln 2

1
1

6
~ ln 3!322 polylogS 3,

1

3D1polylogS 3,2
1

3D Cn1
82

3
1

p2

2
2102 ln 31240 ln 21

167

2
z~3!138Li2S 2

1

3D
134Li2S 1

3D245~ ln 2!2133~ ln 3!2122~ ln 2! ~ ln 3!1
40

3
~ ln 3!31

37

3
p2ln 3232p2ln 22106 polylogS 3,

1

3D
126 polylogS 3,2

1

3D1144J1,1
(0)1X410G ~44!

5 1
4 ~12.989 945n32143.974 71n21986.035 48n2556.259 06!, ~45!

F411~w̄,n!52
~4p!24

648 H 91~n21!F2~n12!
1

w̄1/2
23~n11!1O~w̄1/2,w̄1/2ln w̄!G J , ~46!

F420~w̄,n!5
~4p!24

1944 H L2~n!2~n21!S 1

w̄3/2
1

3

w̄1/2F ~n11!ln w̄1
2n

3
2314n ln 216 ln

2

3G
2~n11!Fn152

p2

4
~n17!G ln w̄1O~w̄1/2,w̄1/2ln w̄!D J , ~47!

L2~n!5
27

4
2

567

16
p21243 ln

4

3
2

2673

4
Li2S 2

1

3D2243c11486c411944F11972A111944J2,1
(1)2~n21!H Fp2

4
2124 ln 2

1
p2

2
ln 3Gn21F173

144
p22

337

12
2

101

4
z~3!226 ln 216 ln 32

43

12
p2ln 3116c3119Xp2

2
ln 22

~ ln 3!3

12
1polylogS 3,

1

3D
2

1

2
polylogS 3,2

1

3D CGn1
1379

60
1

883

72
p22

433

4
z~3!2100 ln 31

2773

15
ln 2220Li2S 2

1

3D2
647

4
Li2S 1

3D
2

871

8
~ ln 3!21192~ ln 2! ~ ln 3!144p2 ln 22

121

6
p2 ln 32

62

3
~ ln 3!3243 polylogS 3,2

1

3D1167 polylogS 3,
1

3D

056115-6



MINIMAL RENORMALIZATION WITHOUT « EXPANSION: . . . PHYSICAL REVIEW E67, 056115 ~2003!
17c2116c32216~J2,1
(0)1J1,2

(0)!2X420J ~48!

5 1
4 ~216.464 99n3180.616 37n22125.3736n1256.6283!, ~49!

F430~w̄,n!52
~4p!24

1458 H L3~n!1~n21!F 1

3w̄3/2
2S ~n11!ln w̄1n1514n ln 216 ln

2

3D 1

w̄1/2
1~n11!S 12

p2

24
~n17! D

3 ln w̄1O~w̄1/2,w̄1/2ln w̄!G J , ~50!

L3~n!581 ln
4

3
2

27

2
p22

1053

4
Li2S 2

1

3D1243c41729J2,2
(1)11458D11162G11972H11~n21!F2S p2

16
1

p2

12
ln 3Dn2

1S 23

3
2

59

72
p214 ln 21

399

64
z~3!25c31

35

64
~ ln 3!32

13

4
p2 ln 21

419

192
p2 ln 32

105

16
polylogS 3,

1

3D1
105

32
polylog

3S 3,2
1

3D Dn1
643

45
1

817

144
p21

3489

64
z~3!1

493

15
ln 22

65

2
ln 32

26

3
Li2S 2

1

3D2
1183

12
Li2S 1

3D2
465

8
~ ln 3!2

1
152

3
~ ln 2!~ ln 3!1

613

64
~ ln 3!31

1285

192
p2ln 32

55

3
p2ln 222c215c31

543

32
polylogS 3,2

1

3D
2

1191

16
polylogS 3,

1

3D1162J2,2
(0)1X430G ~51!

5 1
4 ~26.082n3130.39n2120.87n21.4655!. ~52!
-

f
e

l

a

-

not

-

-

hat

es

eat

e
ap-

cial
we
The numerical values ofL1(n) –L3(n) in Eqs. ~44!, ~48!
and ~51! have been obtained using Eqs.~A1!–~A48! of Ap-
pendix A.

All other coefficientsF4lk vanish. The analytic expres
sions for the constantsc1–c4 , A1–H1 , X410–X430, andJm,n

(k)

and the definitions of the functionsz(n), Li2(x), and
polylog(n,x) are given in Appendix A.

A detailed derivation of the four-loop coefficientsF4lk is
given in Ref. @41#. The coefficients withk51 in Eq. ~36!
correspond to logarithms with respect to the couplingu0,
which, for «→1, arise from the nonanalyticu0 dependence
of dr 0, Eq. ~23!, as expected. Equations~34!–~52! are the
starting point of the present paper. They provide the basis
deriving the analytic form of the amplitude functions of th
Gibbs free energy and the specific heat for generaln above
and belowTc .

For the special casen51 there is no dependence ofFblk

on w̄. For this case, Eqs.~41!–~52! agree with the numerica
values given in Table 2 of Ref.@23#, Table 1 of Ref.@33#, and
Table A.1 of Ref.@27#. The terms proportional ton21 due to
the transverse order-parameter fluctuations depend non
lytically on r 0T throughw̄23/2, w̄21, w̄21/2ln w̄, w̄21/2, and
ln w̄. @Higher orders inw̄ such asO(w̄1/2) and O(w̄1/2ln w̄)
that yield a vanishing contribution in the limitw̄→0 have
been neglected in Eqs.~41!–~50! because they do not con
tribute to the specific heat forh0→0 belowTc .] It is obvi-
05611
or

na-

ous that at this stage of the perturbation theory it is

possible to seth050 in w̄, Eq. ~40!, since this would yield
nonanalytic dependences;u0

23/2,u0
21/2 of the coefficients

Fblk . The nonanalyticw̄ dependence will lead to perturba

tive contributions ofG° 4 to the Gibbs free energy, which di
verge when the coexistence curve is approached (T,Tc ,
h0→0). This is again the effect of the Goldstone modes t
was found previously in two-@34# and three-loop order@36#.
For O(n) symmetric quantities, however, such divergenc
should cancel among themselves@58#. This is indeed the
case, at least up to four-loop order, for thecompletepertur-
bative results of the Gibbs free energy and the specific h
as we shall see in Sec. IV.

III. CORRELATION LENGTHS

The bare perturbative expression~36! contains terms
~with k51) that have a logarithmic dependence onu0, as
expected@22,23,30#, because of the nonanalyticu0 depen-
dence ofdr 0, Eq. ~23!. In order to obtain Borel-resummabl
series, we shall rewrite the free energy as a function of
propriately defined correlation lengthsj1 and j2 @30,31#
that absorb the logarithmic terms, except for one spe
four-loop term to be discussed later. For this purpose
calculate the relation betweenr 08 and j6 up to four-loop
order in analytic form.
5-7
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A. Above Tc

AboveTc , the square of the~second moment! correlation
length is defined via

j1
2 5x° 1~0!]x° 1~q!21/]q2uq50 , ~53!

wherex° 1(q)215G0
(0,2)(q,r 0 ,u0) is the inverse susceptibil

ity at finite wave numberq. The two-point vertex function
G0

(0,2)(q,r 0 ,u0) is given by

G0
(0,2)~q,r 0 ,u0!5r 01q22S0~q,r 0 ,u0!, ~54!

where S0(q,r 0 ,u0) is the self-energy. The diagrammat
contributions toS0 up to two- and three-loop order hav
been given in Refs.@34,36#, respectively. The diagrammati
four-loop contributions are given in Appendix B. This dete
minesj15j1(r 0 ,u0 ,d) up to O(u0

4). The inverse function
has the power series@30#

r 0~j1 ,u0 ,d!5j1
22R01~u0j1

« ,«!

5j1
22F11 (

m51

`
bm~d!

12m«/2
~u0j1

« /«!mG ,

~55!

wherebm(d) are the expansion coefficients of the functio

P° 1~u0j1
« ,d!5S ]r 0

]j1
22D

u0

5 (
m50

`

bm~d!~u0j1
« !m. ~56!

The coefficientsbm(d) are finite ford53. They are known
up to m56 in numerical form forn51,2,3 @32#. Here we
r

05611
shall present their analytic form for generaln up tom54. In
order to subtract thed53 pole in Eq.~55!, we consider, for
r 0.0,

lim
d→3

@r 0~j1 ,u0 ,d!2dr 0~u0 ,«!#[r 08~j1 ,u0!, ~57!

wheredr 0(u0 ,«) is defined in Eq.~23!. From Appendix B
we obtain the functionr 08(j1 ,u0).0 up to four-loop order,

r 08~j1 ,u0!5j1
22H 11

n12

p
u0j11

n12

p2
~u0j1!2

3F 1

27
12 ln~24u0j1!G22b3~u0j1!3

2b4~u0j1!41O~u0
5j1

5 !J , ~58!

with the three-loop coefficient@36#

b35
n12

p3 Fl32
n

12
2

11

18G , ~59!

l35
43n1182

54
ln

3

4
1

4

3
~n18!FLi2S 2

1

3D1
p2

12G ~60!

and the new four-loop coefficient

b452
n12

p4 Fl41
2n2

27
1

1268

729
n1

1672

729 G , ~61!

with
l45
16

3
~5n122!S J1,1

(1)2
1

2
J2,1

(1)1J3,1
(1)1

3

4
E12

1

4
E181E19D2

1

27
~173n1178!FLi2S 2

1

4D1Li2S 2
2

3D1
1

2 S ln
3

4D 2G
1

1

9
~5n122!FLi2S 1

3D2Li2S 1

6D2
1

2
~ ln 2!2G14~n216n120!c41X32

27
ln

4

3
2

41

216
p22

32

9
Li2S 2

1

3D Cn2

1X2 70

27
p21

404

27
ln

3

4
1

797

36
ln

5

3
2

740

27
Li2S 2

1

3D Cn2
275

54
p21

104

3
ln

3

4
1

257

6
ln

5

3
2

1864

27
Li2S 2

1

3D . ~62!
For n51,2,3 the numerical values ofb4 agree with those
given in Table 2 of Ref.@32#. The analytic expressions fo
the constantsE18 andE19 are given in Appendix A.

We shall also need the function@30#

h° ~j1 ,u0 ,d!5r 0~j1 ,u0 ,d!2r 0c~u0 ,«!, ~63!

which differs fromr 08(j1 ,u0 ,d) only by a j1 independent
constant,
h° ~j1 ,u0 ,d!5r 08~j1 ,u0 ,d!1dr 0~u0 ,«!2r 0c~u0 ,«!.

~64!

For d→3 the functionh° reads

h° ~j1 ,u0 ,3!5r 08~j1 ,u0!1u0
2@C~n!2S̃2~1,n!#, ~65!

wherer 08(j1 ,u0) is given by Eqs.~58!–~62! and S̃2(1,n) is
defined in Eq.~20!.
5-8
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B. Below Tc

Below Tc we need to expressr 08,0 in terms of the
pseudocorrelation lengthj2 as defined in Ref.@31#. For the
procedure of obtaining the functionr 08(j2 ,u0 ,d),0 below
Tc from the known functionR01(u0j1

« ,«) aboveTc see also
Appendix A of Ref.@33# and Appendix A of Ref.@34#. This
yields the following analytic four-loop result forr 08,0 in
three dimensions,

22r 08~j2 ,u0!5j2
22H 11

n12

p
u0j22

n12

p2
~u0j2!2

3F1385

108
14 ln~24u0j2!G22ar3~u0j2!3

22ar4~u0j2!41O~u0
5j2

5 !J ~66!

with the three-loop coefficient@36#

ar352
n12

p3 F2l31
73

12
n1

4349

72 G ~67!

and the new four-loop coefficient

ar45
n12

p4 Fl41
43 145

6912
n21

16 374 535

93 312
n1

38 265 055

46 656

1
3

16
~3n2150n1244!z~3!1

p4

80
~5n122!G . ~68!

The numerical values ofar4 for n51, 2, 3 are

ar4534.5540703 ~n51!, ~69!

ar4554.9501255 ~n52!, ~70!

ar4580.5039152 ~n53!. ~71!

For n51, the numerical value ofar4 agrees with that given
in Table 2 of Ref.@33#.

Equations~58!–~62! and ~66!–~68! will be needed to ex-
press the free energy in terms ofj1 andj2 in Sec. IV and to
define Borel-resummable amplitude functions in Sec. V.

IV. BARE GIBBS FREE ENERGY

In order to calculate the specific heat we first need
derive the Gibbs free energy. According to Eq.~16!, the bare

Gibbs free energyF7 is determined by the bare Helmhol

free energyG° and the order parameterM0 as

F7 ~r 08 ,u0 ,h0!5G° „r 08 ,u0 ,M0~r 08 ,u0 ,h0!…2h0M0~r 08 ,u0 ,h0!.

~72!
05611
o

Above Tc at h050 it is straightforward to derive the pertur

bative expression ofF7 1 from Eq. ~34! for M050 up to
four-loop order as

F7 1~r 08 ,u0![G° ~r 08 ,u0,0!

52
n

12p
r 08

3/21
n~n12!

~4p!2
u0r 082

2n~n12!

~4p!3

3u0
2r 08

1/2Fn2628 ln
3

4
14 ln

r 08

~24u0!2G
1

8n~n12!

~4p!4
u0

3F ~n12!2

3
14~n12!

3 ln
4

3
1S 2n142

p2

6
~n18! D ln

r 08

~24u0!2G
1O~u0

4 ,u0
4ln u0! ~73!

for r 08.0. To obtain theO(u0
3) term we have used the new

four-loop coefficients, Eqs.~38! and ~39!. The terms up to
O(u0

2) are identical with the previous~corrected! three-loop

result forF7 1 @36#.
Below Tc one expects on general grounds@58# that the

Gibbs free energyF7 should be free of Goldstone singular
ties and that a finite limit

F7 2~r 08 ,u0![ lim
h0→0

F7 ~r 08 ,u0 ,h0! ~74!

should exist forr 08,0 and for generaln. Because of spurious

Goldstone singularities appearing in the four-loop termG° 4 of

the Helmholtz free energyG° (r 08 ,u0 ,M0), some care is nec
essary in deriving the correct perturbative expression

F7 2(r 08 ,u0) up to four-loop order corresponding t
O(u0

3 ,u0
3ln u0). The second term on the right-hand side~rhs!

of Eq. ~72! does not contribute in the limith0→0 at fixed

r 08,0. In the first termG° (r 08 ,u0 ,M0), it is necessary to sub
stituteM0(r 08 ,u0 ,h0) in an appropriate perturbative form.

In the following, we distinguish two types o
O(u0

3 ,u0
3ln u0) contributions to the Gibbs free energy:~i!

those that are obtained from the known Helmholtz free
ergy up to three-loop order@36# by substitutingM0 up to
sufficiently high order,~ii ! those that come directly from th

new four-loop termG° 4(r 08 ,u0 ,M0) of the Helmholtz free
energy withM0 replaced by its lowest-order form.

A. Contributions of O„u0
3
… from G° up to three-loop order

As far as step~i! is concerned we first consider the mea

field partG° MF and the one-loop partG° 1 of G° , Eqs.~34!–~36!,
5-9
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G° MF~r 08 ,u0 ,M0!1G° 1~r 08 ,u0 ,M0!

5
1

2
r 08M0

21u0M0
42

~r 08112u0M0
2!3/2

12p

2~n21!
~r 0814u0M0

2!3/2

12p
, ~75!

where we have usedF100(w̄,n) given in Eq. ~11! of Ref.
@36#. We shall show that in the perturbative form ofM0

2 to be
substituted into Eq.~75!, it suffices to keep the terms only u
to two-looporder in order to obtain the contributions of E

~75! to F7 2 up to four-loop order.
Unlike the last term on the right-hand side of Eq.~75!, the

square of the order parameter in the first three terms ca
substituted directly ath050, whereM0(r 08 ,u0 ,0)2 has the
expansion

M0~r 08 ,u0 ,0!25
~22r 08!

8u0
1

3

4p
~22r 08!1/21DM0

2 .

~76!

Here the leading contribution toDM0
2 is the two-loop term

@34#

DM0
252

u0

2p2
~n12!ln

~22r 08!1/2

24u0
1

u0

8p2

3@102n14~n21!ln 3#1O~u0
2 ,u0

2ln u0!.

~77!

Substituting Eq.~76! into the first three terms on the righ
hand side of Eq.~75! we get

1

2
r 08M0

252
~r 08!2

8u0
1

1

2
r 08F 3

4p
~22r 08!1/21DM0

2G , ~78!

u0M0
45

~r 08!2

16u0
2

1

2
r 08F 3

4p
~22r 08!1/21DM0

2G1
9u0

16p2
~22r 08!

1
3u0

2p
~22r 08!1/2DM0

21u0~DM0
2!2 , ~79!

2
~r 08112u0M0

2!3/2

12p
52

1

12p F22r 081
9u0

p
~22r 08!1/2G3/2

2
3

2p
u0F22r 081

9u0

p
~22r 08!1/2G1/2

3DM0
21O~u0

2@DM0
2#2!. ~80!

In the sum of Eqs.~78!–~80!, the terms ofO(DM0
2) and

O(u0DM0
2) cancel out, but the terms ofO(u0@DM0

2#2) and
O(u0

2DM0
2) contribute to the four-loop term ofF2(r 0 ,u0),

which is of O(u0
3 ,u0

3ln u0). This implies that in the sum
05611
be

1

2
r 08M0

21u0M0
42

~r 08112u0M0
2!3/2

12p

52
~22r 08!2

64u0
2

1

12p
~22r 08!3/22

9

16p2
u0~22r 08!

2
81

32p3
u0

2~22r 08!1/21
243

64p4
u0

31u0~DM0
2!2

2
27

4p2
u0

2DM0
21O~u0

4 ,u0
3DM0

2 ,u0
2@DM0

2#2!,

~81!

the two-loop part of the termDM0
2, Eq. ~77!, contributes to

F7 2 in four-loop order, but not the three-loop term ofDM0
2.

The last term on the right-hand side of Eq.~75! must not
be treated directly ath050 but requires an expansion o
(r 0814u0M0

2)3/2 in powers ofu0 at finite h0. The starting
point is the expansion

M0~r 08 ,u0 ,h0!25
2r 081x° T

21

4u0
1

3

4p
~22r 0813x° T

21!1/2

1
n21

4p
x° T

21/21DM0
2~h0!, ~82!

DM0
2~h0!5

u0

8p2 H ~n21!F6w1/21
3w

112w1/2

24 ln
112w1/2

3 G1102n19wJ
2

u0

2p2
~n12!ln

~22r 0813x° T
21!1/2

24u0

1O~u0
2 ,u0

2 ln u0!, ~83!

w5x° T
21~22r 0813x° T

21!21, ~84!

x° T5M0 /h0 , ~85!

as given in Eqs.~34!–~36! of Ref. @34#. Note that this ex-
panded form ofM0

2 is still an implicit equation forM0 as a
function of r 08 and h0. Here the leading contribution to
DM0

2(h0), Eq. ~83!, is of two-loop order. Equation~82! im-
plies

r 0814u0M0
25x° T

2114u0H 3

4p
~22r 0813x° T

21!1/21
1

4p

3~n21!x° T
21/21DM0

2~h0!J . ~86!

Substituting Eq.~86! into the last term of Eq.~75! and ex-
panding up toO(u0

3) yields
5-10
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2
n21

12p
~r 0814u0M0

2!3/252
n21

12p Fx° T
23/21

3u0

2p
x° T

21/2@3~22r 0813x° T
21!1/21~n21!x° T

21/2#1
3u0

2

8p2
x° T

1/2@3~22r 0813x° T
21!1/2

1~n21!x° T
21/2#22

u0
3

16p3
x° T

3/2@3~22r 0813x° T
21!1/21~n21!x° T

21/2#316u0x° T
21/2DM0

2~h0!

1
3u0

2

p
x° T

1/2@3~22r 0813x° T
21!1/21~n21!x° T

21/2#DM0
2~h0!G1O„u0

4 ,u0
3DM0

2~h0!,u0
2@DM0

2~h0!#2
….

~87!
y

nd

s

ed

of

ep
From the termu0x° T
21/2DM0

2(h0) we see that, for finiteh0

corresponding to finitex° T
21/2, the three-loop term of

DM0
2(h0) contributes to the four-loop free energ

F7 28 (r 08 ,u0 ,h0). In the limit h0→0, however, the term

u0x° T
21/2DM0

2(h) vanishes. In the last term on the right-ha

side of Eq.~87!, which is proportional tox° T
1/2u0

2DM0
2(h0), it

suffices to substituteDM0
2(h0) in two-loop order. This term
05611
diverges forx° T→`, in addition to other divergent term

;x° T
3/2 and;x° T

1/2 in Eq. ~87!. These divergences are cancel

by the higher-order contributionsG° 2 , G° 3, and G° 4 of the
Helmholtz free energy, after substitutingM0 in two-, one-, or
zero-loop order, respectively. Here we skip the details
these lengthy calculations. In summary, inserting Eq.~82!

into G° , Eq.~34!, up to three-loop order corresponding to st
~i!, leads to the contribution at small finiteh0 below Tc :
ur

ly by
G° MF1G° 11G° 21G° 35F7 2~r 08 ,u0! three-loop1
u0

3

~4p!4 H ~n21!F 36

w3/2
2

12

w1/2S n214114~n12!ln
22r 08

~24u0!2
28~n21!ln 3D G

2
8n4

3
1

8n3

3
2452n21

25 048

15
n2

6928

15
1~15n2163n1111!p211296c1248~n21!c2

12268Li2S 2
1

3D2324~n21!Li2S 1

3D216~n12!ln
22r 08

~24u0!2 F ~n12!ln
22r 08

~24u0!2
24~n21!ln 3

1n~n21!G2~64n2134n298!~ ln 3!2116~2n324n212n1135!ln 31
144

5
~37n2187!ln 2J

1O~w1/2,w1/2ln w,u0
4 ,u0

4 ln u0!, ~88!

where

F7 2~r 08 ,u0! three-loop52
1

64u0
~22r 08!22

1

12p
~22r 08!3/22

u0

~4p!2
~22r 08!F612~n21!ln 32~n12!ln

22r 08

~24u0!2G
1

u0
2

~4p!3
~22r 08!1/2F8

3
~11n17!2216c128~n21!c21

8

3
~31n195!ln 228 ~4n117!ln 3221~n21!

3F2Li2S 1

3D1~ ln 3!2G1
p2

2
~3n2111n25!154Li2S 2

1

3D116~n12!ln
22r 08

~24u0!2G ~89!

is identical with the previous three-loop result, Eq.~32! of Ref. @36#, where it was written in a slightly different form, see o
Eqs.~A54! and~A55!. In theO(u0

3) contribution of Eq.~88!, there are terms;w23/2 andw21/2 that would diverge in the limit
h0→0 at fixedr 08,0, sincew;O(h0) according to Eq.~84!. These Goldstone divergences, however, are canceled exact

the four-loop termG° 4 of the Helmholtz free energyG° obtained within step~ii ! of our calculation in the following section.
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M. STRÖSSER AND V. DOHM PHYSICAL REVIEW E67, 056115 ~2003!
B. Contribution of O„u0
3
… from G° 4

Substituting the zeroth-order termM0
25(4u0)21(2r 081x° T

21) into G° 4(r 08 ,u0 ,M0) we obtain the four-loop contribution a
small w

G° 45
u0

3

~4p!4 H k~n!1~n12!S 16n2248n11282
4

3
n~n18!p2D ln

22r 08

~24u0!2
1189p2210821008 ln 317776 ln 22972Li2

3S 2
1

3D23888c11~n21!S 2
36

w3/2
1

12

w1/2Fn214128~n21!ln 314~n12!ln
22r 08

~24u0!2G1
8

3
n3232n2 ln 3

1F4602
59

3
p2196 ln 3Gn2

44 684

45
2

3436

9
p22

28 688

5
ln 213338~ ln 3!21

16 412

3
Li2S 1

3D248c2D J
1O~w1/2,w1/2ln w,u0

4 ,u0
4 ln u0!, ~90!

wherew is defined in Eq.~84! and

k~n!5144F220 ln 519Li2S 2
1

4D19Li2S 2
2

3D1
9

2
lnS 3

4D 2

1216J2,1
(1)2162J2,2

(1)218c4236J1,1
(1)1108A12324D1236E1

1216F1236G12216H1G1~n21!H S 28z~3!22p21
8

3
p2 ln 2Dn21S 617

2
z~3!296c32

115

6
p2 ln 31

88

3
p2 ln 2

139F ~ ln 3!3

6
1polylogS 3,2

1

3D22 polylogS 3,
1

3D G Dn2
633

2
z~3!13296 ln 31360~ ln 2!22

14 608

3
ln 2 ln 3

2
165

2
~ ln 3!32

53

6
p2 ln 31

536

3
p2 ln 2263 polylogS 3,2

1

3D1558 polylogS 3,
1

3D21152J1,1
(0)13456~J1,2

(0)1J2,1
(0)!

28~648J2,2
(0)152c31X41022X42014X430!J . ~91!

We see that the same terms;w23/2 andw21/2 appear in Eq.~90! as in Eq.~88!, but with an opposite sign. The sum of Eq
~88! and ~90! yields the Gibbs free energy forr 08,0 up to four-loop order ford53

F7 2~r 08 ,u0!5F7 2~r 08 ,u0! three-loop1
u0

3

~4p!4 H L4~n!216~n12!ln
22r 08

~24u0!2 F ~n12!ln
22r 08

~24u0!2
12n2824~n21!ln 3

1
p2

12
n~n18!G J 1O~u0

4 ,u0
4lnu0!, ~92!

L4~n!5k~n!16481378p211152 ln 2411296Li2S 2
1

3D22592c11~n21!F S 82
14

3
p2164~12 ln 3!ln 3Dn

24672 ln 21
2024

9
2

2734

9
p21

15 440

3
Li2S 1

3D13240~ ln 3!2296c2G ~93!

532.16n31205.9n21404.9n1673.5. ~94!
,

m

gy
The terms ofO(w1/2) andO(w1/2lnw) in Eqs.~88! and ~90!

do not contribute to the free energyF7 2(r 08 ,u0) and to the

specific heat]2F7 2(r 08 ,u0)/(]r 08)
2 on the coexistence curve

because these terms vanish in the limith0→0 (w→0).
Therefore it was sufficient to evaluate most of the diagra
in Fig. 1 directly atr 0T50 (w50).
05611
s

It is straightforward to derive from the Gibbs free ener

F7 6(r 08 ,u0) the bare vertex functions G° 6
(1,0)(r 08 ,u0)

5]F7 6(r 08,u0)/]r 08 and G° 6
(2,0)(r 08,u0)5]2F7 6(r 08 ,u0)/(]r 08)

2.

The bare perturbation series ofG° 6
(2,0)(r 08 ,u0) up to four-loop

order is given in Appendix C.
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C. F& Á as a function of the correlation lengths

Equations~73! and ~88!–~92! contain logarithms of the
coupling u0 as expected because of the nonanalyticu0 de-
pendence ofdr 0, Eq. ~23!. Apart from one special four-loop
logarithmic term in Eq.~92! to be discussed below, thes
logarithms can be absorbed by expressingr 08 in terms of the
correlation lengthsj1 andj2 for r 08.0 andr 08,0, respec-
tively @30,31#. Substituting Eqs.~58!–~62! and ~66!–~68!
into Eqs. ~73! and ~92! yields the Gibbs free energy up t
four-loop order as a function ofj6 in d53 dimensions

F7 6~r 08~j6 ,u0!,u0!

5j6
23H (

m50

4

a6m
(G) ~u0j6!m211

n~n12!~n18!

96p2

3~u0j6!3 ln~u0j6!1O~u0
4j6

4 !J . ~95!

Above Tc , the analytic result is

a10
(G)50, ~96!

a11
(G)52

n

12p
, ~97!

a12
(G)52

n~n12!

16p2
, ~98!

a13
(G)5

n~n12!

8p3 F53

27
22 ln

4

3G , ~99!

with the four-loop coefficient for generaln
05611
a14
(G)52

n~n12!

3p4 F n

16
1

11

24
2~n18!S p2

12
1Li2S 2

1

3D D
1

43n1182

72
ln

4

3
2

p2

32
~n18!ln 24G . ~100!

Equations~96!–~99! agree with the corrected form of th

previous three-loop result forF7 1„r 08(j1 ,u0),u0… @36#. Be-
low Tc , the analytic result is

a20
(G)52

1

64
, ~101!

a21
(G)52

1

96p
~3n114!, ~102!

a22
(G)52

1

3456p2
@54n22737n23941432~n21!ln 3#,

~103!

a23
(G)5

1

3456p3 F179n223875n210 6262116 64c121134

3~n21!F2Li2S 1

3D1~ ln 3!21
8

21
c2G116~43n2

1547n11219!ln 228 ~97n21538n11174!ln 3

1~33n22183n2903!p2236~16n21160n

1175!Li2S 2
1

3D G , ~104!

with the four-loop coefficient for generaln
a24
(G)5p24H 32 772 763

331 776
2

645

256
p21

81

1280
p41

2673

256
z~3!1

301

24
ln

4

3
1

179

192
ln

5

3
2

2811

64
Li2S 2

1

3D1
9

32Fp2 ln 242~ ln 2!2

22Li2S 1

6D12Li2S 1

3D G1
21

8 FLi2S 2
2

3D1Li2S 2
1

4D1
1

2 S ln
3

4D 2G1
27

4
J1,1

(1)1108J2,1
(1)127J3,1

(1)2
729

8
J2,2

(1)2
243

16
c1

1
81

8
c41

81

4
@3A129D116F12G126H1#2

27

4
E18127E19J 1

n21

p4 H S 5129

110 592
2

151

6912
p21

37

256
z~3!1

25

144
ln

4

3

2
7

18
Li2S 2

1

3D1
p2

96
ln 481

c4

4 Dn21S 9 366 787

2 985 984
2

323

864
p21

p4

256
1

971

512
z~3!1

89

48
ln 22

665

1728
ln 31

797

576
ln 5

2
169

576
Li2S 1

3D2
563

108
Li2S 2

1

3D2
173

432FLi2S 2
2

3D1Li2S 2
1

4D G2
5

144
Li2S 1

6D2
2123

3456
~ ln 3!22

707

864
~ ln 2!21

173

216
~ ln 3!

3~ ln 2!1
13

512
~ ln 3!31

61

1536
p2 ln 31

11

24
p2 ln 21

39

256FpolylogS 3,2
1

3D22polylogS 3,
1

3D G2
1

16
c22

3

8
c31

9

4
c4

1
5

12
@4J1,1

(1)22J2,1
(1)14J3,1

(1)13E12E1814E19# Dn1
116 414 987

2 985 984
2

21 937

6912
p21

37

1280
p41

1785

512
z~3!2

869

72
ln 2
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1
10 901

1728
ln 31

437

64
ln 52

41 563

1728
Li2S 2

1

3D2
697

432FLi2S 2
1

4D1Li2S 2
2

3D G1
5675

288
Li2S 1

3D2
37

144
Li2S 1

6D
2

421

216
~ ln 2!22

6823

432
~ ln 2!~ ln 3!1

19 909

1728
~ ln 3!22

165

512
~ ln 3!31

379

1536
p2 ln 31

37

24
p2 ln 21

279

128
polylogS 3,

1

3D
2

63

256
polylogS 3,2

1

3D2
9

2
J1,1

(0)1
27

2
@J1,2

(0)1J2,1
(0)#2

81

4
J2,2

(0)1
37

12
@4J1,1

(1)22J2,1
(1)14J3,1

(1)13E12E1814E19#2
27

16
c1

2
1

2
c22

13

8
c31

41

4
c42

1

32
X4101

1

16
X4201

1

8
X430J . ~105!
-

e

s

n

of

s

l to
e-
d

iza
up

s
c-
-

me

n

ddi-
-
e

la-

e

The coefficients~101!–~104! agree with the previous three

loop result forF7 2(r 08(j2 ,u0),u0) in Eqs.~35!–~39! of Ref.
@36#, wherea23

(G) was given in a slightly different form, se
our Eqs. ~A54! and ~A55!. In numerical form, Eq.~105!
reads~up to five digits!

a24
(G)50.006 209 8n310.099 061n210.490 03n10.650 73.

~106!

The numerical value ofa24
(G) for n51 agrees with that given

in Table 2 of Ref.@33# for the first five digits. The remaining
logarithmic four-loop contribution ofO„u0

3 ln(u0j6)… in Eq.
~95! corresponds to that in Eq.~3.15! of Ref. @33# for n
51. This logarithm is not caused by the mass shiftdr 0 but it
originates from those diagrams~of type B in Fig. 1! that
yield the additived53 pole termP4, Eq. ~28!. For the spe-
cial casen51, the numerical value of this logarithmic term
in Eq. ~95! agrees with the coefficientã24

(G) in Eq. ~3.15! of
Ref. @33#.

It is straightforward to derive the vertex function

G° 6
(1,0)

„r 08(j6 ,u0),u0… and G° 6
(2,0)

„r 08(j6 ,u0),u0… from F7 6 .
The perturbation series of the vertex functio

G° 6
(2,0)

„r 08(j6 ,u0),u0… up to four-loop order is given in Ap-
pendix C.

V. RENORMALIZATION AND AMPLITUDE FUNCTIONS

The shift of the temperature variabler 0 by dr 0, Eq. ~23!,
and the subtractiondG0, Eq. ~30!, are sufficient to make the

Gibbs free energyF7 6„r 08(j6 ,u0),u0…, Eq. ~95!, and the ver-

tex functionsG° 6
(L,0)

„r 08(j6 ,u0),u0… finite in three dimensions
at infinite cutoff as long asj6 is finite. In the critical limit
j6→` at fixed u0, however, the bare perturbative form

F7 6 , Eq. ~95!, is formally divergent. In order to make thi
perturbation series applicable nearTc two steps need to be
performed:~i! the series has to be mapped from the critica
the noncritical region,~ii ! the mapped series has to be r
summed. Step~i! is achieved by turning to the renormalize
theory as defined below and by introducing the renormal
tion scalem that can be varied via the renormalization-gro
equation~RGE! @18,56#. Step~ii ! will be performed in Sec.
VI by means of a variational approach.
05611
-

In the following, we define renormalized vertex function
in 2,d,4 dimensions and calculate their amplitude fun
tions in d53 dimensions up to four-loop order. Our ap
proach is a combination of the minimal subtraction sche
@19# and of massive field theory at fixed dimension@17# d
,4, without using the«542d expansion, as introduced i
Refs.@29–31# and further discussed in Refs.@34,36#. A sig-
nificant advantage of this approach is the fact that the a
tive renormalizationA(u,«) and the multiplicative renormal
izationsZr(u,«),Zw(u,«), andZu(u,«) are the same abov
and belowTc .

The bare Gibbs free energy as a function of the corre
tion lengthsj1 andj2 in d dimensions will be denoted by

F7 6(j6 ,u0 ,d) which for d53 is identical with

F7 6„r 08(j6 ,u0),u0… of Eq. ~95!. Correspondingly we use th

notationG° 6
(L,0)(j6 ,u0 ,d) for the bare vertex functions ind

dimensions as functions ofj1 and j2 . The renormalized
quantities are introduced as

r 5Zr
21~r 02r 0c!, ~107!

u5m2«AdZu
21Zw

2u0 , ~108!

w5Zw
21/2w0 , ~109!

F6~j6 ,u,m,d!5F7 6~j6 ,m«ZuZw
22Ad

21u,d!

2
1

8
m2«r 2AdA~u,«!, ~110!

G6
(1,0)~j6 ,u,m,d!5ZrG

°
6
(1,0)~j6 ,m«ZuZw

22Ad
21u,d!

2
1

4
m2«r AdA~u,«!, ~111!

G6
(2,0)~j6 ,u,m,d!5Zr

2G° 6
(2,0)~j6 ,m«ZuZw

22Ad
21u,d!

2
1

4
m2«AdA~u,«!, ~112!

where
5-14
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Ad5
G~32d/2!

2d22pd/2~d22!
~113!

is an appropriate geometric factor@29,30#. The analytic form
of the renormalization constantsZr(u,«), Zu(u,«),
Zw(u,«), andA(u,«) is given in Eqs.~2.13!, ~2.16!–~2.19!,
and ~B1!–~B18! of Ref. @35# for generaln up to five-loop
order.

A. Amplitude functions in 2ËdË4 dimensions

Dimensionless amplitude functions of the renormaliz
quantities can be defined for 2,d,4 as

f 6
(0,0)~mj6 ,u,d!5m2dAd

21F6~j6 ,u,m,d!, ~114!

f 6
(1,0)~mj6 ,u,d!522m22dAd

21G6
(1,0)~j6 ,u,m,d!,

~115!

F6~mj6 ,u,d!524m«Ad
21G6

(2,0)~j6 ,u,m,d!, ~116!

Q1~mj1 ,u,d!5r /m25m22Zr
21h° ~j1 ,m«ZuZw

22Ad
21u,d!,

~117!

P1~mj1 ,u,d!5~]r /]j1
22!u0

5Zr
21P° 1~m«j1

« ZuZw
22Ad

21u,d!.

~118!

These functions remain finite also in the limitd→4 ~at finite
j6) @30,31#. We recall that the amplitude functions depe
on the choice of the geometric factorAd . Our choice, Eq.
~113!, minimizes the explicit dimensional dependence of
lowest-order coefficients of the amplitude functions a
05611
d

e

thereby simplifies their analytic form at low order@29–31#. It
is expected that the convergence properties of the pertu
tion series of the amplitude functions is significantly affect
by the choice ofAd as will be discussed elsewhere.

From them independence of the bare quantities we der
the RGEs for the amplitude functionsf 6

(0,0) , f 6
(1,0) , andF6

05~m ]m1bu]u1d!@ f 6
(0,0)~mj6 ,u,d!

1 1
8 q6~mj6 ,u,d!2A~u,«!#, ~119!

05~m ]m1bu]u1d221z r !@ f 6
(1,0)~mj6 ,u,d!

2 1
2 q6~mj6 ,u,d!A~u,«!#, ~120!

4B~u!5~m]m1bu]u12z r2«!F6~mj6 ,u,d!,
~121!

whereB(u) is defined by

4B~u!5@2z r2«#A~u,«!1bu~u,«!
]A~u,«!

]u
. ~122!

The expansion coefficients of the standard field-theor
functionsbu(u,«),z r(u), andB(u) can be obtained from the
renormalization constants in Ref.@35# up to five-loop order.
To simplify the notation, we have used the functio
q1(mj1 ,u,d)5r /m2 for r .0 and q2(mj2 ,u,d)5r /m2

for r ,0, which are related to the amplitude functionsQ6 of
Refs.@30,31# according to

q1~mj1 ,u,d!5Q1~mj1 ,u,d!, ~123!

q2~mj2 ,u,d!52 1
2 Q2~mj2 ,u,d!. ~124!

Integration of the RGE yields
f 6
(0,0)~mj6 ,u,d!5H f 6

(0,0)
„1,u~ l 6!,d…1

1

2
q6„1,u~ l 6!,d…2E

1

l 6

B„u~ l 8!…FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8
J l 6

d , ~125!

f 6
(1,0)~mj6 ,u,d!5H f 6

(1,0)
„1,u~ l 6!,d…22q6„1,u~ l 6!,d…E

1

l 6

B„u~ l 8!…FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8
J

3expS E
1

l 6

~z r1d22!
dl-

l-
D , ~126!

F6~mj6 ,u,d!5H F6„1,u~ l 6!,d…24E
1

l 6

B„u~ l 8!…FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8
J expS E

1

l 6

~2z r2«!
dl-

l-
D , ~127!
with l 65(mj6)21, where the effective couplingu( l 6) sat-
isfies

l 6

du~ l 6!

dl6
5bu„u~ l 6!,«…. ~128!
Furthermore, we have@30,31#

q6~mj6 ,u,d!5q6„1,u~ l 6!,d…expS E
1

l 6

~22z r !
dl8

l 8
D ,

~129!
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P6~mj6 ,u,d!5P6„1,u~ l 6!,d…expS E
l 6

1

z r

dl8

l 8
D .

~130!

At mj651 these functions are related by

q2~1,u,d!5q1~1,u,d!2 3
2 , ~131!

P2~1,u,d!52 3
4 @22z r~u!#1P1~1,u,d!. ~132!

Substituting Eqs.~125! and ~127! into Eqs. ~110!, ~112!,
~114!, and~116!, respectively, and using Eqs.~C1! and~C2!
of Appendix C, we arrive at the following representation
the free energy and of the specific heat

F7 6~j6 ,u0 ,d!5Ad j6
2dH f 6

(0,0)
„1,u~ l 6!,d…

1
1

2
q6„1,u~ l 6!,d…2E

1

l 6

B„u~ l 8!…

3FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8
J

1
1

8
Adm2«A~u,«!r 2 ~133!
e

a
r,

-

05611
f

and

C6~ t !5CB1m2«AdZr~u,«!22K6„u~ l 6!,«…

3expS E
1

l 6

@2z r„u~ l 8!…2«#
dl8

l 8
D , ~134!

with

K6~u,«!5F6~1,u,d!2A~u,«!. ~135!

From Eqs.~12!–~16!, ~31! and ~72!–~74! it is clear that the

quantityF7 6 , Eq. ~133!, is to be identified with the singula
part of the free energy of Sec. I including the regular ter
2 1

2 Bcrt
2,

F7 6„j6~ t !,u0 ,d…5 f s
6~ t !2 1

2 Bcrt
2, ~136!

apart from cutoff dependent contributions. Equations~133!
and~134! will be evaluated asymptotically (j6→`) in Sec.
VI and Appendix E.

Equations~125!–~130! provide the mapping of the ampli
tude functions from the critical regionmj6@1 to the non-
critical valuemj651. At this value the amplitude function
are related by the differential equations
q1~1,u,d!5@22z r~u!#21F2P1~1,u,d!2bu~u,«!
]q1~1,u,d!

]u G , ~137!

f 6
(1,0)~1,u,d!52P6~1,u,d!21F S d1bu~u,«!

]

]uD f 6
(0,0)~1,u,d!1

1

2
q6~1,u,d!2B~u!G , ~138!

F6~1,u,d!5P6~1,u,d!21F S d221z r~u!1bu~u,«!
]

]uD f 6
(1,0)~1,u,d!22q6~1,u,d!B~u!G ~139!

5P6~1,u,d!21S d221z r~u!1bu~u,«!
]

]uD F f 6
(1,0)~1,u,d!2

1

2
q6~1,u,d!A~u,«!G1A~u,«!. ~140!
Unlike the functionsP6(1,u,d) andF6(1,u,d), which have
expansions in integer powers ofu, the functions
q6(1,u,d), f 6

(0,0)(1,u,d), and f 6
(1,0)(1,u,d) are not expand-

able in integer powers ofu, which is a consequence of th
nonanalyticu0 dependence ofr 0c(u0 ,«), Eq. ~20! @30,31#.
Therefore, the perturbative expansions of these functions
not Borel resummable. They can be expressed, howeve
terms of the Borel-resummable functionsP6(1,u,d)
[P6(u) and F6(1,u,d)[F6(u) via the integral represen
tations
re
in

q1~1,u,d!5E
u*

u

du8
2P1~u8!

bu~u8,«!
expS E

u

u8
du9

22z r~u9!

bu~u9,«!
D ,

~141!

f 6
(1,0)~1,u,d!5E

u*

u P6~u8!F6~u8!12q6~1,u8,d!B~u8!

bu~u8,«!

3FexpS E
u

u8d1z r~u9!22

bu~u9,«!
du9D Gdu8, ~142!
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f 6
(0,0)~1,u,d!5E

u

u*
du8S P6~u8! f 6

(1,0)~1,u8,d!

bu~u8,«!

1
q6~1,u8,d!2B~u8!

2bu~u8,«!
D

3expS E
u

u8
du9

d

bu~u9,«!
D . ~143!

Equations ~141!–~143! follow directly from Eqs. ~137!–
~139!, as can be verified by differentiating the former equ
tions. Note that the right-hand sides of Eqs.~141!–~143!
have finite limits foru→u* , see Eqs.~169!–~171! below.

B. Four-loop amplitude functions in three dimensions

In three dimensions we have from Eqs.~110!, ~114!,
~117!, ~123!, and~124!,

f 6
(0,0)~1,u,3!54pm23F7 6~m21,4pmZuZw

22u,3!

2
1

8
q6~1,u,3!2A~u,1!. ~144!

The four-loop expressions of the functionsq6(1,u,3) follow

from the four-loop result forh° (j1 ,u0 ,3) and are given in
Appendix B. These expressions contain logarithmicu depen-
dences. Substituting Eqs.~95!–~105! into Eq. ~144! and us-
ing Eq. ~138!, we obtain the four-loop expressions
f 6

(0,0)(1,u,3) and f 6
(1,0)(1,u,3). They are given in Appendix

D. Because of the functionsq6 in Eqs.~138! and ~144! the
four-loop expansions of the functionsf 6

(0,0)(1,u,3) and
f 6

(1,0)(1,u,3) contain logarithmic terms. In addition,f 6
(0,0) has

a special logarithmic four-loop term arising from the di
grams that cause thed53 pole term, Eq.~28!.

The amplitude functionsF6 can be derived fromf 6
(1,0)

according to Eq.~140!. Unlike f 6
(0,0) and f 6

(1,0) , the functions
F1(1,u,3) anduF2(1,u,3) can be expanded aroundu50
in integer powers ofu, i.e., they do not contain logarithmicu
dependences, sincef 6

(1,0)2 1
2 q6A is free of logarithms~see

Appendix D!. In three dimensions, we obtain the power s
ries

F6~u![F6~1,u,3!5 (
m50

`

cFm
6 um21. ~145!

The coefficients read up to four-loop order

cF0
1 50, ~146!

cF1
1 52n, ~147!

cF2
1 522n~n12!, ~148!

cF3
1 524n~n12!Fn2

7

27
14 ln

4

3G , ~149!
05611
-

-

cF4
1 58n~n12!F2n21

233

27
n1

1888

27
1~n18!S 2p2

9

1
32

3
Li2S 2

1

3D24z~3! D1
8

27
~89n1550!ln

3

4G
~150!

and

cF0
2 5

1

2
, ~151!

cF1
2 524, ~152!

cF2
2 58~102n!, ~153!

cF3
2 52

1

27
~1080n213464n131 120!2128~5n122!z~3!

2864c1232~n21!c21~6n2122n210!p2

284~n21!F2Li2S 1

3D1~ ln 3!2G1216Li2S 2
1

3D
232~4n117!ln 31

32

3
~31n195!ln 2, ~154!

cF4
2 52

1

27
~7344n31124 432n22108 512n21 008 512!

2
64

15
~n15!~5n122!p42128~n325n2

2168n2692!z~3!11280~2n2155n1186!z~5!

28~5n134!H 216c118~n21!c2121~n21!

3F2Li2S 1

3D1~ ln 3!2G J 2
16

3
~128n21875n2706!

3Li2S 2
1

3D1
4p2

9
~87n31805n211093n23578!

2
64

27
~280n216607n117 926!ln 3

1
64

27
~1739n2115 905n131 982!ln 2 ~155!

above and belowTc , respectively. The terms up tom53 are
identical with the previous three-loop results@36#, except
that here we have writtencF3

2 in a more compact form using
the relations~A54! and ~A55! of Appendix A.

Equations~145!–~155! are the basis for future Borel re
summations and for the variational calculations in Sec. V
These calculations can be performed for generalu.0 ~not
5-17
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only at the fixed pointu* ), which is of relevance for a non
linear RG analysis of the nonasymptotic critical behav
@43,44#.

In order to check the correctness of Eqs.~144!–~155!, we
present in Appendix C an alternative procedure for deriv
F6(1,u,3) by starting directly from the perturbation seri

of G° 6
(2,0)(r 08 ,u0). The resulting coefficientscFm

6 agree with
Eqs.~146!–~155!.

The amplitude function P1(mj1 ,u,d)5Zr
21(]r 08/

]j1
22)u0

aboveTc can be derived from Eqs.~56!–~61! for

d53. The resulting series atmj151,

P1~1,u,3!5 (
m50

`

cPmum, ~156!

is free of logarithms. The coefficients read in analytic fo
for generaln up to four-loop order
05611
r

g

cP051, ~157!

cP1522~n12!, ~158!

cP254~n12!, ~159!

cP352~n12!F56n1
4576

9
264p3l3G , ~160!

cP4532~n12!Fp4

15
~5n122!13~n2210n236!z~3!

2
4117

432
n22

535967

5832
n2

1441439

2916
1t~n!G . ~161!

with l3 given by Eq.~60! and
t~n!5
32

3
~5n122!S 24J1,1

(1)12J2,1
(1)24J3,1

(1)1
1

12FLi2S 1

6D2Li2S 1

3D1
1

2
~ ln 2!2G23E11E1824E19D1

8

27
~173n1178!

3F1

2 S ln
3

4D 2

1Li2S 2
1

4D1Li2S 2
2

3D G232~n216n120!c41
p2

27
~89n211472n15324!1

32

27
~42n21527n

12050!Li2S 2
1

3D1
1

27
~600n212008n18528!ln

3

4
2

2

9
~797n11542!ln

5

3
. ~162!
-
ns

is

x-

-
re-

de
ent
The numerical values of these coefficients forn51,2,3 agree
with those given in Table 4 of Ref.@32#. Below Tc , we have

P2~1,u,3![P1~1,u,3!1
3

4
@z r~u!22#5 (

m50

4

cPm
2 um.

~163!

Equations~157!–~163! yield

cP0
2 52

1

2
, ~164!

cP1
2 5~n12!, ~165!

cP2
2 5226~n12!, ~166!

cP3
2 5~n12!F64p3l31124n1

7412

9 G , ~167!

cP4
2 5232~n12!F2p4

15
~5n122!1

2045

216
n21

824 537

1458
n

1
1 775 531

729
16~n2110n152!z~3!2t~n!G . ~168!
Equations~156!–~168! are the basis for future Borel resum
mations and variational calculations of the functio
P6(1,u,3) for generaln.

Once the resummed functionsF6(1,u,3) andP6(1,u,3)
are known, they can be used to calculatef 6

(0,0)(1,u,3) and
f 6

(1,0)(1,u,3) via the integral representations, Eqs.~142! and
~143!, for generalu.0. This is of relevance for an analys
in the nonasymptotic region.

VI. ASYMPTOTIC AMPLITUDES

In the following, we derive the perturbative four-loop e
pressions for the asymptotic quantitiesf s

6(t), f ns(t), A6,
j1 , andRj

1 defined in the Introduction by applying the re
sults of the preceding sections to the asymptotic critical
gion j6@m21 corresponding to the limitl 6→0, u( l 6)
→u(0)[u* . Although the amplitude functions
f 6

(0,0)(1,u,d), f 6
(1,0)(1,u,d), and q6(1,u,d) do not have an

expansion aroundu50 in integer powers ofu, there exist
important simplifications for the structure of these amplitu
functions near the fixed point, where they have a converg
expansion in integer powers ofu2u* . In particular, at the
fixed pointu5u* , wherebu(u* ,«)50 the differential equa-
tions ~137!–~139! are reduced to the exact relations

q1~1,u* ,d!52nP1~1,u* ,d!, ~169!
5-18
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f 6
(0,0)~1,u* ,d!52

P6*

d
@ f 6

(1,0)~1,u* ,d!12n2P6* B~u* !#,

~170!

f 6
(1,0)~1,u* ,d!5

nP6*

12a
@F6~1,u* ,d!14nB~u* !#

~171!

with P6* [P6(1,u* ,d). Equations~169!–~171! can also be
derived from Eqs.~141!–~143! after substitutingbu(u8,«)
5v(u82u* )1O(@u82u* #2). The critical exponentsa and
n are determined by the fixed-point value ofz r(u),

n5@22z r~u* !#21, ~172!

a522dn5
«22z r~u* !

22z r~u* !
. ~173!

In addition, we have from Eqs.~131! and ~132!,

q2~1,u* ,d!52nP2~1,u* ,d!, ~174!

P2~1,u* ,d!52
3

4
n211P1~1,u* ,d!. ~175!

This implies that f 6
(0,0)(1,u* ,d), f 6

(1,0)(1,u* ,d), and
q6(1,u* ,d) can be expressed byP6(1,u* ,d) and
F6(1,u* ,d) which have an expansion in integer powers
u* and are Borel resummable. As an important conseque
the various asymptotic amplitudes defined in the Introduct
have perturbative expansions in integer powers ofu* that are
Borel resummable.

We point out that, within a perturbative treatment,
would be an inappropriate procedure to derive the fix
point values ofq1 , f 6

(0,0) , and f 6
(1,0) by first expanding the

right-hand side of Eqs.~137!–~140! with respect tou at u
Þu* and then by substituting the~approximate! Borel-
resummed fixed-point valueu* . The reason is that the term
proportional tobu(u,«) in Eqs. ~137!–~140! must vanish
exactlyat u5u* becausebu(u* ,«)50. This property would
be destroyed in a truncated perturbative treatment.

A. Correlation length

The relation betweenj6(t) and the reduced temperaturet
is determined implicitly by@30,31,34#

r 5at5j6
22q6„1,u~ l 6!,d…expS E

l 6

1

z r„u~ l 8!…
dl8

l 8
D ,

~176!

wherea5Zr(u,«)21a0. The asymptotic form of the correla
tion lengths follows from Eqs.~172! and ~176! as

j6~ t !5j0
6utu2n. ~177!

After the choice

m215j0
1 , ~178!
05611
f
e,
n

-

the square of the nonuniversal amplitudej0
1 is given ~at

infinite cutoff! as a function ofu, u* , anda0 for 2,d,4
by @30,31#

~j0
1!25Zr~u,«!a0

212nP1~1,u* ,d!C̃ ~179!

with

C̃5expS E
u

u* z r~u* !2z r~u8!

bu~u8,«!
du8D , ~180!

where we have used Eq.~169!. The asymptotic amplitude o
the pseudocorrelation lengthj2 below Tc reads@31#

j0
25S Q2*

2Q1*
D n

j0
15S 2q2*

q1*
D n

j0
15S 2P2*

P1*
D n

j0
1 ,

~181!

with P6* [P6(1,u* ,d), q6* [q6(1,u* ,d) where we have
used Eqs.~123!, ~124!, ~131!, ~132!, ~169!, and ~174!. We
note that the ratio

j0
1

j0
2

5S 2nP1*

~3/2!22nP1*
D n

~182!

is not a universal quantity, since the pseudocorrelation len
j2 is not a physical correlation length belowTc . In three
dimensions, the power series forP6(1,u,3) are given in
Eqs.~156!–~168! up to four-loop order.

B. Singular part of the free energy

Evaluating Eq.~133! asymptotically~see Appendix E! we
find the singular part of the free energy for botha.0 and
a,0,

f s
6~ t !5Ad@j6~ t !#2dH f 6

(0,0)~1,u* ,d!2
n

2a
B~u* !

3@2nP6~1,u* ,d!#2J , ~183!

where we have used Eqs.~136!, ~169!, and~174!. Equations
~183!, ~170!, and~171! yield

f s
6~ t !5Ad@j6~ t !#2dH 2n2P6~1,u* ,d!2

3
4nB~u* !1aF6~1,u* ,d!

a~12a!~22a! J . ~184!

Defining

~Rj
6!d52a~12a!~22a!~j6!df s

6 , ~185!

we obtain

~Rj
6!d5Adn2P6~1,u* ,d!2@4nB~u* !1aF6~1,u* ,d!#,

~186!
5-19
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A65~Rj
6/j0

6!d, ~187!

and

A1

A2
5F P1*

2P2*
Ga

4nB~u* !1aF1~1,u* ,d!

4nB~u* !1aF2~1,u* ,d!
. ~188!

Only Rj
1 and A1/A2 are universal. The quantityRj

2

5(A2/A1)1/d(j0
2/j0

1)Rj
1 is nonuniversal sincej0

1/j0
2

5j1/j2 is nonuniversal @see Eq. ~182!#. Equations
~186! and ~188! have expansions in integer powers ofu* ,
since the functionsF6(1,u* ,d), P6(1,u* ,d), B(u* ), n
5@22z r(u* )#21, and a522d@22z r(u* )#21 have such
expansions. These expansions, however, are not conve
and need to be resummed. In three dimensions, the po
series forF6(1,u,3) are given in Eqs.~145!–~155! up to
four-loop order.
e

o
-
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C. Regular part of the free energy

The regular partf ns(t), Eq. ~3!, contains contributions
from both the background Hamiltonian, Eq.~15!, and from
fluctuation-induced regular terms of the Gibbs free ene
F0, Eq. ~14!. The latter terms depend on the cutoff. Fro
dimensional arguments, one finds thatf 0 and f 1 diverge as
Ld andLd22 for L→`, whereasBcr(L) has a finite limit
Bcr(`) for d,4. Within the dimensional-regularizatio
scheme, the cutoff dependence is ignored. After the subt
tion of dG0 in Eq. ~29!, there is only the cutoff-independen
part 2 1

2 Bcr(`)t2 of the regular term2 1
2 Bt2 that is still

contained inG° (r 08 ,u0 ,d), Eq. ~29!, and inF7 6„j6(t),u0 ,d…,
Eq. ~133!. The corresponding analytic expression for t
fluctuation-induced coefficientBcr has been calculated pre
viously within the minimal subtraction scheme at fixedd
,4 in Ref. @31# for a,0 and by Dohm and Schloms fo
a.0 as quoted in Ref.@59#. Since no derivation was given
in Refs. @31,59# and since different resultsB1ÞB2 were
obtained in Ref.@13#, we derive the coefficientBcr in Ap-
pendix E. The results read, atL5` @31,59#
Bcr
1 5Bcr

2 52~j0
1!«Ada2E

0

u* B~u8!

bu~u8,«!
FexpS E

u

u82z r~u9!2«

bu~u9,«!
du9D Gdu8 ~a,0!, ~189!

Bcr
1 5Bcr

2 52~j0
1!«Ada2

n

aE0

u* 2B~u8!@z r~u8!2z r* #1bu~u8,«!]B~u8!/]u8

bu~u8,«!
FexpS E

u

u82z r~u9!2«

bu~u9,«!
du9D Gdu8 ~a.0!,

~190!
e
ad-
s

at
ve
re

the

nts
with a5Zr(u,«)21a0. The quantitiesBcr
6 are defined by

Bcr
1 5 lim

t→01

@C1~ t !2Cs
1~ t !2CB#, ~191!

Bcr
2 5 lim

t→02

@C2~ t !2Cs
2~ t !2CB#, ~192!

whereCs
6(t) is the singular part of the specific heatC6(t)

andCB is the background contribution from degrees of fre
dom other thanw0(x). Equations~189! and ~190! are valid
for the w4 field theory in 2,d,4 dimensions within the
minimal subtraction scheme atL5`. The continuity of
C6(t) at Tc for a,0 follows from the fact that, according t
Eq. ~189!, Bcr

1 5Bcr
2 5Bcr is entirely determined by the field

theoretic functions bu(u,«),z r(u), and B(u) and by
Zr(u,«), which are identical above and belowTc within the
minimal subtraction scheme.

Our results, however, do not yet exclude the possibi
that Bcr

1 (L)ÞBcr
2 (L) within the w4 theory at finite cutoff.

We do not know of a general thermodynamic argument
support of or against the continuity of the specific heat atTc
for a,0 in real systems with short-range~and possibly sub-
leading long-range! interactions.

One expects that the resultBcr
1 (`)5Bcr

2 (`) should be
obtained also within other renormalization schemes, p
-

y

n

-

vided that the limitL→` is taken.~This is consistent with
the values forX6 in Tables I and II of Ref.@40#.! This ex-
pectation appears to be at variance with Fig. 3~b! of Ref.
@13#, where an apparent discontinuity limt→01C1(t)
. limt→02C2(t) of the specific heat atTc is shown fora
,0 on the basis of Ref.@60#, where thew4 field theory is
treated atL5`, after additive renormalizations of the fre
energy. Unlike our renormalization scheme, however, the
ditive renormalizations of Ref.@60# are regular subtraction
at finite cutoff, which are defined by the bare free energy
t51 andt521, thus these subtractions are different abo
and belowTc . This asymmetric renormalization procedu
introduces differentt-independent contributions2A1/aÞ
2A2/a into the definition of therenormalizedspecific heat

Cb
R5

A6

a
utu2a2

A6

a
~193!

of Eq. ~4.14! of Ref. @60#.
The total physicalspecific heatC6(t), however, that is

plotted in Fig. 3~b! of Ref. @13# should includeall subtracted
parts;t2 of the total bare free energy above and belowTc .
These parts that are cutoff dependent may well cancel
asymmetry of thet-independent parts of Eq.~193!. Our re-
sult, Eq. ~189!, indeed suggests that the different consta
5-20
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2A1/a and2A2/a of Eq. ~193! are only a spurious effec
of the renormalization procedure of Refs.@13,60#. No ex-
plicit analytic expressions were given forB1 andB2 in Ref.
@13# and no complete analysis of the problem of the poss
discontinuity atTc was performed. A conclusive answer
this problem would require a calculation of the specific he
at least of the fluctuation-induced term12 Bcr(L)t2, within
thew4 field theory at finite cutoff. Furthermore, the effect
subleading long-range interactions~that do not change the
universal bulk critical behavior! should be investigated, sinc
it is not cleara priori whether such interactions affect th
nonuniversal height of the finite cusp of the specific heat
a,0.

VII. VARIATIONAL CALCULATION

The perturbative results of the preceding sections nee
be resummed. In a subsequent paper@47# we shall report on
corresponding Borel resummations. Here we confine o
selves to a brief application of the variational approach.

A. Wegner expansion and strong-coupling limit

The expansion of the various amplitude functions, such

P6~u![P6~1,u,d!5 (
m50

`

cPm
6 um, ~194!

is a weak-coupling expansion that is known to be diverg
for anyuÞ0. We are primarily interested in the approach
the effective couplingu( l 6) to the fixed point u( l 6)
→u(0)5u* corresponding to the critical limitT→Tc , r 0

2r 0c→0, j6→`, or l 6
215mj6→` at fixed bare coupling

u0. Near the fixed point, the amplitude functions are regu
with a convergent expansion in integer powers ofu2u* .
This yields a fundamentally different expansion

P6„u~ l 6!…5P6~u* !1P68 ~u* !@u~ l 6!2u* #

1O„@u~ l 6!2u* #2
…, ~195!

whereu( l 6) can be further expanded according to the We
ner expansion@6#

u~ l 6!5u* 1aul 6
v 1O~ l 6

2v! ~196!

with the Wegner exponent@6#

v5
D

n
5

]

]u
b~u,«!u5u* ~197!

and the Wegner correction amplitude@31#

au5~u2u* !expS E
u

u* F 1

u82u*
2

v

bu~u8,«!
Gdu8D .

~198!

Unlike the weak-coupling expansion~194! in powers ofu,
the expansion of Eqs.~195!–~198! constitutes a convergen
expansion ofP6„u( l 6)… in integer powers ofl 6

v . ~Addi-
05611
le

t,

r

to

r-

s

t
f

r

-

tional terms would of course exist in thew4 field theory at
finite cutoff and in thew4 lattice theory at finite lattice spac
ing as well as in theories includingw5,w6, . . . terms in the
Hamiltonian.! The effective couplingu( l 6) is a function of
u0j6

« as determined by the implicit equation

u~ l 6!5u0j6
« AdZu„u~ l 6!,«)21Zw~u~ l 6!,«…2. ~199!

Thus the physical critical limitj6→` at fixed u0 can for-
mally be considered as a strong-coupling limitu0→` at
fixed j6 . Correspondingly, the Wegner expansion of Eq
~195!–~198!, if expressed in terms ofu0j6

« , can be consid-
ered as a convergent strong-coupling expansion. This is s
explicitly by expressing Eq.~195! in terms of the dimension-
less bare coupling

ūB5u0j6
« Ad . ~200!

Using Eqs.~196!, ~199!, and l 65(mj6)21 we obtain Eq.
~195! in the form of a strong-coupling expansion

P6„u~ l 6!…5P6~u* !1c0
6ūB

2v/«1O~ ūB
22v/«! ~201!

with the Wegner amplitudes

c0
6~u,u* ,d!5P68 ~u* !au@Zu~u,«!Zw~u,«!22u#v/«

~202!

above and belowTc . On the other hand, Eqs.~199! and
~200! can be inverted to expressu( l 6) in powers ofūB as

u~ l 6!5 (
m51

`

ãumūB
m . ~203!

The coefficientsãum are the same above and belowTc . Us-
ing the expansion~194! with u replaced byu( l 6) and sub-
stituting Eq. ~203! yields P6„u( l 6)… in the form of the
weak-coupling expansion

P6~u~ l 6!!5 (
m50

`

f 6m
(P) ūB

m . ~204!

The expansions of the type~201! and~204! are crucial ingre-
dients of the order-dependent mapping and variational
proach of previous work@46,48–55# in the context of thew4

theory. Corresponding divergent weak-coupling and conv
gent strong-coupling expansions have been known for a l
time in the context of the anharmonic oscillator@48–55,61–
63#. A basic problem is to derive~approximate! expressions
for the strong-coupling coefficients of Eq.~201! in terms of
the weak-coupling coefficients of Eq.~204!.

An important ingredient in the systematic solution of th
problem is the introduction of a variational parameter, su
as a shifted reference frequencyV in the case of the anhar
monic oscillator@48–54,62# or a shifted scale parameterK in
the case of thew4 theory @46,54,55# corresponding to a
shifted Gaussian part of thew4 Hamiltonian. This permits
one to set up a strong-coupling expansion of the type of
~201! by reexpanding the weak-coupling expansion~204!,
5-21
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where the coefficients of the strong-coupling expansion
be calculated from the coefficients of the weak-coupling
pansion. For the case of thew4 theory, the coefficients of the
strong-coupling expansion depend onK and on the Wegne
exponentv. TheK dependence can be absorbed by expre
ing the strong-coupling coefficients in terms of the sca
bare coupling constant

ûB5
ūB

K2«/v
. ~205!

In an exact theory with a strong-coupling expansion up
infinite order, the expanded quantity must be independen
the dummy parameterK and the appearance ofK in the ex-
pansion parameters must sum up to a vanishing net effec
a truncated series up to a finite orderL, however, there exists
a spurious dependence onK or on ûB . Specifically, the lead-
ing term P6(u* ) of the strong-coupling expansion~201! is
expressed in terms of the weak-coupling coefficientsf 6m

(P) of
Eq. ~204! up to orderL as @46,54,55#

P6
(L)~u* !5optûBF (

m50

L

f 6m
(P) ûB

m (
j 50

L2m S 2m«/v

j D ~21! j G .

~206!

An analogous formula was derived in the context of the
harmonic oscillator@50#. An optimal order-dependent valu
KL is then determined by a variational procedure with
spect toûB to minimize the error of the truncated stron
coupling series. In the following, the correspondi
(L-dependent! optimal value ofûB will be denoted by

ûB* 5
ūB

KL
2«/v

. ~207!

This approach has been used recently to calculate cri
exponents@38,54#. Very recently, this approach has been a
plied also to calculate universal amplitude ratios@55# on the
basis of three-loop results@36#.
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In the following we extend these calculations up to fou
loop order. Up toL54, the expression on the right-hand sid
~rhs! of Eq. ~206! reads explicitly

(
m50

4

f 6m
(P) ûB

m (
j 50

L2m S 2m«/v

j D ~21! j

5 f 60
(P)1

f 61
(P)

6
r~r11!~r12!ûB1r~2r21! f 62

(P)ûB
2

1~3r22! f 63
(P)ûB

31 f 64
(P)ûB

4 ~208!

with

r511«/v. ~209!

In order to avoid repetitions of formulas of the type~208! we
shall use the abbreviation

F4~$xm%,ûB![x01
x1

6
r~r11!~r12!ûB1r~2r21!x2ûB

2

1~3r22!x3ûB
31x4ûB

4 . ~210!

Equation~210! can be used for the various amplitude fun
tions simply by replacingxm with the corresponding weak
coupling coefficients.

B. Wegner exponentv

In a first step, the Wegner exponentv itself must be de-
termined by the variational procedure@55# up to four-loop
order. Sinceu( l 6) approaches the finite fixed-point valueu*
in the limit ūB→` we have

lim
ūB→`

d

d ln ūB

ln
u~ l 6!

ūB

521. ~211!

From Eq.~199! and from theZ factors of Ref.@35# we obtain
the weak-coupling expansions up to four-loop order in th
dimensions
u~ l 6!

ūB

5124~n18!ūB18@2n2141n1170#ūB
228F8n31299n21

9178

3
n1

26 000

3
132z~3!~5n122!G ūB

31F2560z~5!

3~2n2155n1186!1128z~3!~203n212500n17260!1256n41
44 956

3
n31273 856n211 862 112n

1
12 081 440

3
2

64p4

15
~n18!~5n122!G ūB

41O~ ūB
5 ! ~212!
and

W4~ ūB![
d

d ln ūB

ln
u~ l 6!

ūB

5 (
m50

4

f mūB
m1O~ ūB

5 !,

~213!
with the coefficients

f 050, ~214!

f 1524~n18!, ~215!
5-22
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f 2516~n2125n1106!, ~216!

f 3528F32z~3!~5n122!18n31299n21
9178

3
n

1
26 000

3 G , ~217!

f 4516F16n41
4063

3
n31

91 048

3
n21

681 352

3
n1

1 601 680

3

1640z~5!~2n2155n1186!132z~3!~163n212004n

15852!2
16p4

15
~n18!~5n122!G . ~218!

Rewriting the function ~213! in the form of a K- and
v-dependent strong-coupling expansion and using E
~206!, and~208! we obtain in the limitūB→`,

W4~`!5optûB
@F4~$ f m%,ûB!#. ~219!

For a givenr, the optimal valueûB
!(r) is determined by the

condition

05S ]F4~$ f m%,ûB!

]ûB
D

ûB5û
B
! (r)

~220!

for an extremum of the rhs of Eq.~219! with respect toûB ,
i.e.,

05
f 1

6
r~r11!~r12!12r~2r21! f 2ûB

!

13~3r22! f 3~ ûB
! !214 f 4~ ûB* !3. ~221!

Substituting the solutionûB* (r) of Eq. ~220! into the rhs of
Eq. ~219! and requiring the condition~211! in the form
W4(`)521 yields

F4„$ f m%,ûB
!~r!…521. ~222!

Equations~220! and ~222! determiner and v5(r21)21

implicitly. They can be solved numerically for arbitraryn.
For example, forn50,1,2,3 we find

r52.386 79, v50.721 090 ~n50!, ~223!

r52.378 07, v50.725 653 ~n51!, ~224!

r52.367 72, v50.731 144 ~n52!, ~225!

r52.356 29, v50.737 305 ~n53!. ~226!

These values are close to those obtained in three-loop o
@55#. In the following we considerr as a known parameter
05611
s.
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C. Universal amplitude ratios A¿ÕAÀ

and PÄaÀ1
„A¿ÕAÀÀ1…

We rewrite Eq.~188! for d53 in the form@35#

A1

A2
5F 2nP1

!

~3/2!22nP1*
GaF12a

F2~u!!2F1~u!!

4nB~u!!1aF2~u!!
G .

~227!

Sincea, n, P1
! , andB(u!) are already known with high

accuracy@36#, we consider only a variational calculation o
F6(u* ) on the basis of our four-loop results.

The weak-coupling expansion ofF2(u) has been given in
Eqs.~145! and ~151!–~155!. Using Eq.~212!, we obtain the
weak-coupling expansion in terms ofūB :

u~ l 2!F2„u~ l 2!…5 (
m50

4

f m
(F)ūB

m , ~228!

with the coefficients up to four-loop order,

f 0
(F)5

1

2
, ~229!

f 1
(F)524, ~230!

f 2
(F)58~n126!, ~231!

f 3
(F)52480~3n122!1cF3

2 , ~232!

f 4
(F)52128n316112n21

422 720

3
n1

1 730 560

3

11024~5n122!z~3!212~n18!cF3
2 1cF4

2 .

~233!

Application of the variational strong-coupling expansio
yields

u* F2~u* !5optûB
@F4~$ f m

(F)%,ûB!#. ~234!

For 0<n&53.5 the functionF4($ f m
(F)%,ûB) is convex with

only one minimum in the range2`,ûB,`, thus the opti-
mal value ûB

! in this range is uniquely determined b

]F4($ f m
(F)%,ûB

!)/]ûB
!50, and the fixed-point value

u!F2(u!) is given by

u!F2~u* !5F4~$ f m
(F)%,ûB* ! ~235!

50.372 144 for n52. ~236!

Our four-loop variational result foru!F2(u!) in the range
0<n<10 is compared in Fig. 2 with the previous three-lo
variational result@55# as well as with very recent Borel
resummed values based on our four-loop results forn52
@47# and with earlier Borel-resummed five-loop results f
n51 @35#. We see that the four-loop variational result agre
with the Borel-resummed values within their error bars a
5-23
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constitutes a significant improvement over the three-lo
variational result. SinceF2(u!) entersA1/A2 in the form of
aF2(u!), however, this improvement has only a small e
fect onA1/A2.

The same procedure can be applied to the differe
u@F2(u)2F1(u)#. It has the weak-coupling expansion u
to four-loop order

u~ l 6!@F2„u~ l 2!…2F1„u~ l 1!…#5 (
m50

4

f m
(DF)ūB

m ,

~237!

where the coefficientsf m
(DF) are obtained from Eqs.~145!–

~155! and ~212! as

f 0
(DF)5

1

2
, ~238!

f 1
(DF)5n24, ~239!

f 2
(DF)522n2220n1208, ~240!

f 3
(DF)5168n22336n210 5601cF3

2 2cF3
1 , ~241!

f 4
(DF)532n42504n32

21 680

3
n21

259 648

3
n1

1 730 560

3

2256z~3!~5n222n188!112~n18!~cF3
1 2cF3

2 !

1cF4
2 2cF4

1 . ~242!

For 0<n&2.75, the functionF4($ f m
(DF)%,ûB) is convex with

only one minimum in the range2`,ûB,`, thus ûB* is

uniquely determined by]F4($ f m
(DF)%,ûB

!)/]ûB
!50. For 2.75

&n&23.66, one of the two turning points has to be chos
for reasons of continuity, and for 23.66&n,`, the function
F4($ f m

(DF)%,ûB) has a global maximum that determinesûB
! .

In all cases, the fixed-point valueu!@F2(u!)2F1(u!)# is
given by

u!@F2~u!!2F1~u* !#5F4~$ f m
(DF)%,ûB

! ! ~243!

50.460 535 for n52. ~244!

A comparison analogous to that in Fig. 2 is shown in Fig.
There is only a small difference between the four-loop a
three-loop variational results foru!@F2(u!)2F1(u!)#. Ac-
cording to Eq.~227! this implies only a small difference
between the corresponding value forA1/A2.

The structure of Eq.~227! shows that there exists a clos
correlation between the value ofa and of 12A1/A2. It has
therefore been proposed@64# to study the universal combi
nation

P5a21~12A1/A2!, ~245!
05611
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which is not sensitive to the precise value ofa. This is
particularly important for the casen52 because of the un
resolved discrepancy between the numerical@11# and experi-
mental@9,10# values ofa.

Our variational calculation ofP starts from Eq.~227! with
@9,10# a520.010 56 and n5(22a)/3. For B(u!),
P1(u!), andu! we use the Borel-resummed values of R
@35#. F2(u!) and F2(u!)2F1(u!) are taken from Eqs.
~236! and ~244!. The result according to Eq.~245! is

Pvar54.344. ~246!

This is to be compared with the numerical value for theXY
model @11#

PXY54.360.2, ~247!

and with the experimental value for4He @10,65#,

Pexp54.1960.25. ~248!

Our variational result Eq.~246! is in agreement with the
numerical estimate Eq.~247! and with the experimenta
value Eq.~248! within the error bars. An estimate of erro
bars for the variational result is planned for future resear

Finally we note that new Borel resummations ofP have
been performed in a separate paper@47# on the basis of the
four-loop series of the present paper. Forn52, the Borel-
resummed value@47#

PBorel54.43360.077 ~249!

has smaller error bars than those ofPXY and Pexp and than
that of the previous Borel-resummed value based on
three-loop series@37#. Our variational result, Eq.~246!, is
slightly outside the error bar of the Borel-resummed val
Eq. ~249!.

FIG. 2. Four-loop variational result~solid line! for the amplitude
function u!F2

! as a function ofn. The dashed line represents th
three-loop variational result of Ref.@55#. Also shown are the four-
loop Borel-resummation result forn52 ~open circle, Ref.@47#! and
the five-loop Borel-resummation result forn51 ~open circle, Ref.
@35#!.
5-24
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D. Universal ratio Rj
¿

For the purpose of calculatingRj
1 , Eq. ~186!, in three

dimensions, we first define the function

R1~u!5~4p!21n~u!2P1~u!2@4n~u!B~u!1a~u!F1~u!#,

~250!

whereP1(u)[P1(1,u,3) and

n~u!5@22z r~u!#21, ~251!

a~u!5223n~u!. ~252!

Using the four-loop expansions of Eqs.~156!–~161!, ~145!–
~150!, and ofz r(u) andB(u) @35# we get

4pR1~u!

n
5

1

8
1~n12!u1~n12!S ln

9

16
2

371

54
1

7

2
nDu2

1~n12!F10n21
41

27
n1

7549

27
1

244n11736

9

3 ln
3

4
12~n18!H 6z~3!1p2116 Li2

3S 2
1

3D J Gu31O~u4!. ~253!

Together with Eq.~212!, this yields the weak-coupling ex
pansion in powers ofūB ,

4pR1„u~ l 1!…5 (
m50

3

f 1m
(R) ūB

m1O~ ūB
4 ! ~254!

5
n

8
1n~n12!ūB2n~n12!S n

2
1

2099

54

12 ln
4

3D ūB
21n~n12!F22n21

4333

27
n

1
56 141

27
1

100n1584

9
ln

3

4
12~n18!

3H p216z~3!116 Li2S 2
1

3D J G ūB
3

1O~ ūB
4 !. ~255!

For u( l 1)→u* we obtainR1(u!)[(Rj
1)3. Application of

the variational strong-coupling expansion yields

~Rj
1!35~4p!21optûB

@F4~$ f 1m
(R) %,ûB!#. ~256!

For 0<n<66 the functionF4($ f 1m
$R %%,ûB) has one turning

point that determinesûB
! . The numerical values of our varia

tional results forn51,2,3 are

Rj
150.273, n51, ~257!
05611
Rj
150.366, n52, ~258!

Rj
150.441, n53. ~259!

They are close to earlier Borel-resummed values in Table
of Ref. @22#.

For n>67, the functionF4($ f 1m
(R) %,ûB) has a maximum, a

turning point, and a minimum. For reasons of continuity, t

optimal valueûB
! is uniquely determined by the maximum

since the resulting value ofRj
1 correctly approaches the ex

actly known limit n→`, where@5,42#

FIG. 3. Four-loop variational result~solid line! for the difference
of the amplitude functionsu!(F2

! 2F1
! ) as a function ofn. The

dashed line represents the three-loop variational result of Ref.@55#.
Also shown are the four-loop Borel-resummation result forn52
~open circle, Ref.@47#! and the five-loop Borel-resummation resu
for n51 ~open circle, Ref.@35#!.

FIG. 4. Four-loop variational result~solid line! for the universal
quantity (Rj

1)3 defined by Eq.~9! as a function ofn. For largen, the
solid line approaches the dashed line (4p)21n representing the
exact large-n limit of ( Rj

1)3.
5-25
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M. STRÖSSER AND V. DOHM PHYSICAL REVIEW E67, 056115 ~2003!
lim
n→`

~Rj
1!d

n
5

2d22pd/2G~d/2!

~d22!2sin@p~42d!/2#
5Ad ~260!

5
1

4p
for d53 ~261!

with Ad given by Eq.~113!. In Fig. 4 the four-loop varia-
tional result for (Rj

1)3 is plotted for 0<n<100.
05611
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APPENDIX A: ANALYTIC DEFINITION OF CONSTANTS

Here we present the analytic definition and numerical v
ues of the following constants appearing in our four-lo
results:
c-
c15E
0

1 dx

A622x2 F ln
3

4
1 ln

31x

21x
1

x

21x S ln
31x

3
1

x

22x
ln

21x

4 D G50.021 737 576 3, ~A1!

c25
p2

4A2
1A2E

0

1 dx

A11x2 F ln
x

11x
1

ln~11x!

x G
52A2Fp2

12
1Li2~12A2!1Li2~2A222!1Li2~2A2!1 ln~A221!ln~422A2!G50.973 771 427, ~A2!

c35E
p/4

p/2 du

cosu2sinu F lnS tan
u

2D G ln~ tanu!50.516 197 144, ~A3!

c45
1

2pE0

` ~arctanx!3

1/41x2

dx

x
50.129 107 460, ~A4!

Jm,n
(k) 5

2k21

pk11E0

`

ln
11~p1r !2

11~p2r !2
arctan

p

2 S arctan
r

2D k dp dr

~11p2!m~11r 2!n
. ~A5!

The numerical values ofJm,n
(k) are J1,1

(0)50.219 999 124,J1,2
(0)50.068 113 807 4,J2,1

(0)50.048 385 460 5,J2,2
(0)50.019 466 092 0,

J1,1
(1)50.107 718 159,J2,1

(1)50.019 475 195 7,J3,1
(1)50.007 985 463 86,J2,2

(1)50.005 045 077 68. We define the following fun
tions:

f 1~p,r ,w!5Ap21r 212pr cosw, ~A6!

f 2~p,r ,w!5Ap21r 212pr cosw14 sin2w, ~A7!

f 3~p,r ,w!5
pr f 2~p,r ,w!

812p212r 212pr cosw
, ~A8!

f 4~p,r ,w!5A122pr cosw1p2r 2, ~A9!

f 5~p,r ,w!5A~11p2!r 21~11r 2!p212pr~11p2!~11r 2!cosw, ~A10!

f 6~p,r ,w!521r 21p2. ~A11!

In the following we drop the arguments of these functions and use the abbreviation

E [E
0

`

dpE
0

`

drE
0

p

dw sinw ~A12!

for the integrals

A15
2

p2E ~arctanf 3!2

f 2
2~11p2!~11r 2!

50.004 969 806 804, ~A13!
5-26



MINIMAL RENORMALIZATION WITHOUT « EXPANSION: . . . PHYSICAL REVIEW E67, 056115 ~2003!
A25
2

p2E f 5
22S arctan

f 5

f 6
D 2

50.126 705 038 5, ~A14!

A35
2

p2 E S arctan
A112pr~11r 2!cosw1r 2~21p21r 2!

p D 2
~11p2!21

112pr~11r 2!cosw1r 2~21p21r 2!
50.503 109 256,

~A15!

A45
2

p2E r 2

f 1f 4f 5~11 f 1
2!

S arctan
f 4

f 1
Darctan

f 5

f 6
50.107 029 9, ~A16!

A55
1

pE arctanf 3

f 2f 1~11p2!~11r 2!
50.043 032 747 6, ~A17!

D15
2

p2E r ~arctanf 3! arctan~p/2!

f 2~11 f 1
2!~11p2!2~11r 2!

50.002 366 233 043, ~A18!

D25
1

pE r arctanf 3

f 2~11 f 1
2!~11p2!2~11r 2!

50.009 399 728 17, ~A19!

D35
2

p2 E arctan~ f 1/2!

f 1f 5~11 f 1
2!2

arctan
f 5

f 6
50.052 030 993 8, ~A20!

D452
2

p2E ~21 f 1
2!

f 4~11 f 1
2!2 S arctan

f 4

f 1
Darctan

f 1

2
520.496 521 821, ~A21!

D55
2

p2E 1

f 5~11 f 1
2!

S arctanp

p3
2

1

p2D arctan
f 5

f 6
520.051 652 015 8, ~A22!

D65
2

p2E 1

f 1f 4~11 f 1
2!

S arctanp

p3
2

1

p2D arctan
f 4

f 1
520.272 886 3, ~A23!

E15
2

p2 E ~arctanf 3!2

f 2
2~11p2!

50.077 537 256 112, ~A24!

E185
2

p2 E ~arctanf 3!2

f 2
2~11p2!2

50.014 449 573 28, ~A25!

E195
2

p2 E ~arctanf 3!2

f 2
2~11p2!3

50.005 958 062 001, ~A26!

E25
1

p E r arctanf 3

f 2~11 f 1
2!~11r 2!

50.124 104 75, ~A27!

E35
2

p2 E 1

f 1f 5
arctan

f 1

2
arctan

f 5

f 6
50.350 599 930, ~A28!

E45
2

p2 E r 2

f 1f 4f 5
S arctan

f 4

f 1
Darctan

f 5

f 6
50.491 503 45, ~A29!
056115-27
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E55
1

p E arctanf 3

f 1f 2~11p2!
50.249 720 955, ~A30!

E65
2

p2 E S arctan
A112pr~11r 2!cosw1r 2~21p21r 2!

p D 2 r 2 ~11p2!21

112pr~11r 2!cosw1r 2~21p21r 2!
50.853 709 186,

~A31!

F15
2

p2 E r ~arctanf 3! arctan~p/2!

f 2~11 f 1
2!~11p2!~11r 2!

50.007 861 658 73, ~A32!

F25
1

p E r arctanf 3

f 2~11 f 1
2!~11p2!~11r 2!

50.021 380 900 0, ~A33!

F35
2

p2 E arctan~ f 1/2!

f 1f 5~11 f 1
2!

arctan
f 5

f 6
50.096 345 809, ~A34!

F45
2

p2 E arctanp

f 5~11 f 1
2! p

arctan
f 5

f 6
50.177 271 421 7, ~A35!

F55
2

p2 E arctanp

f 1f 4~11 f 1
2! p

arctan
f 4

f 1
50.874 819 4, ~A36!

F652
2

p2 E 1

f 4~11 f 1
2!

S arctan
f 4

f 1
Darctan

f 1

2
520.390 967 182, ~A37!

G15
~4p!4

~2p!12E d3pE d3qE d3r E d3s
1

~11p2!~11q2!~11r 2!~11s2!

3
1

~11up1qu2!~11uq1r u2!~11ur1su2!~11us1pu2!~11up1q1r1su2!
50.000 765 3, ~A38!

G25
~4p!4

~2p!12E d3pE d3qE d3r E d3s
p22 q22 r 22 s22 ~11up1q1r1su2!21

~11up1qu2!~11uq1r u2!~11ur1su2!~11us1pu2!
50.045 54, ~A39!

G35
~4p!4

~2p!12E d3pE d3qE d3r E d3s
p22q22up1r1su22uq1r1su22

r 2 s2 ~11up2qu2!~11uq1r u2!
S 1

11uq1su2
21D 520.1695, ~A40!

H15
2

p2E ~arctanf 3!2

f 2
2~11 f 1

2!~11p2!~11r 2!
50.000 913 765 362, ~A41!

H25
2

p2E 1

f 5
2~11 f 1

2!
S arctan

f 5

f 6
D 2

50.058 898 731 410, ~A42!

H35
1

p E arctanf 3

f 1f 2~11 f 1
2!~11p2!~11r 2!

50.017 101 187 5, ~A43!

H45
2

p2 E f 1

f 4f 5~11 f 1
2!

S arctan
f 4

f 1
Darctan

f 5

f 6
520.138 602 907 09, ~A44!
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H552
2

p2 E 1

f 4
2~11 f 1

2!
S arctan

f 4

f 1
D 2

520.418 219 262 0. ~A45!

Several of the integrals~A13!–~A45! are combined to define the quantities

X410572E2148E3132E4196E518E6 , ~A46!

X420524E6112A2116A3148A41144A51216F21144F3196F4132F5124F6 , ~A47!

X430524A31162D21108D3118D4124D518D6118E6118G21 4
3 G3136H2172H3124H414H5 , ~A48!
se
h

-

the

op
which are used in Eqs.~43!–~52!.
Finally we give the definition of several functions who

numerical values are listed in the standard literature. T
function polylog(n,x) is defined as

polylog~n,x!5 (
k50

`
xk

kn
. ~A49!

It is also given recursively by

polylog~n,x!5E
0

xpolylog~n21,t !

t
dt ~A50!

with

polylog~1,x![2 ln~12x!. ~A51!

Equations~A49!–~A51! also yield definitions for the diloga
rithmic function

Li2~x![polylog~2,x!5E
x

0ln~12t !

t
dt ~A52!

and the Riemannz function

z~n![polylog~n,1!5 (
k50

`
1

kn
. ~A53!
05611
e

For x.0, Li2(x) satisfies the relations

Li2~12x!1Li2S 12
1

xD1 1
2 ~ lnx!250, ~A54!

Li2~2x!1Li2S 2
1

xD1
1

2
~ lnx!21

p2

6
50. ~A55!

APPENDIX B: CORRELATION LENGTH IN FOUR-LOOP
ORDER

In this appendix we sketch the derivation of Eqs.~61! and
~68! and present the analytic four-loop expression for
amplitude functionQ1(1,u,3). Theself-energy aboveTc ,

S0~q,r 0 ,u0!5 (
m51

`

~2u0!mS0
(m)~q,r 0!, ~B1!

in Eq. ~54! is the sum of all one-particle irreduciblem-loop
diagrams with two~amputated! external legs. In Appendix B
of Ref. @36# the diagrammatic contributions toS0 are given
in the three-loop approximation. The diagrammatic four-lo
contributions are given by
~B2!
5-29
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For q50, the lines denote the standard propagator (r 01p2)21 aboveTc . From Eq.~B2! we get]S0
(4)/]q2uq50 in order to

derivej1(r 0 ,u0 ,d) up to four-loop order. We invertj1(r 0 ,u0 ,d), which yields

r 0~j1 ,u0 ,d!5j1
22 (

m50

`

am
(1)~j1 ,d!u0

m . ~B3!

The four-loop coefficient of Eq.~B3! can be obtained from Eq.~B2!,

~B4!

The masses in the propagators of Eq.~B4! arej1
22 rather thanr 0. In evaluating Eq.~B4! for d→3, the contributions

~B5!

are somewhat problematic as they are plagued by pole terms;(d23)21. These poles, which cancel each other at the end
the calculation, yield finite contributions ford→3 that can easily be overlooked. Therefore we explicitly present thed53
result of the following combinations of diagrams:

~B6!

~B7!

Together with the previous two-loop@34# and three-loop@36# calculations, this leads to the four-loop results for the functio

r 08(j1 ,u0).0, r 08(j2 ,u0),0, andh° (j1 ,u0 ,3), with the new coefficients Eqs.~61! and ~68!.

From the four-loop expression ofh° (j1 ,u0 ,3), Eq.~65!, we obtain the amplitude functionQ1(mj1 ,u,3) according to Eq.
~117!. At mj151 it has the expansion

Q1~1,u,3!511 (
m50

2

cQmum12132~n12!ln~96pu! (
m50

2

c̃Qmum121O~u5,u5ln u! ~B8!

with

c̃Q051, ~B9!

c̃Q154~n114!, ~B10!
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c̃Q254~4n2169n1458!, ~B11!

cQ05~n12!F681
16

27G116p2@C~n!2S̃2~1,n!#, ~B12!

cQ15
16

27
~n12!F247n139052288~n18!Li2S 2

1

4D224~n18!p2G14~43n1182!ln
4

3
164p2~n114!@C~n!2S̃2~1,n!#,

~B13!

cQ2532~n12!H 32

3
~5n122!S 4J1,1

(1)22J2,1
(1)14J3,1

(1)13E12E1814E191
p4

160
1

1

12FLi2S 1

3D2Li2S 2
1

3D2
~ ln 2!2

2 G D
2

8

27
~173n1178!F1

2 S ln
3

4D 2

1Li2S 2
1

3D1Li2S 1

3D G132~n216n120!c42
p2

27
~137n212384n19548!1

2

9

3~797n11542!ln
5

3
2

32

27
~60n21869n13634!Li2S 2

1

3D164p2~4n2169n1458!@C~n!2S̃2~1,n!#

13~n2150n1244!z~3!1
1

27
~944n2112 030n133 796!ln

4

3
1

4001

144
n21

3 489 713

5832
n1

9 505 097

2916 J . ~B14!
ne
The logarithmic terms in Eq.~B8! arise fromr 0c(u0 ,«), Eq.
~20!, for l 52 in the limit «→1.

APPENDIX C: BARE SPECIFIC HEAT ABOVE
AND BELOW Tc

The singular partCs
6(t) and the cutoff-independent term

Bcr of the specific heat in three dimensions are determi

by the bare Gibbs free energyF7 6(r 08 ,u0) according to

Cs
6~ t !1Bcr52a0

2G° 6
(2,0)~r 08 ,u0!, ~C1!

G° 6
(2,0)~r 08 ,u0!5

]2

~]r 08!2
F7 6~r 08 ,u0!, ~C2!

wherea0 is defined in Eq.~13!. Above Tc we obtain from
Eq. ~73!
05611
d

G° 1
(2,0)~r 08 ,u0!52

n

16p
r 08

21/21n~n12!
u0

2

~4p!3
r 08

23/2

3Fn

2
2324 ln

3

4
12 ln

r 08

~24u0!2G
116n~n12!

u0
3

~4p!4
r 08

22Fp2

12
~n18!

2~n12!G1O~u0
4 ,u0

4 ln u0! ~C3!

for r 08.0. BelowTc we obtain from Eq.~92!
r

G° 2
(2,0)~r 08 ,u0!52

1

8u0
2

1

4p
~22r 08!21/21

u0

4p2
~n12!~22r 08!212

u0
2

~4p!3
~22r 08!23/2F8

3
~11n17!2216c128~n21!c2

1
p2

2
~3n2111n25!221~n21!F2Li2S 2

1

3D1~ ln 3!2G28~4n117!ln 31
8

3
~31n195!ln 2154 Li2S 1

3D
116~n12!ln

22r 08

~24u0!2G1
32~n12!

~22r 08!2

u0
3

~4p!4 F612~n21!ln 32
p2

24
n~n18!2~n12!ln

22r 08

~24u0!2G
1O~u0

4 ,u0
4ln u0! ~C4!

for r 08,0. The three-loop parts of Eqs.~C3! and ~C4! agree with the~slightly different form of the! results of Ref.@36# @see
our Eqs.~A54! and ~A55!#. In order to absorb the logarithmicu0 dependence of Eqs.~C3! and ~C4!, we expressr 08 in terms
of the correlation lengthsj6 according to Eqs.~58! and ~66!. This leads to the bare vertex functions up to four-loop orde
5-31
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G° 6
(2,0)

„r 08~j6 ,u0!,u0…[G° 6
(2,0)~j6 ,u0 ,3!5j6H (

m50

4

a6m
(2,0)~u0j6!m211O~u0

4j6
4 !J ~C5!

with the coefficients

a10
(2,0)50, ~C6!

a11
(2,0)52

n

16p
, ~C7!

a12
(2,0)5

n~n12!

32p2
, ~C8!

a13
(2,0)52

n~n12!

~4p!3 Fn1
160

27
14 ln

3

4G , ~C9!

a14
(2,0)52

n~n12!

~4p!4 F2n21
224

9
n1

440

9
2

4p2

9
~n18!1

16

27
~19n210!ln

3

4
2

64

3
~n18!Li2S 2

1

3D G ~C10!

aboveTc , and

a20
(2,0)52

1

8
, ~C11!

a21
(2,0)52

1

4p
, ~C12!

a22
(2,0)5

3

8p2
~n12!, ~C13!

a23
(2,0)5

1

~4p!3 F22n21
5938

27
n1

8420

27
28~n21!c2221~n21!F2 Li2S 2

1

3D1~ ln 3!2G2216c11
p2

2
~3n2111n25!

154 Li2S 1

3D1
8

3
~31n195!ln 228~4n117!ln 3G , ~C14!

a24
(2,0)5

1

~4p!4 F 4

27
~567n3116 481n2173154n184920!212~n21!~n12!F4c2142 Li2S 1

3D121~ ln3!2G21296~n12!c1

1
p2

9
~129n311067n212507n11778!1

4

3
~128n211523n12534!Li2S 2

1

3D1
16

27
~493n212095n12218!ln 2

2
16

27
~584n211135n1868!ln 3G ~C15!

below Tc . The coefficients up to three-loop order (m53) agree with the~slightly different form of the! coefficients of Ref.
@36# @see our Eqs.~A54! and~A55!#. For the special casen51, Eqs.~C11!–~C14! agree with the numerical values ofa2m

(G) in
Table 2 of Ref.@33#.

Substituting Eqs.~C5!–~C15! into the right-hand side of Eq.~112! for d53, and using Eq.~116! at j65m21 for d53 we
obtain the power series forF6(1,u,3), Eq.~145!, up to four-loop order. The resulting coefficientscFm

6 agree with those given
in Eqs.~146!–~155!.
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APPENDIX D: AMPLITUDE FUNCTIONS fÁ
(0,0) AND fÁ

(1,0)

Equations~144!, ~95!–~105! , and~138! lead to

f 1
(0,0)~1,u,3!52

1

3
n2n~n12!u2

4

27
n~n12!S 27n11101108 ln

4

3Du22
8

27
n~n12!F54n21215n29381~604n

14184!ln
4

3
224~n18!Fp2112Li2S 2

1

3D G29~n18!p2ln~96pu!Gu31O~u4!2
1

8
Q1~1,u,3!2A~u,1!,

~D1!

f 1
(1,0)~1,u,3!5n14n~n12!u1nS 16n21

2492

27
n1

3256

27
116~n12!ln

4

3Du21
8

27
nF216n312008n216826n17348

18~n12!~89n1550!ln
4

3
2~n12!~n18!F15p21288Li2S 2

1

3D G Gu31O~u4!1
1

2
Q1~1,u,3!A~u,1!,

~D2!

f 2
(0,0)~1,u,3!52

1

64u
2

n

16
2

1

12
2

1

4 S n22
247

27
n1

370

27
18~n21!ln 3Du2

1

4 F4n32
1909

54
n22

2309

9
n1

7676

27
1S 2416

27
n2

1
14 656

27
n1

11 872

27 D ln 32S 1376

27
n21

17 504

27
n1

39 008

27 D ln 22~80n1352!z~3!184~n21!

3F2Li2S 1

3D1~ ln 3!2G2
1

9
~22n22122n2602!p21

1

3
~128n211280n11400!Li2S 2

1

3D1864c1

132~n21!c2Gu22H 4n41F3968

27
ln 32

5035

144
2

44

9
p21

256

3
Li2S 2

1

3D2
2752

27
ln 2Gn31F1536Li2S 2

1

3D
212p22

1856

27
22112 ln 21

5680

3
ln 31168F2Li2S 1

3D1~ ln 3!2G2
p4

3
186z~3!180z~5!164c2Gn2

1F23 4173

54
1

1052

3
p22

11 9360

9
ln 21

67 504

9
ln 317760Li2S 2

1

3D11032z~3!11176F ~ ln 3!212 Li2S 1

3D G
11728c11448c2

2
62

15
p412200z~5!Gn1

72 7721

54
1

26 3392

27
ln 32

62 4128

27
ln 21

9632

9
p21

22 400

3
Li2S 2

1

3D
21344F ~ ln 3!212Li2S 1

3D G2
176

15
p4113 824c12512c213256z~3!17440z~5!2

8

3
n~n12!

~n18!p2ln~4pu!2~4p!4a24
(G)J u31O~u4!2

1

32
Q2~1,u,3!2A~u,1! , ~D3!

with a24
(G) given in Eq.~105!, and

f 2
(1,0)~1,u,3!52

1

8u
2

n

2
2S 2n22

247

27
n1

586

27
18~n21!ln 3Du1

1

2 F216n31S 1810

27
2

256

3
Li2S 2

1

3D1
2752

27
ln 22

4832

27
ln 3

2
10

9
p2Dn21S 13 772

27
2

25856

27
ln 31

26 080

27
ln 22

442

9
p21320z~3!2

2560

3
Li2S 2

1

3D284F2Li2S 1

3D1~ ln 3!2G
232c2Dn22401

50565

27
ln 22

9056

27
ln 32

1114

9
p2184F ~ ln 3!212Li2S 1

3D G2
3448

3
Li2S 2

1

3D11408z~3!

2864c1132c2Gu21
1

2 F S 11 008

9
ln 22

12 416

9
ln 32

8009

18
236p221024Li2S 2

1

3D124z~3! Dn3264n4
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1S 515 264

27
ln 22

401 344

27
ln 32

392 458

27
2

8108

9
p22320c22840F ~ ln 3!212Li2S 1

3D G51 200

3
Li2S 2

1

3D
2928z~3!18p421280z~5! Dn21S 2 532 416

27
ln 22

1 465 216

27
ln 32

2 998 732

27
2

247472

3
Li2S 2

1

3D
2

52460

9
p2213 760z~3!235 200z~5!24872F ~ ln 3!212Li2S 1

3D G28640c121856c21
416

5
p4Dn2

5 481 052

27

1
3 724 160

27
ln 22

1 498 624

27
ln 32

283 616

3
Li2S 2

1

3D15712F ~ ln 3!212Li2S 1

3D G2
88 040

9
p2248 192z~3!

1
1056

5
p42119 040z~5!258 752c112176c21

1

2
~4p!4ar4Gu31O~u4!2

1

4
Q2~1,u,3!A~u,1!. ~D4!
a

ea

e

t

n

It is understood that in the last terms;Q6
2 A and;Q6A of

Eqs. ~D1!–~D4!, the functions Q6(1,u,3) and A(u,1)
should be inserted in theirperturbativefour-loop form.

We see thatf 6
(0,0) and f 6

(1,0) contain logarithmic terms due
to the logarithmic terms of the functionsQ6(1,u,3) as given
by Eqs.~B8!, ~124!, and~131!. Furthermore,f 1

(0,0) and f 2
(0,0)

contain logarithmic terms;u3ln u arising from those parts
of the four-loop diagrams of typeB in Fig. 1 that yield the
d53 pole term, Eq.~28!. Since such terms are not temper
ture dependent they are not present inf 6

(1,0) , therefore the
functionsf 6

(1,0)(1,u,3)2 1
2 q6(1,u,3)A(u,1) are free of loga-

rithms, as seen explicitly in Eqs.~D2! and ~D4!.

APPENDIX E: ASYMPTOTIC CRITICAL BEHAVIOR

In order to evaluate the expression for the specific h
Eqs. ~134! and ~135!, asymptotically (m l 65j6

21→0), we
need to determine the asymptotic behavior of

Ã„u~ l 6!,u…[A„u~ l 6!,«…E
u

u( l 6) 2z r~u8!2«

bu~u8,«!
du8 ~E1!

for u( l 6)→u!. Substituting the integral representation@31#

A~u,«!54E
0

u

du8
B~u8!

bu~u8,«!
expS E

u

u8
du9

2z r~u9!2«

bu~u9,«!
D
~E2!

into Eq. ~E1!, we obtain

Ã„u~ l 6!,u…54E
0

u( l 6)

du8
B~u8!

bu~u8,«!

3expS E
u

u8
du9

2z r~u9!2«

bu~u9,«!
D . ~E3!

In the following it is necessary to distinguish the cas
2z r(u

!)2«.0 and 2z r(u
!)2«,0 corresponding to the

casesa,0 anda.0, respectively.
For a,0, the quantityÃ has a finite limit,
05611
-

t,

s

Ã~u!,u!54E
0

u!

du8
B~u8!

bu~u8,«!
expS E

u

u8
du9

2z r~u9!2«

bu~u9,«!
D .

~E4!

Using

2z r~u!!2«52
a

n
, ~E5!

we obtain from Eq.~E3! the leading critical behavior, apar
from Wegner corrections,

Ã„u~ l 6!,u…5Ã~u!,u!24
n

a
B~u!!C̃22l 6

2a/n1O~ l 6
v2a/n!,

~E6!

whereC̃ is given by Eq.~180!. This leads to the expressio
for Bcr

1 5Bcr
2 , Eq. ~189!, for a,0.

For a.0, the quantityÃ diverges foru( l 6)→u!. In or-
der to extract the divergent part, we rewrite Eq.~E3! as

Ã„u,~ l 6!,u…54E
0

u( l 6)

f̃ ~u8,u!G̃~u8,u!du8, ~E7!

with

f̃ ~u8,u!5B~u8!expS E
u

u8 2z r~u8!22z r~u!!

bu~u9,«!
du9D ,

~E8!

G̃~u8,u!5
1

bu~u8,«!
expS E

u

u8F2
a

nbu~u9,«!
Gdu9D

~E9!

5
]

]u8
g̃~u8,u!, ~E10!

g̃~u8,u!52
n

a
expS E

u

u8F2
a

nbu~u9,«!
Gdu9D . ~E11!
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Partial integration of Eq.~E7! yields

Ã„u~ l 6!,u…524
n

a
B„u~ l 6!…expS E

u

u( l 6) 2z r~u8!2«

bu~u8,«!
du8D

24E
0

u( l 6)F ]

]u8
f̃ ~u8,u!G g̃~u8,u!du8 , ~E12!

where we have used

lim
u8→0

f̃ ~u8,u! g̃~u8,u!50. ~E13!

The latter property follows from the fact tha
f̃ (u8,u)g̃(u8,u) is proportional to

expS E
u

u8 2z r~u8!2«

bu~u8,«!
du8D , ~E14!

which vanishes for u8→0 because of z r(0)50 and
bu(u8,«)52«u81O(u82) . From Eq.~E12! we obtain as-
ymptotically for a.0,

Ã„u~ l 6!,u…524
n

a
B~u!!C̃22l 6

2a/n1B̃1O~ l 6
v2a/n!

~E15!

with the finite constant

B̃524
n

aE0

u!S 2B~u8!@z r~u8!2z r
!#

bu~u8,«!
1

]B~u8!

]u8
D

3FexpS E
u

u82z r~u9!2«

bu~u9,«!
du9D Gdu8. ~E16!

This leads to the expression forBcr
1 5Bcr

2 , Eq. ~190!, for a
.0.

In order to derive the singular part of the free energy, E
~183!, we formally split the integral in the second term of E
~133! as follows

j6
2dE

1

l 6

B„u~ l 8!…FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8

5j6
2dE

1

0

B~u~ l 8!!FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8

1j6
2dE

0

l 6

B~u~ l 8!!FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8
.

~E17!
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The first term on the right-hand side of Eq.~E17! yields

j6
2dl 6

« FexpS E
l 6

1

2z r

d l̃

l̃
D G H E

1

0

B„u~ l 8!…

3FexpS E
1

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8
J

5m2«q6„1,u~ l 6!,d…22r 2

3H E
1

0

B„u~ l 8!…

3FexpE
1

l 8
~2z r2«!

dl9

l 9
Gdl8

l 8
J , ~E18!

where we have used Eq.~176!; thus this term yields only a
regular contribution;t2 to the free energy. Substituting Eq
~E17! and~E18! into Eq.~133! we obtain Eq.~136!, with the
singular part

f s
6~ t !5Adj6

2dH f 6
(0,0)

„1,u~ l 6!,d…1
1

2
q6„1,u~ l 6!,d…2

3E
0

l 6

B„u~ l 8!…FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8
J .

~E19!

For l 6→0 the integral in Eq.~E19! yields

lim
l 6→0

E
0

l 6

B„u~ l 8!…FexpS E
l 6

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8

52B~u!!
n

a
. ~E20!

This leads to the asymptotic expression forf s
6(t), Eq. ~183!.

For an appropriate representation of the regular contribut

2
1

2
Bcrt

25
1

8
Adm2«r 2H A~u,«!24E

0

1

B„u~ l 8!…

3FexpS E
1

l 8
~2z r2«!

dl9

l 9
D Gdl8

l 8
J , ~E21!

it is necessary to distinguish the casesa,0 anda.0, see
Eqs.~E1!–~E16! above.
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