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Nonexistence ofH theorems for the athermal lattice Boltzmann models with polynomial equilibria
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We prove that noH theorem exists for the athermal lattice Boltzmann equation with polynomial equilibria
satisfying the conservation laws exactly and explicitly. The proof is demonstrated by using the seven-velocity
model in a triangular lattice in two dimensions, and can be readily extended to other lattice Boltzmann models
in two and three dimensions. Some issues pertinent to the numerical instabilities of the lattice Boltzmann
method are disscussed.
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The lattice Boltzmann method@1–11# has been proven to
be a viable simulation tool for turbulent flows@12,13#, mul-
tiphase@8#, and multicomponent@9# flows, and particulate
suspensions@13–16#. Although historically the lattice Boltz-
mann equation~LBE! was developed from the lattice ga
cellular automata@17#, it is now well understood that the
LBE models are a special finite-difference form of the co
tinuous Boltzmann equations with linearized collision ope
tors @7–11#. As an effective simulation tool for computa
tional fluid dynamics~CFD!, the LBE method has severa
attractive features:~a! linear advection term;~b! exact con-
servation laws with the necessary symmetries; and~c! broad
applications. The lattice Boltzmann method differs from
conventional Navier-Stokes solvers because of its kinetic
gin. The kinetic origin of the lattice Boltzmann metho
would allow it, with suitable modifications, to be applicab
to situations where the continuum theory breaks down@18#.

Because of its close tie to kinetic theory, one importa
question is whether the lattice Boltzmann equation posse
an H theorem. This question has indeed attracted much
tention @19–32#, because it is not only of theoretical impo
tance, but also of practical significance, for it is closely
lated to the stability of the LBE method. Because it
believed that anH theorem does not exist for the lattic
Boltzmann equation with polynomial equilibria@19,20#,
much emphasis has been focused on analytic constructio
equilibria which admitH theorems@21–31#, or on numerical
entropic schemes@32#.

In this paper, we shall rigorously prove that anH theorem
does not exist for the lattice Boltzmann equation with po
nomial equilibria. We shall also place our work in perspe
tive, and discuss issues pertinent to the numerical stabilit
the LBE method, in general.

Our proof consists of two steps. First, we prove that
local entropy functionH must be a sum of strictly conve
functions$hi( f i)%, of which each depends only on the di
crete distribution function f iª f (x,ci ,t), where $ci u i
50,1, . . . ,N% is the discrete velocity set, andc0 always de-
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notes the zero velocity. We then show that the requi
strictly convex functionhi( f i) does not exist.

In general, the lattice Boltzmann equation is

f i~x1cid t ,t1d t!2 f i~x,t !5Ji„$ f i~x,t !%…, ~1!

wherex is a point in a D-dimensional lattice space with
lattice constantdx , i.e., xPdxZ

D, and t is the discrete time
with a time stepd t , i.e., tPd tN. The discrete velocity se
$ci% of a lattice Boltzmann model is so constructed that
any xPdxZ

D and ci , x1cid tPdxZ
D. The evolution of an

LBE model defined by Eq.~1! is usually decomposed into
two elementary steps:~1! collision prescribed by the colli-
sion operatorJi and~2! advection off i from one lattice point
to another according toci . This can be expressed as th
following:

collision: f̃~x,t !5f~x,t !1J~ f!, ~2a!

advection: f~x1cid t ,t1d t!5 f̃~x,t !, ~2b!

where the following notation is used to denote column v
tors in spaceRN11,

f~x,t !ª~ f 0 , f 1 , . . . ,f N!T, J~ f!ª~J0 ,J1 , . . . ,JN!T,

f~x1cd t ,t1d t!ª@ f 0~x,t1d t!,

f 1~x1c1d t ,t1d t!, . . . ,f N~x1cNd t ,t1d t!]
T,

andT denotes the transpose operator.
Consider afinite and periodic lattice space with total

number of lattice pointsL. TheH theorem for the system o
Eq. ~1! on a finite lattice space with periodic boundary co
ditions states that there exists a strictly convex function~en-
tropy! H5H(f) such that~i! the total entropy of the system
remains intact under advection and~ii ! J(f(eq))50 if and
only if f(eq) minimizes the entropyH(f) with some given
constraints. According to~i!, we have

(
x

H~ f~x,t1d t!!5(
x

H„f̃~x,t !…. ~3!

Now consider the following initial conditions. Initialize

f̃~x0 ,t50!5APRN11

rch
;
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at an arbitrary pointx0 in the finite lattice system, and

f̃~x,t50!5BPRN11 ;xÞx0 .

Then the sum in the right hand side of Eq.~3! is

H~A!1~L21!H~B!.

Sinceci ’s are distinct, the sum in the left hand side of Eq.~3!
is

@L2~N11!#H~B!1(
i

H~B̂i !,

whereB̂i is B with its i th componentBi replaced byAi , the
i th component ofA. Thus, Eq.~3! becomes

(
i

H~B̂i !5H~A!1N H~B!. ~4!

For a smooth functionH, Eq. ~4! implies that

H f i f j
ª

]2H

] f i] f j
[0 ; iÞ j . ~5!

To show this, we choose two arbitrary unequal indicesi and
j, i.e., iÞ j , i,j P$0,1, . . . ,N%, such thatAk5Bk for all
k¹$ i , j %. With this particular choice ofA and B, Eq. ~4!
reduces to

H~Ai ,Bj !1H~Bi ,Aj !5H~Ai ,Aj !1H~Bi ,Bj ! ; iÞ j ,

where all other (N21) equal arguments ofH are omitted for
conciseness. Equivalently,

E
0

1E
0

1

H f i f j
@Ai1f~Bi2Ai !,Aj1w~Bj2Aj !#dfdw50.

In the limit of (Bi ,Bj )→(Ai ,Aj ), it is obvious that
H f i f j

(A)50. Consequently,H(f) must be of the form

H~ f!5(
i 50

N

hi~ f i !, ~6!

wherehi( f i) is strictly convex. We note that although Eq.~6!
has been motivated by plausible arguments@20#, for the most
part, generally it has simply been taken as a key assump
@21–31#.

Athermal LBE models satisfy only mass and moment
conservation. Thus, the equilibriumf(eq) minimizes H(f)
with the mass and momentum constraints:

H~ f(eq)!5min
f

H H~ f!:(
i

f i5r,(
i

ci f i5ruJ .

Equivalently, the equilibrium distributionf(eq) is the solution
of the following minimization problem:

H~ f!5(
i

hi~ f i !2aS (
i

f i2r D 2b•S (
i

ci f i2ruD ,
05110
on

wherea andb are Lagrangian multipliers due to the conse
vation constraints

r5(
i

f i
(eq) , ru5(

i
ci f i

(eq) . ~7!

The variation ofH5H(f)

~dH!~ f!5(
i

~d f i !@hi8~ f i !2a2b•ci #

vanishes at equilibriumf5f(eq) that must satisfy

hi8~ f i
(eq)!5a1b•ci ; i , ~8!

wherea5a(r,u) andb5b(r,u) are determined by the con
servation constraints of Eqs.~7!.

The discrete velocity set$ci% for a lattice Boltzmann
model usually has the symmetry that the nonzero veloci
always come in pair with opposite directions, i.e., ifci
P$ci% andciÞ0, thencı̄P$ci%, wherecı̄ª2ci . By exploit-
ing this symmetry of$ci%, from Eq. ~8!, we have

hi8~ f i
(eq)!1hı̄

8~ f ı̄
(eq)

!52a5hj8~ f j
(eq)!1h

̄
8~ f

̄

(eq)
!, ~9!

for any i and j. In particular, ifc050P$ci%, we have

2h08~ f 0
(eq)!5hi8~ f i

(eq)!1hı̄
8~ f ı̄

(eq)
!. ~10!

Note that up to now we have not used any properties spe
to a lattice Boltzmann model.

We proceed to prove that the strictly convex functi
hi( f i) does not exist. The proof requires some knowledge
the equilibrium f i

(eq) . We shall only consider the equilibria
that are polynomials of the conserved quantities (r andu for
athermal models!. The reason is that only the polynomia
type equilibria can enforce the conservation constraintsex-
actly and elicitly. This point is crucial for the lattice Boltz-
mann method to be computationally efficient a
competitive. In what follows the seven-velocity model on
two-dimensional triangular lattice~D2Q7 model! is used as
an example for the sake of concreteness yet without los
generality. The discrete velocity set$ci u i 50, 1, . . . ,6% of the
model is

ci5H ~0,0!, i 50

@cos~ i 21!p/3,sin~ i 21!p/3#, iÞ0,
~11!

and the equilibria are usually written as

f 0
(eq)5r@~12a!2u2#, ~12a!

f i
(eq)5

1

6
r@a12ci•u14~ci•u!22u2#, ~12b!

where iÞ0, and the lattice units ofdx51 andd t51 have
been used. The parametera, 0,a,1, is the fractional den-
sity of moving particles, which in turn determines the sou
speed of the model (cs

25a).
For this model, when (r,u)5(1,0), Eq. ~10! becomes
5-2
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2h08~12a!5hi8~a/6!1hı̄
8~a/6! for iÞ0. ~13!

Suppose that there exists one other state (r,u)Þ(1,0) such
that rci•uÞ0, and

f 0
(eq)5r@~12a!2u2#5~12a!,

f i
(eq)5

1

6
r@a12ci•u14~ci•u!22u2#5

1

6
a. ~14!

Consequently,

f ı̄
(eq)

5 f i
(eq)2

2

3
rci•u5

1

6
a2

2

3
rci•u,

and Eq.~10! becomes

2h08~12a!5hi8~a/6!1hı̄
8~a/622rci•u/3! for iÞ0.

The above equality and Eq.~13! immediately lead to

hı̄
8~a/6!5hı̄

8~a/622rci•u/3! for iÞ0. ~15!

Becauserci•uÞ0, the above equality contradicts the a
sumption thathı̄

8 is strictly increasing~for hı̄ to be strictly
convex!.

It remains to find a state (r,u) satisfying Eqs.~14! and
rci•uÞ0 for iÞ0 simultaneously. Note that the flow veloc
ity u can be orthogonally decomposed asu25ui

21u'
2 ,

whereuiªci•u andu'ªuu2uiĉi u, and ĉi is the unit vector
parallel toci . From Eqs.~14!, we observer andui depend
on u' only throughu'

2 . Therefore, ifr(u'
2 ) andui(u'

2 ) are
monotonic in a neighborhood of (r,u)5(1,0), r andui can
be uniquely expressed in terms ofu'

2 ~the implicit function
theorem!. From Eqs.~14!, we have

]ui

]u'
2 U

u'50

5
2a21

2~12a!
Þ0,

if aÞ1/2. Thus, in the neighborhood of (r,u)5(1,0), we
are guaranteed to find a state (r,u) to satisfyci•u[” 0 for i
Þ0 and Eqs.~14! simultaneously.

Whena51/2, the equilibria of Eqs.~12! become

f 0
(eq)5

1

2
r~122u2!,

f i
(eq)5

1

12
r@114ci•u18~ci•u!222u2#, iÞ0.

At the two chosen states,r51 andu5(0,0), andr52 and
(ui,u')5(1/2,0), Eq.~10!, respectively, yields

2h08~1/2!5hi8~1/12!1hı̄
8~1/12!,

2h08~1/2!5hi8~3/4!1hı̄
8~1/12!,

for iÞ0. Consequently, we have
05110
-

hi8~3/4!5hi8~1/12! for iÞ0.

Again, this contradicts the strict convexity assumption ofhi .
Hence, we have proven the nonexistence of a localH theo-
rem for the D2Q7 model.

Comments regarding the proof are in order at this po
Let us summarize the conditions under which we accomp
the proof:~a! the LBE model is in the general form of Eq
~1!; ~b! the discrete velocity set$ci% has suitable symmetries
~c! the collision operatorJ(f) satisfies certain conservatio
constraints; and~d! the equilibria$ f i

(eq)% are polynomials. We
should also stress that the proof does not require any spe
knowledge of the form of the collision operatorJ(f), and
that the key step of the proof@Eq. ~6!# does not rely on any
knowledge of the equilibria$ f i

(eq)%. But the exact values o
$ f i

(eq)% at two points in the space ofr andu are required. For
this reason, the proof does not applied for the exponen
equilibria in whicha(r,u) andb(r,u) are not known exactly
for arbitrary valueuÞ0, in general. The proof is applicabl
to the equilibria that are explicit functions ofr andu satis-
fying the conservation constraintsexactly, such as higher or-
der polynomials ofu than the second order. The proof can
readily extended to other athermal LBE models: the s
velocity model on a triangular lattice~D2Q6! and the nine-
velocity model on a square lattice~D2Q9! in two dimen-
sions, and the fifteen-velocity model~D3Q15!, the nineteen-
velocity model ~D3Q19!, and the twenty-seven-velocit
model ~D3Q27! on a cubic lattice in three dimensions, wit
the multiple-relaxation-time~MRT! model @4–6#, of which
the single-relaxation-time or Bhatnagar-Gross-Krook~BGK!
model@33# is a special case, or other types oflinear collision
operators.

It is important to place the present effort in the persp
tive of existing work@19–32#. So far, previous works@20–
32# have been restricted to the lattice BGK models@2,3#, and
the main effort has been focused on the construction of
equilibria that admit anH theorem, either analytically@21–
31# or numerically@32#. Such equilibria usually are nonpoly
nomial types~e.g., exponentials@20#!. To obtain the correct
hydrodynamics, the lowest order Taylor expansions of th
nonpolynomial equilibria must be identical to the corre
polynomial equilibria. These nonpolynomial equilibria in
variably compromise the conservation laws, or make the c
lision processimplicit, which can degrade not only the com
putational efficiency, but also, given that there are only a f
discrete velocities in the LBE models@19#, the numerical
accuracy of the method, or bring in other spurious effe
@34#. The entropic LBE scheme based on numerical c
struction of a entropy function@32# has the severe drawback
of unknown numerical dissipation and heavy computatio
overhead~CPU time of such a scheme in two dimensio
increases by about two orders of magnitude!. Although the
theoretical significance of these works are recognized, t
have hardly made any impact in practice.

Should we accept as a fact of life that anH theorem is
simply not a part of the lattice Boltzmann equation for go
reasons, then we must deal with the numerical instabi
associated with the LBE method by other means. The re
5-3
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edies we offer here must not only be effective, but also co
putationally efficient. Such remedies should be based on
understanding of the origin~or the causes! of the instability.
Due to the simple algebraic strucuture of the existing ath
mal and thermal lattice Boltzmann models, certain eigenv
ues of the linearized collision operator coalesce spuriou
For the athermal cases, such coalescences occur neark5p
in the wave numberk space, so that the athermal LBE mo
els are prone to numerical instability initiated by small-sc
fluctuations. This effect is further amplified in the lattic
BGK schemes which may over-relax all the modes with
single parametert when t,1. This problem can be effec
tively mitigated if the MRT models@4–6# are used, and with
careful implementations to suppress compressible effects@6#.

As for the thermal LBE models, the numerical instabili
is a much more severe problem. It has been shown rece
that the energy mode and shear mode of the linearized c
sion operator of the thermal LBE models coalesce spuriou
in a wide range of wave numbersk along certain directions
@35#. This coupling is highly anisotropic and cannot be elim
nated by increasing the number of discrete velocities. T
means the thermal LBE models are prone to instabilities
to fluctuations on a continuous range of scales. So far,
tt.

d

nc
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find that the best remedy for this problem is to use the hyb
lattice Boltzmann method that solves the mass and mom
tum conservation laws by the MRT-LBE method, and t
temperature equation by finite difference or other techniq
@35#.

In conclusion, we have proven that anH theorem does no
exist for the athermal lattice Boltzmann models with polyn
mial equilibria satisfying the conservation laws exactly a
explicitly. We discuss some issues pertinent to the numer
instabilities of the lattice Boltzmann methods, and sugg
remedies such as the MRT and hybrid lattice Boltzma
schemes@35# that can mitigate the numerical instabilities o
served in the LBE simulations. The extension of the proof
the thermal LBE models with polynomial equilibria is und
way by the authors.
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