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Global culture: A noise-induced transition in finite systems
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We analyze the effect of cultural drift, modeled as noise, in Axelrod’s model for the dissemination of culture.
The disordered multicultural frozen configurations are found not to be stable. This general result is proven
rigorously ind=1, where the dynamics is described in terms of a Lyapunov potentidk=Iia, the dynamics
is governed by the average relaxation tifi@f perturbations. Noise at a ratesT~* induces monocultural
configurations, whereas=T ! sustains disorder. In the thermodynamic limit, the relaxation time diverges and
global polarization persists in spite of a dynamics of local convergence.
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Concepts and tools developed in the framework of statiseonclusion[8]. Defining an order parameter as the relative
tical and nonlinear physics have been shown to be useful isize of the largest homogeneous domain, one finds a non-
identifying general mechanisms behind collective behavio€quilibrium order-disorder phase transition controlled by the

based on minimization of a potential or optimization meth-Order of a random configuration. Symmetry breaking leading

ods[2], models of interacting social agents, as, for examplel© dominance of a given culture occurs tprq., while the

generalized voter models of opinion formatidg], fall order parameter vanishes fgP>q . Therefo.re Ipcal conver-

within the context of the study of nonequilibrium phase tran-9€MNCE IS efficient fog<q. and global polarization only per-

sitions in lattice model$4]. More generally, these are sto- SIStSthI‘q>|qC.. g

chastic spatial models also considered in population dynam- T € analysis .Of Re{8] corresponds to a zero-temperature

ics or evolutionary biology5]. dynamics in which fluctuations are neglected. Herelwe ad-
Rather independently of this framework, but closely re-dréss the issue of the effects of random perturbatinoise

lated in spirit, is the model put forward by Axelrod to de- following the original suggestion of Axelrod, “Perhaps the

scribe the dissemination of culture among interacting agent '0st Interesting extension and, at 'Fhe same time, the most
in a society(or among societieg6]. Culture is here defined difficult one to analyze is cultural drifmodeled as sponta-

as a set of individual attributes that are subject to sociaf'®0us changg In a tr§iit[6,9]. Axelrod aIso_|dent|f|ed thate} .
influence. The agents are placed in the nodes of a squ(':lf‘.éuc'aI question in this case Is to'determlne_ a characterlsyc
lattice, and the individual attributes of each site are definedMe Scale of the dynamics. We find that this characteristic
by a set ofF features each taking one off possibletraits. time scales V_V'_th the system size. q\mde_:pende_nt noise-
The dynamics of social influence takes into account that “thdnduced transitioi10] occurs when the noise rates of the
more similar an actor is to a neighbor, the more likely the@rder of the inverse of this time scale for r=T "~ noise
actor will adopt one of the neighbor's trait§8]. Specifi- induces ordered monocultural configuration because the dis-

cally, two neighboring sites chosen at random interact with £rdered multicultural states are not stable; fer T ' sym-
probability proportional to the number of common featuresMelY restoring by noise is efficient and the disordered mul-
they already share. An interaction translates into switchingicultural state prevails. |Q1the thermodynamic limit of large
one of the different features of one site to the same trait opYStéms the condition=T""— 0 is satisfied for any finite.

the neighboring site. In principle, this dynamics tends to hol" this limit, the fundamental idea of local convergence gen-
mogenize neighbors, and hence to reach a completely of"ating global polarization is recovered. o

dered statéa monocultural statein which each feature has ~ 11€ model we study is defineff] by consideringN

the same trait in all lattice sites. What Axelrod emphasize&9€Nts as the sites of a lattice. The state of agina vector
about his model is that it illustrates how the mechanism of F components(cultural featurep (011,012, - - . 0if).-
local convergence can generate global polarization. He find§@ch oir is one of theq integer values(cultural traits
that the system gets trapped finulticultural stateswith a 1 --- g, initially assigned independently and with equal
number of different stable homogeneous domains, calléd _proba_b|I|ty 16. Th_e time-discrete dynamics is defined as
tural regions The number of domains in this disordered statelterating the following steps. . _ o

is used as a measure of cultural diversity. The quantitative (1) Select at random a pair of neighboring lattice sites

statistical mechanics analysis partially modifies Axelrod’s(i-]) [11].
(2) Calculate theoverlap (number of shared featunes

(1) =21 100, -

*Present address: Interdisciplinary Centre for Bioinformatics, (3) If 0<<I(i,j)<F, the bond is said to bactiveand sites
University of Leipzig, Kreuzstr. 7b, D-04103 Leipzig, Germany. i andj interact with probabilityl(i,j)/F. In case of interac-
Email address: klemm@izbi.uni-leipzig.de tion, chooseg randomly such thawy# oy and setojq

TEmail address: victor@imedea.uib.es =0jg -

1063-651X/2003/6@)/0451014)/$20.00 67 045101-1 ©2003 The American Physical Society



RAPID COMMUNICATIONS

KLEMM et al. PHYSICAL REVIEW E 67, 045101R) (2003
100 3 T T T T T T = 1 T 57 oG T T T T T
F 3 lﬂé—ﬂ ‘Q = r=0.00002 — ]
L ] 0.8 = —
r = Z - \“ .
L — - 0.6 &\L —
z. 10 3 E A I Q )
T F ] £ 1=0.0001
g L 7 @ 04—

© - 4 - \@ i

- 10-2 E_ _E 0.2 14 \e‘~-.e__§ __-{)
c ] 0 A A r=0.0005
L - 0 50 100
I ] q

10°

0 50000 100000 150000 200000
perturbation cycle

FIG. 2. (Snay @s a function ofg for different values ofr. The
dashed line is for =0 with a transition afj=qg.~50. The simula-

FIG. 1. Lack of stability of disordered absorbing configurations.tlonS usedN=50" sites withF =10 features._VaIue_@max) In Figs.

) ) ey 2, 3, 4, and 5 are averages over 500 configurations. Measurements
The order parametes,,,, normalized with system sizd is shown o .
; . . were taken after a relaxation time of 2®time steps.

as a function of perturbation cycles for a square latticeNof
=10 sites using- =10 andg=60.

We next consider the effect of cultural drift modeled as a
In any finite lattice the dynamics settles into @msorbing random perturbation acting continuously on the system
state, characterized by the absence of active bonds. ObV{(0is8. This is implemented by including a fourth step in the
ously all the completely homogeneous states are absorbinfjerated loop of the model. _
Inhomogeneous states consisting of two or more homoge- (4 With probabilityr, perform a single feature perturba-
neous domains interconnected by bonds with zero overlafon- o )
are absorbing as well. Note that now the cultural imitation among sites and the
First we consider the question about the stability of thes@erturbations are two processes acting on the state vectors on
absorbing states. Before we turn to the original two-time scales separated by the factoin contrast to the pre-
dimensional geometry of the model, we consider the oneYIOUS scenario, the system is not necessarily in an absorbing
dimensional lattice with nearest-neighbor interaction. Forconfiguration when a perturbation occurs.
this geometry the total negative overlapis a Lyapunov Figure 2 shows the average order paramé8r,,) as a
function: a function that never increases during the dynamifunction of the number of traitg. In the caser=0, we
cal process. There is a multiplicity of ground states o¥/ observe the expected transition from order to disordeyias
that correspond to the homogenedgosdered configurations ~ increased8,14]. Strikingly, no such transition is observed
oir=0oy¢ Vi, j, andf, where the potentiaV takes its absolute for noise ratea #0. In fact,(Smax)_ls practically mdepende.nt
minimum V,,;;=—NF. Any other (disorderedl absorbing of g except for small values. This becomes clear by noticing
configuration is not the absolute minimum \¢f that with probability 1¢ a perturbation does not change the
We have not found a parallel rigorous result for configuration. Therefore considering the effective noise rate
d-dimensional lattices {>1). However, by extensive nu- f'=r(1=1/a) the data collapse onto a single curve
merical simulations we have verified the lack of stability of {Smax(r")) (Se€ Fig. 3 This curve identifies, for a fixed size
disordered configurations fat=2 with nearest-neighbor in- ©f the system, a continuous order-disorder transition con-
teraction as well. The absorbing states are subjesirtgle trolled by the noise rate. In addition, it shows that the tran-
feature perturbations defined as randomly choosing  Sition has universal scaling properties with respect to the
e{l,...N}, fe{l,...F} andse{1,...q} and settings;;  value ofq.
=s. Then the simulations are designed as follows.

(I) Draw a random initial configuration. IOEI@GEI@@@D IS D13 s R e A

(I Run the dynamics by iterating stefis, (2), and(3), i @OEA 1
until an absorbing state is reached. 08 ZoN N

(Il1) Perform a single feature perturbation of the absorb-=z 0.6 B ‘h O ¢q=2 ]
ing state and resume ét). ~ooL A@ o ¢=3 ]

We find that by these cycles of relaxatigstep 1) and g4 O O gm0 | |
perturbation(step I1l) the system is driven to complete order, v | A ¢=100)
where oii=o0j, Vi,j, and f. Thus, as in the one- 02 %AO _
dimensional case, only the completely ordered configurations - A .
are stable, all other absorbing configurations are merely — 0—— """'_5 —! """'_4 — ‘@E@g—@e’—'—'—'—u_z
metastable. In Fig. 1 we have plotted a typical evolution of 10 10 1o , 10 10
the order parameter considered in H&j, that is, the size of effective noise rate r

the largest homogeneous dom&p,,. We observe that, al- FIG. 3. (Snav as a function of the effective noise rate=r(1

though eventually its value could decrea$s,,, typically —1/q) for different values ofy. Simulations have been run in sys-
increases in each cycle of perturbation and relaxdtic. tems of sizeN="50 with F=10.
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It is worth noting that the limit —0 does not recover the R L AL R

results for the original model without noise, corresponding to .

r=0. The fact that for —0 we find an ordered state for all 0.8 _

values ofq is linked to the “metastable nature” of the inho-
mogeneous absorbing states previously discussed. Perturb
tions at a vanishingly small rate are sufficient to allow thei
system to escape from these states. i’

The order-disorder transition is also observed in the dis-V 04
tribution of sizes of homogeneous domains. For small noise
rates typically a single cluster spans the whole system. As the 2
noise rate is increased, smaller clusters become more an
more abundant. In the transition region the distribution of
domain sizes follows a power law. The exponent is approxi-
mately — 2.

What causes the onset of disorder with increasing noise
rate? For a sufficiently small noise rate the system has FIG. 4. (Smax as a function of noise rate for different values of
enough time to relax to an absorbing configuration betweeN. Simulations were performed with=10 andg=100.
perturbations. Then the situation would be comparable to the
previously studied case of alternating perturbation and relaxIhe average relaxation timeis the average first exit time
ation: after a transient of reducing the disorder from the ini-for an initial damage sizx=1. Thus we obtainT= 1,
tial condition like the one shown in Fig. 1, the system will =N[y+In(N—1)+O(N"Y], with Euler's constant y
spend most of the time in one of the homogeneous configu=0.577. For largeN we approximate
rations. At variance with the case of alternating perturbation
and relaxation where the ordered state cannot be left once T=NIn(N), ©)
reached, there will be, on long time scales, random jumps
taking the system from a homogeneous state to another hg0 that the average relaxation time of perturbations diverges
mogeneous one. If the noise rate is increased such that tiéth increasing system siZe.6].
typ|ca| time 1f between perturbations is shorter than the This reSUlt, tOgether with our argument that the transition
average relaxation time, perturbations are “accumulated” inoccurs forrT=0(1), suggests to consider systems of differ-
the System and disorder is built up. According to this pictur@nt size. We always find a smooth transition from the ordered
the average relaxation time of perturbations of a homoge- to the disordered state ass increased, see Flg 4. The noise
neous state sets the transition whefe= O(1). rate necessary to induce disorder is seen to decrease with

An approximate argument for the calculation Bfis as ~ growing system size. Figure 5 confirms tfais the relevant
follows. A single feature perturbation of an ordered state at
time t=0 induces a “damage” of sizg(t=0)=1 in one of 1% ' ' -
the components. In the following time steps the damage may i 1 ; |
spread until an ordered state is reached agair(by=0 or T
X(t)=N. The probabilityD, for x to increase or decrease is 0.8 i 1 4
the fraction of active bonds, which again dependsxdsut g 0.6 _m% -
also on the current shape of the damage cluster. This com r &
plication is avoided in a mean-field description, where a %o 0.4~ 0 m
bond exists between any two sites. Then the number of acz [ 02 E% _
tive bonds is simply the number of pairs,j) of sitesi Ay L @6 - 7> R
carrying the damage and sitgsnot carrying the damage. F° m 0
Given damage size we find x(N—x) active out of N(N Vo04b P
—1)/2 bonds, yielding an update probabiligfor N>1): 4am
D,=2N"2x(N—x). The average first exit time, that is the oG oF
average number of time stepsrequired to reach an absorb- 02 a A
ing boundary x=0 or x=N) when starting fromx(t=0) F 2%
=¥, fulfills the recursion relatiofi15] - O oo Ui

0.6 —

max’

6 -5 4 3 2 -1

0 1 IIIIIIII 1 IIII S d [t 2| IIIIII
10° 10° 10 107 10 10

noise rate r

|
1
TXZEDX(Txfl_"Tx+1)+(1_Dx)7'x+1 (1) 0 2 4 6
rescaled noise rate R =1’ N In(N)
with the boundary conditionsy= y=0. This equation has

the solution FIG. 5. (Snhay Plotted as a function of the rescaled noise rate

R=rN In N. Displayed open symbols and model parameters are the

X N-1 (N—&) x—1 (X— &) same as in Fig. 4. Filled symbols are for the corresponding case
=2 2 _22 2) with g=2. The inset is the corresponding plot for the decoupled
TN D D, - :
=1 ¢ =1 ¢ model, see the main text.
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time scale for the onset of disorder. The data of Fig. 4 col-dependence on the parametgrs >0 andN as in the origi-
lapse into a single curve when plotted as a function of anal model(inset of Fig. 5. This shows that in the presence of
rescaled noise rat®R=rT=rNIn(N) which incorporates noise our main results are insensitive to one of the basic
noise rater and system sizé\. Recalling our result for a premises of Axelrod’s model.
fixed system size, we conclude that there is a universal scal- In summary, we have described the scaling properties of
ing form for the order parameter describing the transition:an order-disorder transition induced by noise which occurs at
(ST AN =(Smad F(,,N) ) with f(r,q,N)=r(1 @ S|ze—depender_1t1value of the noise fatE(N). For a finite
—1/q)N In(N). system andST ordered mpnocultural cor_lflguratlons are
Note that our analysis assumes that perturbations can dffduceéd by noise because disordered multicultural configu-
ways relax to the homogeneous configuration. This assump&lions are not stable. In the thermodynamic liit> -, the
tion is not fulfilled when a sequence of perturbations affecté:ond't'on r=T""(N)—0 is satisfied for arbitrarily small

all features of the same site without intermediate relaxation-°'>¢ rate and the system remains in a disordered or multi-

. e » . : Cultural state. In any case, cultural drift changes the nature of
Th|§ mtroducgs norllove.rlapme islands” of sites which do he ordered and disordered states. In the ordered state the
not interact with their neighbors. The effect becomes releval

f | . d I ber of f ystem is not stuck in a single homogeneous configuration,
or very large noise rates and a small number of feat(8es  y+ 4ring long time scales visits in succession a series of
Fig. 5). It is also relevant foF =2 giving a different behav-

, - , - monocultural configurations. Likewise, the disordered state

ior_corresponding to the different type of transition for g ot 3 frozen configuration but an evolving state with noise

=0 [8]', . sustained dynamics. Thus, the cultural drift appears to be a
We finally note that for the correct prediction of the char- rgjeyant variable that drastically modifies the dynamics of

acteristic time scal@ and the change of behavior with noise ayelrod's cultural model. Future extensions of this model

rater, the dependence of the interaction probability on theghqyig include the consideration of more complex networks

sites’ overlap need not be taken into account. This motivategs interaction[17).

the introduction of a “decoupled” version of the dynamics in
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