
PHYSICAL REVIEW E 67, 041716 ~2003!
Structures and phase transitions in polar smectic liquid crystals
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A discrete phenomenological model of antiferroelectric liquid crystals is used to study the structures and
phase transitions in bulk samples and thin films. An important ingredient of our investigations is minimization
of the free energy with respect to the phase and modulus of the order parameter. A simple version of the free
energy, which contains only the nearest-neighbor and the next-nearest-neighbor layer interactions gives a
complete phase diagram with all the observed smectic-C* (SmC* ) variant phases. In thin free-standing films,
surface ordering may lead to suppression of the bulk SmCa* helix and to formation of planar structures.
Transitions between these structures are accompanied by the 90° reorientation of the polarization direction. We
also discuss the influence of chirality on subphase structures.
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I. INTRODUCTION

In recent years one of the most extensively studied pha
of liquid crystals, both for basic research and for applic
tions, are chiral polar smectics. The combination of chira
and polarity in tilted smectic liquid crystals results in ma
interesting structures, where these effects interplay. After
discovery of antiferroelectric smectic-C* (SmCA* ) phase,
short-pitch incommensurate SmCa* and several other sub
phases@1,2#, it has become evident that a variety of phas
with polar layers possessing unusual interlayer structures
physical properties is realized in liquid crystals. Significa
experimental and theoretical efforts have been directed
investigate these new polar liquid-crystalline materia
However, until recent time, structures of only two pol
phases, namely, the ferroelectric SmC* @3# and the antifer-
roelectric SmCA* were well understood and firmly identified
In these phases, the long molecular axes are tilted by a p
angle u with respect to the layer normalz. Orientational
ordering of molecules in the smectic layer can be descri
by a two-dimensional~2D! vectorj that is the projection of
the nematic directorn onto the layer plane~Fig. 1!. In the
SmC* phase, the azimuthal anglew is practically the same
in neighboring layers~synclinic structure!. In the SmCA*
phase the molecules in adjacent layers are tilted in ne
opposite directions~anticlinic structure!. Difficulties in
studying the interlayer structure of other phases by conv
tional x-ray methods were due to the insensitivity of t
diffraction along theQz reciprocal space direction to the ti
plane orientation in smectic layers. The breakthrough w
achieved in 1998 when Machet al. @4# conducted measure
ments of resonant x-ray scattering using a specially syn
sized compound, in which the tensorial structure factor
pended on the molecular orientation with respect to
polarization of the x-ray beam. It was shown@4,5# that the
SmCa* phase possesses an incommensurate short period
from about five to eight layers. According to ellipsometr
1063-651X/2003/67~4!/041716~12!/$20.00 67 0417
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and optical reflectivity data@6–8#, the azimuthal orientation
of molecules can be described by a short-pitch helix with
axis perpendicular to the smectic layers. SmCFI1* and
SmCFI2* have correspondingly three-layer and four-lay
structures.

Several models have been proposed for the structur
the subphases. In the first Ising-like model@2,9,10#, the
structure of subphases was characterized by either sync
or anticlinic ordering of molecules in a unit cell. The a
sumption thatw is either 0 orp was based on the know
structure of the SmC* and SmCA* phases with nearly copla
nar ordering in neighboring smectic layers. Frustrating int

FIG. 1. Layer structure of a tilted smectic~a! and orientational
ordering of molecules~b!. u i and w i are the polar and azimutha
angles, the two-component vectorji is the order parameter.
©2003 The American Physical Society16-1
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actions between layers which are assumed in this model
lead to different sequences of synclinic and anticlinic orie
tations in a unit cell. Inconsistence of these coplanar str
tures to experimental data lead to development of a so-ca
distorted Ising model@11# for subphase description.

The second model proposed by Pikinet al. @12–14# is
based on the short-pitch mode approach. In this semip
nomenological model, the spatially inhomogeneous par
the free energy is taken as a series of harmonic funct
corresponding to the short-pitch modes. The model give
good description of the observed structures and their t
perature sequence, but it cannot be easily adapted for
case of thin films.

The third proposed model for the subphases is based
the two-component order parameterj, which is homogenous
in the plane (XY) of each layer, and on antiferroelectric~A!
interaction~I! between the next-nearest neighbor~NNN! lay-
ers~short names: ANNNIXY model or ‘‘clock’’ model! @15–
19#. Antiferroelectric NNN interactions lead to frustration
and to formation of commensurate and short-pitch inco
mensurate structures that was confirmed by the x-ray
optical measurements@4–8#.

However, up to now many general features of the s
phase structures are not yet clear. For example, it was fo
that the pitch in the SmCa* phase could vary substantiall
even in similar compounds@20#, have different temperatur
dependencies~increase or decrease with temperature! @4,20#,
and change continuously from the long pitch in the SmC* to
the short one in the SmCa* @21#. Recently, essential differ
ence in the structure of the SmCa* phase in the bulk sample
and in the thin films was reported@22–24#. Moreover, struc-
tures without the short-pitch helix were found in thin film
Transitions between these structures take place with a
change of the electric polarization direction@23,24#. The na-
ture of modification of the SmCa* phase in thin films with
respect to the bulk is not clear.

In this paper, the generalized ANNNIXY model was
used to describe the possible phase diagrams, transit
and different structures resulting from frustrations in bu
samples and thin films. The bulk phase sequen
SmC* (SmCA* )-SmCa* -SmA or SmC* (SmCA* )-SmCFI1* -
SmCFI2* -SmCa* -SmA observed in experiments can be o
tained in the frame of this model by including into the fr
energy expansion the energetic barrier for azimuthal mole
lar reorientations.

In thin films surface ordering leads, as a rule, to suppr
sion of the bulk SmCa* helix and to formation of sequence o
planar structures. Such structures in thin films were obser
experimentally@22–24#. Planar structures of two types we
found in our calculations. The first one results fro
synclinic-anticlinic~for the low-temperature SmC* phase! or
anticlinic-synclinic ~for the low-temperature SmCA* phase!
reorientation in the center of the film, where the tilt angle
small. These transitions are also accompanied by the
reorientation of the polarization direction. Such transitio
with the change of polarization directions~transverse to lon-
gitudinal and vice versa! were observed experimentall
@23,24#. For some values of the interaction parameters, es
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cially in thick films, the transitions between planar structur
occur via twisted structures. The second type of transition
induced by the surface and it takes place below the b
SmC* -SmCa* transition temperature. The reorientations o
cur between the second and the third layer from the surfa
Because these reorientations hold near two surfaces, in t
films they do not result in the change of the polarizati
direction.

At the moment, very little is known rigorously about th
subtle interplay between chirality and frustrations. It is us
ally assumed that molecular chirality that determines the s
of the helical structure in the SmCa* phase yields only a
small contribution to the spacial helical modulation as t
SmC* (SmCA* ) pitch is large. We show in this work that th
presence of both chirality and frustrations may lead to int
ference between them, resulting in a substantial modifica
of the phases and in appearance of a SmCa* -like structure,
which cannot appear in achiral systems.

The remainder of our paper is structured as follows.
Sec. II, we formulate the model and present the basic exp
sions necessary for our investigation. Besides in this sect
we discuss some qualitative features of the structures, p
transitions between them, and physical meanings of par
eters entering the model. Section III is devoted to the
merical study of the model. We present structures and ph
diagrams in different ranges of the model parameters, sam
thicknesses, and external conditions~for bulk samples in
Sec. III A and for thin films in Sec. III B!. In Sec. III C, we
investigate the role of chirality, which in some cases can le
to strong effects even for a small magnitude of the ch
contribution. We end with some brief conclusions in Sec.

II. THEORETICAL MODEL

In order for the later discussions to be made smoothly,
give here the qualitative description of our model. As w
already mentioned in the preceding section, recent exp
ments resulted in the determination of the structures of p
liquid crystalline phases. Some of them can be theoretic
described by continuous Landau-type models~see, e.g., Ref.
@25#, the monograph@26#, and references herein!. However,
even for these phases the continuous Landau theory may
be applied to thin films composed of a small number
layers. To describe phase transitions and structures in p
smectic liquid crystals, we use the discrete phenomenol
cal XY model with nearest-neighbor~NN! and next-neares
neighbor antiferroelectric interactions~ANNNIXY model!
@15–19#. In this theory, smectic films are modeled as stac
of N layers with the two-component~i.e., 2D vector! order
parameterji , wherei stands for thei th layer ~Fig. 1!. The
free energy of anN-layer film can be written as an expansio
over the structural (j) and polar (P) order parameters. Mini-
mization of this energy with respect to the polarizationP
gives a relation betweenj and P. So the final energy de
pends only onj with renormalized coefficients of the expan
sion.

The simplest base expansion of the free energy
coupled smectic layers with NN and NNN interactions@17–
19# reads
6-2
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F05F11F21F3 , ~2.1!

where

F15(
i

F1

2
a0ji

21
1

4
b0j i

41
1

8
a2ji•ji 12G , ~2.2!

F25
1

2
a1(

i
ji•ji 11 , ~2.3!

and

F35b1(
i

j i
2~ji 21•ji1jiji 11!. ~2.4!

In Eq. ~2.2!, a05a(T2T* ) andb0 are Landau coefficients
describing the SmA to SmC transition in noninteracting lay
ers. F2 corresponds to the conventional gradient te
(dj/dz)2 of the continuous Landau theory. In systems w
planar tilted smectic phases (dj/dz)2 describes the fluctua
tions of the tiltu. This contribution to the energy stabilize
the synclinic structures (SmC) for negativea1 and anticlinic
structures (SmCA) for positivea1. It is worth noting that in
the systems under consideration with the vector order par
eter this term is responsible not only for fluctuations of t
modulus and of the phase of the order parameter but also
subphase formations.F3 also describes the coupling betwe
the neighboring layers. The last term in Eq.~2.2! may lead to
frustrations of synclinic and anticlinic homogenous order
in the system, since ata2.0 it favors anticlinic orientation
in next-nearest layers, which is incompatible with these
mogenous structures. Due to these competing trends larga2
results in the formation of compromise commensurate or
commensurate (SmCa* ) structures releasing frustrations.

The physical meaning of different terms was discus
previously in the literature.F2 is determined by a certain
competition of conventional steric and van der Waals int
actions that have different signs and favor synclinic and
ticlinic ordering, respectively@27#. As was shown by Osipov
and Fukuda@28#, strong correlations between transverse m
lecular dipoles located in flexible chains can also be resp
sible for the anticlinic configuration.F3 arises from the
short-range dispersion and quadrupolar interactions. L
wiseF2, this term, depending on its sign, stabilizes synclin
(b1 is negative! or anticlinic (b1 is positive! ordering. The
interaction (ji•ji 12) coupling next-nearest layers may ha
different nature, in particular, it results from the large flex
electric effect@27#.

In our calculations, we also introduced some additio
terms in the free energy expansion. It is known that tak
into account the nearest-neighbor interaction only in a bi
ear form, F2, leads to formation of either SmC(SmCA)
phase atua1 /a2u.1 or a short-pitch structure atua1 /a2u
,1 at all temperatures below the SmA @17–19#. The ques-
tion thus arises whether a more reasonable model can
found that would predict the observed experimentally ph
transition between SmCa* and SmC* (SmCA* ). To get this
phase transition, one has to introduce a certain energetic
04171
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rier for azimuthal reorientations of molecules between s
clinic and anticlinic structures. The simplest term providi
such a barrier is

F45a3(
i

@ji3ji 11#2. ~2.5!

Due to the biquadratic interaction this term as well asF3 is
more essential at low temperatures, when the tilt angle
large.

The SmCa* phase is observed in compounds with chi
molecules. The chiral interaction is usually presented in
free energy by the so-called Lifshits term, which can
taken in the form

F55 f(
i

@ji3ji 11#z . ~2.6!

In Secs. III A and III B, we present~unless the opposite is
said! the results of our calculations without the chiral ter
and in Sect. III C, we investigate the effects induced
chirality. When the calculations are made without the chi
term, we shall use the notations without the star~e.g.,
SmCa), and the star superscript denotes that the chiral te
is introduced. When referring to experimentally observ
phases, we shall use the traditional notations for chiral m
terials with the star.

It is established@29# that in some compounds the tilte
smectic state can be very close to the Landau tricritical po
so for the correct description of the temperature depende
of the tilt order parameteru, the sixth-order term in the free
energy has to be taken into account

F65c(
i

j i
6 , ~2.7!

where c ~as well asa and b0 above! should be positive.
However, our numerical analysis~see the following section!
shows that this term leads to some change of the tempera
dependence of the order parameter, but does not alter q
tatively most of the results. Thus, in this work, unless oth
wise stated, we present data obtained without the sixth-o
term in the free energy.

In the films, there are two effects related to the existen
of the surfaces. First effect is pure geometrical one. The
faces break the translational and rotational invariance. Du
this fact the properties near the surface~and on the surface!
should be different from the bulk properties. In our case, t
geometrical factor is accounted automatically, via the mi
ing part of NN and NNN interactions for the surface laye
and NNN interactions for the layers next to the surface. B
sides certainly there are physical modifications of the sys
due to the existence of the boundaries. Surfaces can sup
the bulk ordering~this case is called the ordinary phase tra
sition!, surfaces can enhance the bulk ordering~it is called
the extraordinary phase transition!, or as a third possibility
surfaces can experience their own intrinsic critical behav
~it is called the surface phase transition!. There is also a
special phase transition that is in some sense intermed
6-3
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between the ordinary and extraordinary phase transitions
include the physical modification of the surfaces into o
consideration, we took the first term of the free energy
pansionF1 for the surface layers in the form

1

2
a8~T2Ts!~j1

21jN
2 !, ~2.8!

where Ts is the surface transition temperature in the fi
without interlayer interactions. The validity of such a mo
eling of the surface effects will be discussed in Sec. III B

In Sec. III, we present the results of the numerical stu
of the model, namely, the equilibrium structures and ph
diagrams in different ranges of the model parameters, sam
thicknesses, and external conditions~for the bulk samples in
Sec. III A and for the thin films in Sec. III B!. In Sec. III C,
we investigate the role of chirality, which can lead to notic
able effects even for a small magnitude of the chiral con
bution into the free energy expansion.

Minimization of the free energy was performed by pr
jected gradient quasi-Newton limited memory algorithm
bound-constrained optimization@30#. The developed numeri
cal code allowed us to conduct calculations using simu
neously all listed terms in the free energy~2.1!–~2.8!. How-
ever, analysis of the above model, as a rule, was perfor
using a limited number of terms in the free energy, to dis
tangle the influence of different terms on the possible eq
librium structures and phase transitions.

III. CALCULATIONS

A. The bulk phase diagrams

The short-pitch structure (SmCa , SmCa* ) appears in the
case of frustrating interactions, i.e., ata2.0, and only this
case will be examined in our paper. In this section we stu
the influence ofF2 , F3, andF4 terms and their combination
on the formation of the subphases and their structural p
erties. Here and below, we setb0 equal to 1, thus employing
the units witha measured in 1/K and keeping all the oth
coefficients dimensionless. The value ofa was chosen, so
that the order parameter modulusu was 0.3–0.4 rad atDT
510 K below the phase transition from the bulk SmA to the
tilted phase~these magnitudes ofu are typical for SmC liq-
uid crystals!.

It is worth mentioning that the full investigation of th
phase diagrams even in the case of a limited number of
terlayer interactions, requires considerable amounts of c
putational work. Frustrations can lead to formation of va
ous nontrivial structures. It is one of the reasons why in sp
of a number of publications a complete analysis of the ro
of different terms in the free energy expansion is still n
available. Moreover, most of the previous calculations w
made, as a rule, under some simplifying assumptions~e.g.,
linear dependence of the order parameter phasew on z, con-
stancy ofu in different layers!, which restricted the variety
of possible equilibrium structures in the phase diagrams.

In the present work, the calculations of the structures
of the phase transitions were performed by means of m
mization ofF both overu i andw i in all layers of the film (i
04171
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runs from 1 toN). To find the global minimum, minimiza-
tion was repeated from 100 to 1000 times for random in
trial structures. To determine the bulk phase diagrams,
take the film thicknesses up to 200 layers and the surf
term ~2.8! was taken the same as in the bulk~i.e., a8[a,
and Ts[T* ). We believe that this approach enables us
catch all essential features of the bulk behavior. ForN
.25, we did not find any essential variation of the para
eters of all the resulting structures in the middle part of
film. Besides, we conducted a check of the structures
phase transition temperatures for the bulk sample: the m
mum of the free energy for an infinite sample was fou
from a set of trial structures, obtained in the central part
the thick films. The accordance between the results obta
by these two methods was sufficiently good~e.g., the phase
transition temperatures coincided with the accuracy be
than 0.2 K!. Formally, our procedure is not totally exhaustiv
with respect to all possible structures~e.g., there is no exac
minimization algorithm for incommensurate structure!.
However, good agreement between the values ofu i , w i , and
the phase transition temperatures obtained by the both m
ods, enables us to assume that we did not lose any struc
in our method of the calculations.

To confront our predictions with experimental observ
tions, we always use temperature as one of the coordinate
the phase diagrams. This allows us to compare more ea
the results obtained in our simulations with existing expe
mental data.

1. Phase diagram for the free energy FÄF 1¿F 2¿F 4

The free energy in the form~2.2! upon decreasing tem
perature yields a phase transition from SmA to a tilted struc-
ture, in which the rotation ofji from layer to layer is deter-
mined by the frustration terma2ji•ji 12, i.e., anticlinic
orientation of NNN layers. The rotation of the tilt plane b
tween NN layers is not fixed by these terms. The interla
interactions between NN layers (F2) determine the angles
between the tilt planes: for a large absolute value ofa1,
namely, atua1 /a2u.1, the structure of the tilted phase
synclinic (a1,0) or anticlinic (a1.0). At ua1 /a2u,1, the
structure is formed with rotation of the tilt from layer t
layer. It might seem that this phase resembles the short-p
SmCa* phase, but independence ofDw5w i 112w i on tem-
perature@Dw5arccos(2a1 /a2)# @19# and absence of the
phase transition to the SmC(SmCA) phase, disagrees with
the experimental data. The phase sequence SmC-SmCa-
SmA may be obtained upon introducing into the free ene
the termF4, which provides the energetic barrier betwe
synclinic and anticlinic ordering.

Figure 2 shows a typical phase diagram in coordinateT
2T0 anda1 /a2, whereT0 is the transition temperature from
the SmA to any tilted phase. The phase diagram was cal
lated for different values of the parametera1. The other pa-
rameters have been taken asa50.01 K21, a250.02, a3
50.05. In presence of the barrierF4, the SmC(SmCA)
structure is formed both atua1 /a2u.1 and atua1 /a2u,1. In
the SmCa phase near the phase transition to the SmA struc-
ture, the pitch is almost insensitive toF4, i.e., the same as i
6-4
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would be without this term~as it should be becauseF4 is the
fourth-order term over the order parameter!. As one can ex-
pect, when the interlayer interactionF2 is decreased, the
width of the SmCa phase is increased and a four-layer stru
ture is formed neara1 /a250. However, the transition from
SmC to the four-layer structure occurs via an intermedi
phase~Fig. 2!. In the case of positivea1 it is a three-layer
structure, in the case of negativea1 it is a six-layer one. All
these four-, three-, and six-layer structures upon taking
consideration the chirality become nonplanar, and the fo
layer and the three-layer structures can be considered as
logs of SmCFI2* and SmCFI1* phases. At an appropriat
choice of the model parameters, we can obtain the s
temperature sequences of the structures as those observ
experiments@see Sec. III B 2 and Fig. 4~b! with the sche-
matic representation of the nonplanar structures#. The differ-
ence between the four-layer and the three-layer~or the six-
layer! structures is not reduced to the pure quantitative f
that they have different periods. There is also a qualita
difference, manifesting itself in the fact that in the four-lay
structure only the phase of the order parameter is var
whereas in the three-layer and in the six-layer structure b
the phase and the modulus of the order parameter are va
The newly predicted six-layer structure has not been
served experimentally so far. Like in the three-layer str
ture, in the six-layer one, the order parameter modulusu i is
varied in different layers. The tilt angleu i is larger in the
layer that has the same ordering with respect to the b
adjacent layers~two anticlinic for the three-layer, two syn
clinic for the six-layer cell!. The both~three- and six-layer!
structures are different from each other by the variation
the order parameter phase in the unit cell, however, if
takes into consideration only the order parameter modu
the periodicity of the both structures is equal to three laye
This means that nonresonant x-ray diffraction sensitive to
difference in u i ~and hence to the layer thicknessdi
5d0 cosui) is similar for the both structures.

Because many different models have been proposed
ability to discriminate experimentally the actual molecu

FIG. 2. Bulk phase diagram for the free energy in the formF
5F11F21F4 . T0 is the temperature of the transition from th
SmA to tilted phases. The set of model parameters isa
50.01 K21, a250.02,a350.05. A schematic representation of th
tilted structures appearing below the SmCa phase is shown in the
lower part of the figure.
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arrangements is critically important. One of the possibilit
would be the observation of nonresonant x-ray scattering
lated to the layer thickness modulation. These satellite pe
should appear at the wave vectorsQz5Q0(n6 1

3 ), where
Q052p/d̄, d̄ is the average layer thickness. The most inte
sive peaks in the six-layer structure are atQz52Q0/3 and
Qz54Q0/3, i.e., the same as in the three-layer structure@31#.
Assuming a simple sinusoidal electron density modulat
within each smectic layer, we can easily find the ratio~with
respect to the main harmonic atQ052p/d̄) of Fourier har-
monic amplitudes modula

A2/3

A0
5

36A3

25p

Dd

d̄
~3.1!

for Qz52Q0/3 and

A4/3

A0
5

72A3

49p

Dd

d̄
~3.2!

for Qz54Q0/3, where Dd is the difference in the laye
thicknesses. Equations~3.1! and ~3.2! were obtained by cal-
culating electronic density Fourier harmonics in a linear o
Dd/d̄ approximation. We assume sinusoidal electronic d
sity modulations for layers, and the layers differ in the
thicknesses~the sequence isd, d, d2Dd, d, . . . ). Peaks at
Qz5Q0(n6 1

6 ) related to the change of the order parame
phase could be observed only by means of resonant sca
ing.

Approaches to the theory of polar smectic phases sim
to ours have been made by other authors, but some impo
differences from our work should be noted. The three-la
structures like we found above have been obtained pr
ously in models, which included interactions between nea
neighboring ~NN!, next-nearest neighboring~NNN!, and
next-next-nearest neighboring~NNNN! layers @32,33#. We
performed the minimization of the free energy over both
phase and the modulus of the order parameter. In this c
there is no need to invoke long-range interactions~namely,
ji•ji 13) to get the stable three-layer structure. In our mod
it stems from only NN and NNN interactions. If one fixes th
modulus of the order parameter in the smectic layers, th
layer structure would not appear in the model including o
NN and NNN interactions. Thus, nonuniformity ofu i in dif-
ferent layers is essential not only for the correct descript
of the structure, but also for the very existence of the thr
layer phase itself. This variation of the order parame
modulus stems directly from the symmetry of the three-la
structure, i.e., it should be expected to appear at the cor
minimization of the free energy.

One more specific feature of the presented phase diagr
is the structural difference of the SmCa phase for positive
and negative values ofa1. This possibility~i.e., existence of
different types of SmCa) was pointed in a recent publicatio
@32#. In our case, ata1,0 the pitch increases when the tem
perature decreases, therefore the SmCa helix is unwound at
the transition to the SmC phase. Ata1.0 near the transition
into the SmCA phase, the local SmCa structure resembles a
6-5
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anticlinic one twisted in a long helix. The pitch of this hel
~as well as fora1,0) decreases with the temperature. Ho
ever, this argumentation makes sense only for the cas
quite long pitches. When the pitch decreases substanti
we cannot any longer describe the system in terms of a
clinic ordering of adjacent layers and of a pitch for the an
clinic pairs. It can be done in the SmCA* phase where the
helix concerns the twist of anticlinic pairs, and for the SmCA*
no disagreement exists as the pitch of the SmCA* helix is
much larger than the layer spacing. Ata1.0 a continuous
evolution of the helix in the whole temperature interval w
be described if we follow the twist of the single layers.
this case, the SmCa* pitch in the low-temperature region onl
slightly exceeds the two layers distance and it increases
the temperature. Such temperature behavior of the SmCa
pitch ata1.0 is opposite to the case witha1,0. It is worth
mentioning that for different compounds the both types
the behavior~decrease and increase of the pitch with t
temperature! have been observed@4–8#.

2. Phase diagram and structures for the free energy FÄF 0 ,
FÄF 0¿F 6, and FÄF 0¿F 4¿F 6

An alternative scenario to obtain the SmA-
SmCa-SmC(SmCA) phase sequence is related to the te
F3 in the free energy expansion. Figure 3 shows the ph
diagram for the free energyF0 ~diamonds and open circles!.
Likewise in the previous case, the SmCa phase appears a
ua1 /a2u,1. The sixth-order termj i

6 in the free energy (F
5F01F6) somewhat modifies the temperature depende
of the SmCa-SmC(SmCA) phase transitions but does n
qualitatively change the shape and topology of the ph
diagram. Closed and open circles represent the phase
gram when botha1 andb1 change their signs ata150. The

FIG. 3. Open circles represent the bulk phase diagram for
free energy in the form~2.1!. T0 is the temperature of the
SmA-SmCa or SmA-SmC(SmCA) phase transitions. The model pa
rameters area50.006 K21, a250.005, ub1u50.07. Closed circles
represent the phase diagram with the sixth-order termF6 ~2.7!. The
model parameters area50.01 K21, a250.02, ub1u50.1, c50.5.
b1 is positive in the right half of the diagram and negative in the l
one. The triangles and the dashed lines represent the diagram fo
low-temperature antiferroelectric phase with positiveb1 in the
whole region of the phase diagram.
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triangles and the dashed lines show the SmCA phase bound-
ary whenb1 remains positive in the left part of the diagram
In this case, SmCA phase exists below the dashed lines. T
appearance of the structures depends on the ratioa1 /a2. At a
relatively largeua1 /a2u, ~in the case ofa1 negative,b1 posi-
tive!, besides the SmCA , other commensurate structures e
ist. Even a richer phase diagram is obtained with the bar
term F4. Figure 4 shows an example of the temperature
pendence of the tilt angle and the cell parameter of the st
tures. Introduction of the Lifshits term results in the form
tion of nonplanar structures shown in the upper part of F
4~b! ~view alongz axis!. Optical data@6–8,34# indicate that
the azimuthal orientation arrangement in the SmCFI1* phase
presents a distorted clock structure and that the polar s
metry is quite large@34#. The angled is from about 30° to
57° @6–8,34#. The structures~Fig. 4! appear in the sequenc
observed in the classical antiferroelectric material MHPO
in samples with high optical purity@33#. As we mentioned
earlier, in the three-layer structure the tilt angle is not a c
stant in different layers@up and down triangles in Fig. 4~a!#.
The tilt angle is larger in the layer with molecular orient
tions closer to anticlinic@orientation of the tilt plane denote
by 3 in Fig. 4~b!#. Dynamical light scattering measuremen
@34# show that the interlayer interaction coefficients in t
free energy might be of comparable magnitude to intrala
coefficients. This important conclusion about the interlay
interaction confirms the validity of our calculations of th

e

t
the

FIG. 4. The tilt angle~a! and cell period~b! versus temperature
in SmCA* , SmCFI1* , SmCFI2* , SmCa* ~incommensurate! phases. A
schematic representation of the nonplanar three- and four-l
structures is shown in the upper part of~b!. The distortion angled
appears due to chirality. Up and down triangles in~a! correspond to
layers denoted by 3 and 1~2! in ~b!. The set of the model param
eters isa50.01 K21, a1520.002, a250.004, b150.02, c50.5,
a350.01.
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SmCFI1* phase structure because the variation ofu i in differ-
ent layers is due to the interlayer interactions. The differe
in the order parameter modulusu i in different layers is de-
creased whend is increased and it gets down to zero atd
5120° ~the symmetric ‘‘clock’’ configuration!. However, as
it was experimentally established, the three-layer structur
not symmetric (dÞ120°), and hence one should expect t
difference ofu i in the layers of the SmCFI1* phase.

Summarizing the results of the phase diagram calculat
we can state that the main features of the SmCa* phase may
be described using one of the terms of the fourth orderF3
or F4), but for full description of all smectic subphases oth
terms (F3 , F4, and F5) have to be regarded in the fre
energy expansion. In the phase diagrams, the stability l
are symmetric abouta1 /a250 but the structures of sub
phases may be different. However, even in this case a
cific symmetry exists. Two structures appearing at the eq
values ofua1 /a2u are similar in the following sense: if in th
left part of Fig. 2 (a1,0), we change the synclinic orienta
tion in neighboring layers to anticlinic and vice versa, w
will obtain the structure of the right part of the figure. F
example, the six-layer structure~Fig. 2, left part! will be-
come the three-layer structure.

B. The structures and transitions in thin films

As it was explained before, the physical modification
the surface layers with respect to the bulk ones was ta
into consideration by the surface free energy~2.8!. Different
conditions on the surface may lead to increase@35,36# and to
decrease@19,36# of the transition temperature from SmA to
the tilted phases with respect to the bulk sample. It is w
established experimentally that the tilted structures in
films are observed at higher temperatures than in the b
samples, both for synclinic and anticlinic ordering. It can
understood, since due to fairly large surface tension sur
fluctuations of the order parameter are considerably hinde
in the films and it increases the surface transition tempera
Ts . In our calculations, we tookTs such that the temperatur
difference between the transitions SmA-tilted phases in the
two-layer films and in the bulk sample is equal to the expe
mentally observed value 30 K@35#. Our numerical results
show that a variation of the parametera8 in some natural
limits ~within about 40%! induces some shift of the transitio
temperatures in the films but does not lead to a qualita
change of the equilibrium structures and of the sequenc
the transitions. Due to this reason and for the sake of s
plicity, the results presented in this section were obtaine
the same value ofa8 as for the interior layers of the film.

Figure 5 shows the tilt angle profileu in a six-layer film
for a set of parameters corresponding to the phase diagra
Fig. 3 for ua1 /a2u50.4 ~with the sixth-order term taken into
account!. The calculations were performed for the synclin
@a1 /a2520.4, Fig. 5~a!# and anticlinic@a1 /a250.4, Fig.
5~b!# low-temperature structures. Without the chiral ter
these synclinic and anticlinic structures remain planar. S
face ordering results in a certain increase of the molecula
angle from the center of the film to the surface. At the te
peratures slightly exceeding the bulk SmC(SmCA)-SmCa
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transition temperature, reorientation of the tilt planes occ
in the film ~Fig. 5!. The relative direction of the molecula
tilt in two central layers changes to the opposite: synclinic
anticlinic @Fig. 5~a!#, anticlinic to synclinic@Fig. 5~b!#. How-
ever, the azimuthal interlayer ordering in the other parts
the films is not changed. In the case depicted in Fig. 5
transition occurs in a stepwise manner, below and above
transition the structures are planar. The structures without
short-pitch helix were recently observed in compounds w
the SmCa* phase@22–24#. In N-even films after the transi
tion, u in the central part of the film remains nonzero.
N-odd films~Fig. 6!, u50 in the central layer. If we include
also the chiral Lifshits energy, it will lead to a small nonze
tilt in the central layer. However, even in the case of zero t
the orientations of the upper and lower halves of the film
correlated due to the NNN interactions: the anticlinic orie
tation of next-nearest neighbors is obtained both for the c
of the low-temperature synclinic and anticlinic structur
~Fig. 6!.

Figure 7 shows the transition temperatures for differ
film thicknesses. The transitions from SmC or SmCA occur
when u in the center of the film is sufficiently small, i.e
when NNN frustrating interactions become comparable
NN interactions. This phenomenon increases the phase
sition temperatures upon decreasing the film thickness.

At further temperature increase a second phase trans
occurs~Fig. 5!. This transition temperature also increases

FIG. 5. Tilted planar structures in six-layer films for the case
low-temperature synclinic~a! and anticlinic ~b! phases. The sub
scripts ofu i denote the layer number within the film. These stru
tures occur for the phase diagrams shown in Fig. 3. The data in
figure correspond to the case of the free energy with the sixth-o
term andua1 /a2u50.4. Transitions occur with the 90° change
the polarization direction.
6-7
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the film thickness decreases~for the five-layer film the sec-
ond transition takes place outside the temperature scal
Fig. 6!. Likewise for the first transition, the correspondin
structure remains planar. Thus, the bulk SmCa phase is re-
placed in thin films by the series of transitions between

FIG. 6. Tilted planar structures in five-layer films for the case
low-temperature synclinic~a! and anticlinic ~b! phases. The sub
scripts ofu i denote the layer number in the film. These structu
occur for the phase diagrams shown in Fig. 3. The data in the fig
correspond to the case of the free energy with the sixth-order t
and ua1 /a2u50.4. Transitions occur with the 90° change of t
polarization direction.

FIG. 7. Temperatures of the transition from the low-temperat
ferroelectric or antiferroelectric state for different film thicknes
The set of parameters is as in Figs. 3, 5, and 6.
04171
of

a

number of planar structures. Such kind of the behavior~as
well as even-odd alternations! was experimentally observe
in the films of different thicknesses@23,24#. At the transi-
tions, the symmetry of the film with respect to its cent
changes: antisymmetric-symmetric-antisymmetric for
low temperature synclinic state@Fig. 5~a!#, symmetric-
antisymmetric-symmetric for the low-temperature anticlin
state@Fig. 5~b!#. For the polar structures, such variations
the symmetry should lead to 90° change in the direction
the net polarization in the films irrespective, to a nature
polarization emerging in the films. The polarization directi
is governed by the film symmetry: in the symmetric stru
turesP is parallel to the molecular tilt plane, in the antisym
metric structures it is perpendicular to the molecular
plane.

Some comments concerning the polarization seem in
der here. Let us consider first the simplest case when
low-temperature structure is synclinic@Figs. 5~a! and 6~a!#.
In such a state in polar structures the polarization is perp
dicular to the molecular tilt plane~transverse polarizationP'

of the ferroelectric smectic!. After the first transition the po-
larization becomes longitudinalPi ~parallel to the molecular
tilt plane!. The next transition is again to the state with t
transverse polarization. Longitudinal polarization emerg
from the interlayer polarization parallel to the molecular t
plane@28,37# and from the surface polarization. In the stru
ture appearing after the first transition@Figs. 5~a! and 6~a!# in
the upper and the lower halves of the film, the transve
polarizations point in the opposite directions, i.e., comp
sate each other. On the contrary, the directions of the lo
tudinal polarization in the upper and the lower parts of t
film are the same, thus netPiÞ0. Analogous consideration i
also appropriate for all other structures.

More tricky is the situation for the sequence of sta
emerging from the anticlinic structure@Figs. 5~b! and 6~b!#.
Even in the antiferroelectric state the film symmetries
different @38,39#: symmetrical structures inN-even films and
antisymmetrical ones inN-odd films. The symmetry analysi
of the anticlinic structures given in the papers by Linket al.
is conformed with the experiments performed by the sa
group @38,39#. Our calculations forN-even films give
the following sequence of the structures@Fig. 5~b!#: sym-
metric ~longitudinal polarization!-antisymmetric~transverse
polarization!-symmetric ~longitudinal polarization!. In the
N-odd films the symmetry of the structures is the oppos
and, consequently, the polarization direction is rotated
90°. Such a sequence of the polarization directions at
transitions in theN-odd andN-even films was really ob-
served in the films of the antiferroelectric liquid crystal wi
the SmCa* phase in the bulk sample@23,24#.

We found the reorientation in the center of thin films in
wide range of parameters~e.g., in a six-layer film in the
whole right region of the phase diagram of Fig. 3 calcula
without the sixth-order term!. At certain values of the param
eters, in particular, in thicker films and in the case of t
SmCa* phase with a wider temperature range, 180° reori
tation in the center of the film occurs via an intermedia
twisted structure. However, even in this case, the rotation
the tilt plane occurs mainly in the central layers of the film.
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is worth mentioning that the symmetry consideration d
scribed above is appropriate only for the planar structures
the twisted structures, we could only define the avera
directions of the tilt planes with respect to polarization. T
behavior of the twisted structures in the electric field w
investigated recently@40#.

Our calculations predict not only the reorientation tran
tions in the center of the film, but also the possibility for t
reorientation of the layers near the surfaces. These transi
can occur, in particular, in the case of the phase diag
presented in the Fig. 2 for the phase transition seque
SmC(SmCA)-SmCa-SmA. Figure 8 shows the transition se
quence in a seven-layer and in an eight-layer film. In t
case, the first reorientation takes place between the se
and the third layer from the surface. The physical argume
leading to this phenomenon may be understood as follo
In comparison to the bulk, for the surface layers both
structure-stabilizing NN interactions and frustrating NNN i
teractions are decreased in twice, i.e., equally. For the la
nearest to the surface only the NNN interaction is decrea
twice times. Thus, for the interface between the first and
second layer frustrations are weaker than for the bulk lay
The opposite is the situation for the layers next neighbor
to the surface and for the interface between the sec
and the third layers. Due to a relatively large tilt angleu1 in
the surface layer, the frustrated interaction@namely
(1/8)a2u1u3] can exceed the interaction stabilizing the h
mogeneous structure@(1/2)a1u2u3#. This is the reason for
the surface transition. At further temperature increase, l
wise for the cases described above~Figs. 5 and 6! the tran-
sition in the center of the film occurs~Fig. 8!. Note that the
transition near the surface occurs whenu at the surface ex-
ceeds sufficiently the values ofu in the other layers. When
the interlayer interactions are increased the difference
tween the tilt anglesu on the surface and in the interio
layers is decreased. This suppresses the reorientation ne
surface and the first transition takes place in the middle
the film. In the situations described in this paragraph, the

FIG. 8. Planar structures emerging from the ferroelectric a
antiferroelectric phases at the surface transitions~1!. At higher tem-
peratures the transitions take place in the center of the film~2!. N is
the number of layers in the film. The set of model parameters i
in Fig. 2.
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surface or the center transition occurs below the tempera
range of the SmCa* phase in the bulk sample. We should no
that the transitions near the surface do not change the s
metry of the film and consequently the polarization directi
also remains unchanged.

To summarize the results of our modeling of the tran
tions in the thin films, we emphasize that the structures in
films can be substantially different from the structures in
bulk samples. The surface ordering, which implies a grea
value of the order parameteru on the surfaces leads not on
to the shift of the phase transition temperatures, but als
an essential modification of the profile of the order parame
phasew in the film, in particular, to the planar structur
formation.

C. The effects of chirality on the pitch
and subphase structures

Molecular chirality leads to a number of structur
changes in SmC variant phases. We have mentioned alrea
that at the transitions in the films~Fig. 6! chiral symmetry
breaking allows a nonzero tilt in the center ofN-odd films.
We found that the strongest effects arise at a combined ac
of chirality and frustrations. In the commensurate phases
leads to formation of the nonplanar three- and four-la
structures with a large distortion angled ~Fig. 4!. Even in the
case of relatively small chirality when in the SmC* (SmCA* )
phase the layer-by-layer precession of the tilt angle is of
order of few degrees, the distortion angled may amount tens
of degrees.

Usually the helicity of the SmC* (SmCA* ) phase is attrib-
uted to the chiral interaction, but in reality, the phase sh
~i.e., rotation of the tilt plane! between the adjacent layer
Dw5w i 112w i not only in the SmCa* but also in the SmC*
phase is determined by the both chiral and frustrating in
actions. In the bulk SmC* samples near the transition to th
SmA phase the ‘‘pure chiral’’ phase shiftDw0 in the absence
of frustrations~i.e., ata250) is

Dw05
2 f

Aa1
214 f 2

. ~3.3!

If the both effects are included,Dw can be found from the
free energy expansion as

sin~Dw2Dw0!5
a2

2Aa1
214 f 2

sin 2Dw, ~3.4!

whereDw0 is given by Eq.~3.3!. Equations~3.3! and ~3.4!
are written in the quadratic overj approximation for the
interlayer interactions. Near the SmC* (SmCA* )-SmA phase
transition and with the pitchp longer than 102 smectic layers,
Eq. ~3.4! can be brought into a more compact form

p5p0~12ua2 /a1u!, ~3.5!

where p0 is the pitch in the absence of frustrations a
ua2 /a1u,1. Thus, in the presence of the chiral and frustr
ing interactions, a very peculiar interference phenomen
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DOLGANOV et al. PHYSICAL REVIEW E 67, 041716 ~2003!
between the both effects can considerably modify the h
structure. Figure 9~a! demonstrates the pitch temperature d
pendence~curves from 1 to 4! when the magnitude of the
NNN frustrating interactions is increased. Closed symb
correspond to the case when the SmCa* phase is absen
(SmC* -SmA transition!, i.e., without the chiral term the
structure would be planar~the pitch is`). If only the chiral
term is present (a250, i.e., no frustrations! the pitch is
rather large even near the transition to the SmA phase~about
115 layers, curve 1!. However, at the combined action of th
chirality and frustration the short-pitch structure appears n
the SmC* -SmA transition ~curve 3!. This phase resemble
structurally the SmCa* phase, and, moreover, the temperatu
dependence of the pitch near the SmA phase resembles it
dependence in the SmCa* phase~curve 4 was calculated a
a1 /a2520.97, i.e., when the short-pitch structure appe
even without chirality!.

The structural changes of the SmC* and SmCa* phases
upon increasing the chiral coefficientf are illustrated in the
Fig. 9~b!. At f 50 ~i.e., without the chiral Lifshits contribu-
tion! the SmC-SmCa phase transition manifests itself in th
formation of the twisted structure@Fig. 9~b!, closed sym-
bols#. The chiral term@Fig. 9~b!, curves with open symbols#

FIG. 9. Influence of the frustrating interactiona2 and chiralityf
on the structure near the SmC* (SmCA* )-SmA ~a! and SmCa* -SmA
~b! phase transitions. In~a! a250 ~curve 1!, a251.531022 ~curve
2!, a251.7531022 ~curve 3!, a251.8531022 ~curve 4!. The other
model parameters area50.01 K21, a1521.831022, a350.05,
f 5531024. In ~b! f 50 ~closed circles!, f 5231024 ~open
squares!, f 5531024 ~open triangles!. The other nonzero mode
parameters area50.01 K21, a1520.018, a250.02, a350.05.
Due to chirality there is no qualitative difference between
SmCa* and SmC* phases.
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leads to a nonzero twist in the whole temperature range
the tilted structures. It is worthwhile to remind th
cholesteric-nematic phase transition where even an infinit
mal small chiral contribution induces helical orientation
ordering ~although with a huge pitch!. In this case, strictly
speaking, one cannot say where the transition occurs, as
symmetry of the phases is the same, and a smooth temp
ture change of the order parameter modulus and phase t
place. Such a continuous evolution of the pitch and of
layer spacing~and hence the tilt angle! was observed re-
cently in the temperature region of the SmC* and SmCa*
phases@21#. Experimental observations and our calculatio
state the question what in reality is the SmCa* phase in a
chiral compound: a distinct phase, a short-pitch variation
the SmC* (SmCA* ) phase or in different compound, we a
dealing with qualitatively different structures. This questi
goes beyond the scope of our model, however, such a p
lem should obviously hold for other chiral frustrate
systems.

IV. CONCLUSIONS

Investigations of polar smectic liquid crystals are not on
interesting for basic research but also for modern electro
and material science applications. However, for a long ti
not only the structures of subphases were not known,
even suitable methods of their determination were not de
oped, and theoretical interpretations were rather obscu
Recent x-ray and optical investigations demonstrated
spatial modulation of the order parameter phasew governs
the structure of these phases.

The message of our paper is that the main features
these complex structures may be derived from the relativ
simple free energy expansion including just the interactio
of the nearest and of the next-nearest layers. Lacking s
cient data on the interaction parameters one can at pre
reasonably discuss only the general features of the p
smectic structures and therefore, we include in our mo
only the terms necessary to capture the correct shape
topology of the phase diagrams. Our calculations are ra
economic in time, and the agreement with experiments in
cates that we are on the right track.

We examined the layer-by-layer dependence of the or
parameter phase in three-layer and four-layer structures~in-
formation about which was obtained from optical data!, and
the spatial modulation of the order parameter modulus in
three-layer subphase~in this respect, the present pap
supplements our recent study@31#!. Our calculations predict
as well the formation of the six-layer structure. Since th
phase is emerging from the same form of the free energ
the already observed three- and four- layers structures
reasons can be seen why the six-layer structure would
also exist.

Even for the simple smectic structures, where in the b
sample the phase of the order parameter does not play
essential role, confined geometry leads to formation of n
trivial structures @41#. Due to the coupling between th
modulus and the phase of the order parameter, the short-p
structure observed at constantu in the bulk, may become
6-10
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unstable in the case of nonconstantu in smectic films. Owing
to the surface ordering,u is minimal in the center of the film
Because the NNN frustrating interaction has a longer ra
with respect to the interaction stabilizing synclinic or an
clinic structures, it includes the layers with greater value
u. According to this, the frustration energy in the center
the film may exceed the energy stabilizing the homogene
orientation. This leads to the reorientation in the center of
film. Another ‘‘weak point’’ in the film where the reorienta
tion may take place, is the interface between the second
the third layer from the surface. At these transitions the s
face layers preserve their orientations. Even more comp
are nonplanar structures with nonhomogeneous profile of
order parameter. It was established long ago that the o
parameter of SmC liquid crystals is a two-component vecto
A
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However, a real manifestation of this feature was found re
tively recently in the structures of smectic polar subphas

The experimental situation is now changing, and te
niques in the film preparation and in optical and x-ray me
surements progress to the point where tiny details of
structures can be measured with a high accuracy. Fur
experimental and theoretical investigations are required
revealing the detailed structure of subphases and relation
microscopic interactions to their macroscopic properties.
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@15# M. Čepič and B. Žekš, Mol. Cryst. Liq. Cryst. Sci. Technol.
Sect. A263, 61 ~1995!.

@16# A. Roy and N.V. Madhusudana, Europhys. Lett.36, 221
~1996!.
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061705~2002!.

@41# See, e.g., Ch. Bahr, Int. J. Mod. Phys. B8, 3051 ~1994!; T.
Stoebe and C.C. Huang,ibid. 9, 2285~1995!.
6-12


