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Hidden gauge structure and derivation of microcanonical ensemble theory of bosons
from quantum principles
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Microcanonical ensemble theory of free bosons is derived from quantum mechanics by making use of the
hidden gauge structure. The relative phase interaction associated with this gauge structure, described by the
Pegg-Barnett formalism, is shown to lead to perfect decoherence in the thermodynamic limit and the principle
of equala priori probability, simultaneously.
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[. INTRODUCTION are weak interactions between the bosons, which are respon-
sible for the validity of statistical approach, but they can be
Quantum theoretical justification of statistical mechanicsignored once the system is statistically described. We wish to
is a problem of fundamental interegt,2]. There seem to find the interaction Hamiltoniai ; that represents such in-
remain several important questions yet to be answered. Firg¢ractions in a simple and effective way and leads to the
of all, (i) perfect decoherence has to be realized at the levedrinciple of equala priori probability. For this purpose, we
of microcanonical ensemble theory, in which there is no noconsider the phase degree of freedom within the framework
tion of the heat bath(ii) The principle of equak priori of the Pegg-Barnett formalisii8]. We shall consider only
probability should be established in conformity with quan-the stationary states of the isolated system, and the problem
tum principles. In addition(iii) what is the quantum analog of relaxation to equilibrium will not be discussed. Also, a
of classical ergodicity that may allow statistical descriptiongeneralization of the present discussion to nonidentical par-
of a system? Consider the classical ideal gas, for exampléicles is straightforward but brings extra complications.
The particles of the gas actually interact with each other in a
complex manner. This interaction is responsible for validity Il. PEGG-BARNETT FORMALISM
of ergodicity but is ignored if once shifted to statistical de-
scription. Then(iv) what is the physical property of such an  In this section, we wish to present a brief summary of the
interaction in quantum theory? basics of the Pegg-Barnett unitary-phase-operator formalism
In this paper, we study quantum mechanical derivation of€levant to our subsequent discussion.
microcanonical ensemble theory of free bosons by answering The Pegg-Barnett phase state of flte boson is given
to all the above question$)—(iv) simultaneouslyOur dis- by [3]
cussion is based crucially on the hidden gauge structure in
the system. This structure is manifested within the frame- )
work of the Pegg-Barnett unitary-phase-operator formalism. |0mi>i:\/ﬁnzo exp(ingfm)[ni)i 2
We heuristically construct the interaction Hamiltonian of a '
particular form, in which all relevant complex interactions
needed for statistical description are assumed to be effec-
tively summarized. Then, we show that the eigenstate of the Moos+1
total Hamiltonian satisfies the principle of equalpriori
probability and, at the same time, perfect decoherence is ré¥here{|n;)i}n —o1.,.s is the truncated Fock basis satisfying
alized in the thermodynamic limit with the help of the hidden a'a|n))i=niIn,); and (n;|n/);= Sn; - {l60m)itm=012..5
gauge structure._On_ce mlcrocanon_lcal ensemble theory is 9*?Orms an orthonormal complete system in the
tained, the derivation of canonical ensemble theory IS5+ 1)-dimensional spacs.is supposed to be large, but the

straightforward. . . limit s—o has to be taken after all quantum mechanical
The unperturbed system we consider is composedl of calculations.

identical bosons. The Hamiltonian reads The unitary phase operator is given by

S

27Tmi

(m=0,1,2,..9), 3)

N S
_ T
Ho=e 2, ala, D expich)= 3 exXplifn,)| )i {01
= m|:O 1 1 I
wherea/ anda; are the ordinary creation and annihilation =[0)i (L[ +[1);i (2] +---+[s—1); i(s| +[s)i O]
operators of theith boson satisfying the algebrfg; ,a]T] (4)

=djj, [a ,aj]=[a;r ,a;r]=0, ande is the energy of a single
boson. According to the spirit of statistical mechanics, theréApplying the operator in E¢4) on |n;);, we have
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exp(igi)|ni)i=[ni—=1); (n#0), VN[ 6]) o > IMi[n][6n]), (1)
NG L Om]) = —— LN LOml?,
explih)|0)i=1s); (n;=0). (5) LR

It may be worth mentioning that the phase operator is anyvith
anomalous object and quantum-classical correspondence be-

tween the action and angle variables is violated, in general N ) N
[4]. |M;[n]:[0m]>: ® |ni>i5nl+n2+---+nN,M €Xx IiEl I']iemi ’
i=1 =
(12)
Ill. HIDDEN GAUGE STRUCTURE AND RELATIVE
PHASE INTERACTION
S cTio (M+N-1)!
It is of importance to notice that the relations in Eg) W(M,N)= MI(N—1)! "’ (13
remain form invariant under the following transformation:
. whose energy eigenvalue is given b
[Mi)i—ni s O )i =[N0} expliay,), (6) 9y €19 g y
Y0
bi—di—dan=¢i—(ani1—an)=di—b0n,  (7) E=Me+ 5 (M=01.2,.). (14

Wherea“i: i O This can be seen as a kind of gauge trans-_l_he symbolP stands for permutation and therefore the sum-

formation, and the role of a gauge field is playeddy. mation in Eq.(11) is understood to be taken over all possible
Taking into account this hidden gauge structure, we her@ g 1ination of{n}=(ny,N,....ny). For the sake of non-

present the following heuristically constructed imeraCtiontriviality, the dimensionalitys should be taken to be larger

Hamiltonian: thanM.
N The space of the quantum states is enlarged by the intro-
_ + - duction of the phase variables. The state in @d) residing
Hi=g Vv V+Ni§1 10 €01 . ®) in such a space is found to satisfy the following normaliza-
tion condition:
N
V=2, {exdi(di— Om)1=I8)i (O]}, © L S MNLA VN o -1
= Vs r , 1] 1 1 =41
(S+1)N g My my=0 [ m]>< [ m]
whereg is a coupling constant. In Eq9), we have used the (15
notational abbreviatior=]) ; Aj=A;®1, - @Iy+1,0A,
Rl;@ @I+ + 1,0 ®Iy_1®Ay With |; being the Let A be a normal physical observable, whichingepen-

unit operator in the space of théh boson. The subtraction dent of the phase operators with anomalyen, taking Eq.
term inV shows a feature of the Pegg-Barnett formalisgty. ~ (15) into account, its quantum mechanical averggewith
can be thought of as the effective Hamiltonian, in which allrespect to the state in E¢l1) converges in the thermody-
relevant complex interactions needed for validating statistinamic limit as well as the Pegg-Barnett limiting procedure,
cal description are summarized. Notice that it essentially reps—, as follows:
resents the relative phase interactjin

Since our purpose is to derive statistical mechanics of the (A)—=Tr(Apmo, (16)
system withH, and withoutH; containing anomalous ob-
jects, we here impose the condition tié¢ should vanish in - \wherep,,. is given by
the thermodynamic limitN—oe. It turns out that this condi-
tion is fulfilled if the coupling constant is assumed to decay 1
faster than M2. Thus, we put PO WM N) %} INii i€l Snnyteing - (17)

Yo
9=qzs (6=0), (100 This is precisely the microcanonical density matrix of the

bosons with the fixed energl,=Me, in which perfect de-
coherence and the principle of eq@apriori probability are
realized simultaneously, as desired.

Finally, canonical ensemble theory can further be derived
in the standard manner. The total system is divided into the

wheregg is a constant independent Nf

IV. DERIVATION OF MICROCANONICAL ENSEMBLE

THEORY objective systenS and the heat batiB: N=Ng+Ng (Ng
Now, for a finite value oN, the normalized eigenstate of <Ns), Eo=Esm tEgm, With Esy =Mse and Eg
the total HamiltonianH=Hy+H, is found to be =Mge (Mg<Mpg). The total state is written as
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_ B W(Ms,Ng)W(Mg,Npg) _dInW(Mg,Ng) 1
|M’N’[0m]>_M§MB \/ W(M,N) B_ (?EB’MB _8|n

X|Mg;Ns,[0sml)s
®|Mg:Ng.[0s mDedmsm. m» (18 provided that the Boltzmann constant has been set equal to
] S Bl

(Ng>1), (29

Ng
1+M—B

unity.
where the states of the objective system and the heat bath Concluding this section, we wish to emphasize the differ-
are, respectively, given by ence between the derivation of canonical ensemble theory

just described above and the work of Caldeira and Leggett
. B _ [6]. In Ref.[6], a system coupled with the heat bath is con-
[Ms;Ns,[ 05 m])s= W(Ms,Ng) P%s IMs;[n]s,[fsmD)s, sidered and temperature is preassign'ed. On th'e other hand,
(199  the present discussion is based on microcanonical ensemble
theory for the isolated system and therefore temperature is

IMg;Ng.[ 05 m])s calculated as in Eq(24).
= > IMg;[nls.[0p,m]) (20
I ; n L 1
W(Mg,Ng) Finfs 00 BB V. CONCLUSION
in the notation analogous to Eg4.1)—(13). The canonical We have studied a model of free bosons with the hidden
density matrix of the objective system is obtained by per-gauge structure, which may explain, in the thermodynamic
forming the partial trace over the heat bath, limit, realization of perfect decoherence and the principle of

equala priori probability in microcanonical ensemble theory.
_ D _ _ The present discussion is based crucially on the use of the
Pc—(s+ 1)NTrB -0 IMiNLLOm])(MiN, [ O] phase operator. Classically, this means that the system under
consideration is integrable. For a nonintegrable system, it
1 seems essential to develop perturbation theory, in which the
ETB)MES exp(— BEs ) W(Ma.Ng unperturbed integrable part may be treated by the present
method or its appropriate generalizations. In this respect, one
should recall that weakness of interactions is in fact a basic
XP{EH} [Ms;[n]s)s Ms;[n]4, (2D premise from the viewpoint of the foundations of statistical
S mechanics.
where

Ns
IMs;[n]s)s= .®1| Ni)si Ony 4yt ny Mg

(22) ACKNOWLEDGMENTS

S.A. would like to thank Professor T. Kunihiro and
Yukawa Institute for Theoretical Physics, Kyoto University,
Z(B)ZE exp(— BEs L), (23)  for hospitality extended to him. He also thanks Dr. A. K.

Ms s Rajagopal for discussions.

[1] A. I. Khinchin, Mathematical Foundations of Quantum Statis- [4] S. Abe, Phys. Lett. 200, 239(1995; 213 112(1996.
tics (Dover, New York, 1998 [5] 7. Kobayashi, Phys. Lett. 207, 320(1995; 210, 241 (1996);
[2] N. D. H. Dass, S. K. Rama, and B. Sathiapalan, e-print 222 26 (1996.
cond-mat/0112439.
[3] D. T. Pegg and S. M. Barnett, Europhys. L&t.483(1988;
Phys. Rev. A39, 1665(1989.

[6] A. O. Caldeira and A. J. Leggett, Phys. Rev.34, 1059
(1985.

036119-3



