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Competition between electroconvection and Fredericksz distortions in nematic liquid crystals with
slightly positive dielectric anisotropy
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Planar electroconvection in nematic liquid crystals with positive dielectric anisotropy is theoretically studied
in the nonlinear regime. The system is characterized by a competition between the nonequilibrium electrocon-
vection instability and the equilibrium Feeericksz distortions. Near a resulting multicritical bifurcation point
a splay-roll instability and a bistability between the convective and the homogeneous states occur.
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I. INTRODUCTION has the representatione;;=e, &;;+(ej—€.)nin; (i,]
=X,Y,z), which reflects the uniaxial symmetry. Obviously

ElectroconvectioEC) in nematic liquid crystalénemat- ¢, describes the dielectric responseEifis oriented perpen-
ics) is widely accepted as an excellent paradigm to studydicular to n while €| governs the cas&||n. For positive
pattern forming instabilities in anisotropic systeffis-5].  dielectric anisotropye,=¢;—€, >0, the orientation ofn
Nematics are intrinsically anisotropic fluids with uniaxial parallel toE is energetically favored.
symmetry. The preferred axithe directom) corresponds to Historically, standard nematics, like 4-methoxy
the mean orientation of their elongated molecules. The EGenzylidene-4n-butylaniline(MBBA) or a mixture, Merck
occurs when a voltage above a critical threshold strength iPhase 5, with negative dielectric anisotragyhave played a
applied across a thin layer of a nematic with nonvanishingmajor role in the investigation of EC, since there was hope to
electrical conductivity, which originates from impurities or exploit them for designing liquid crystal display$2]. For
suitable doping. At the convection onset typically a periodicthis reason most of the material parameters for those sub-
array of convection rollgstripes is observed, which are as- stances have been measured, which has allowed a quantita-
sociated with periodic director distortions perpendicular totive comparison with the theoretical calculations on the EC
the roll axes in the layer plane. [13]. For instance, a spontaneously excited homogeneous

Besides the nonequilibrium EC instabilities alternativelytwistmode, which corresponds to a rotation of the director in
equilibrium phase transitiong“Fréedericksz transitiong”  the plane of the nematic layer, has turned out to be essential
can be observed if electrior magnetig fields are applied to for the interpretation of secondary instabilities in the planar
the uniformly oriented nematid®]. The resulting homoge- EC[14,15. A reverse sequence of bifurcations is typical for
neous director distortions, i.e., without spatial variations inthe homeotropigeometry(director orientation perpendicular
the plane, are minimizers of the orientational elasticity po-to the confining plates, i.e., parallel to the applied electric
tential characteristic for nemati¢6]. The interplay between field). First a primary Fredericksz transition takes place
the periodic pattern-forming and the homogeneous modes l¢ading virtually about the center plane of the cell to a planar
reflected in phenomena such as “abnormal” rdlfs-10] or ~ configuration, which at increasing voltages becomes convec-
“dendritic growth” [11] which have no counterpart in the tionally unstable via a secondary bifurcatift6].
standard Rayleigh-Bmrd convection. The bifurcation dia-  In this paper we studplanar EC in nematics withposi-
grams are organized by various multicritical points mainly intive dielectric anisotropye,>0. This case, which has not
the nonlinear regime, such that the theoretical analysis adttracted much interest so far, is in fact very convenient to
well as the experimental verification are quite demanding. Irinvestigate the competition between convective and homoge-
the present case, the EC is discussed in a system, wheheous modes. While in the standard planar setup with
equilibrium and nonequilibrium phase transitions and their<0 the electric fieldE (|z) is stabilizing, a destabilizing
competition are disentangled in a transparent manner, sincedielectric torque acts now on the director to align it with the
certain multicriticality is already seeded in the linear regime field direction. However, an ensuing homogeneous distortion

Our investigations concentrate on the familganar EC.  (the Freedericksz transitionoccurs only for an applied volt-
In the common capacitorlike configuration an ac voltageage amplitudeU above a certaino independent threshold
V(t)=+2U cos@t)_ is applied in thez d_irection_between tW_o Urp=mky1/(€1€0) (see, e.g.[17], ky; denotes the splay
transparent plate§n the xy plang, which confine a nematic elastic constant since opposing torques from the orienta-
layer. By a suitable surface treatment of the plates the direaional elasticity have to be overcome. The &dericksz tran-
tor is orientated in a preferred directi(miong;() in the layer  sition can compete with the nonequilibrium EC instability of
plane. The effective voltage amplitudeand the circular ac  the basic state. The EC becomes possible above a frequency
frequencyw serve as main control parameters. All materialdependent threshold voltagé.(w), which increases mo-
properties of nematics require a tensorial description. Fonotonously with o starting from U.(0)
instance, the dielectricity tenser which expresses the elec- ~7?\ky,0, I(04€, €). The material constants, and o,
tric displacemenD= e ¢4E in terms of the electric field, are defined in analogy te, and e, via the components of
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' ' ' ' ' which is detailed below. A comprehensive analysis of the
bifurcation diagram in the vicinity ob ¢, has also revealed a
rich variety of nonlinear bifurcation types. As an example for
the complex structure of the multicritical poiat, it will be
demonstrated below that the bifurcation at the likks Ug
is supercritical, while it is subcritical and hystereticuﬁ.
The resulting possibility of bistability between the convec-
tion states and the homogeneousefiericksz distortions has
] not been mentioned to our knowledge in the literature so far
and might apply to other EC experiments as well.

The paper is organized as follows. In Sec. Il we briefly
. present the fundamental equations as the basis of our theo-
retical calculations and define our notations. Section Ill con-
tains the analysis of the convection onset at the bifurcation
lines U, andUE . In Sec. IV the nonlinear bifurcation dia-
gram for the substance MBBAIs presented and discussed
in detail. With some concluding remarks the paper will end

FIG. 1. Upper and lower convection onsets, UF as function N S€c. V.
of the dimensionless frequeney’ = w7, together with the Fred-
ericksz bifurcation line Ug=myk;;/(e60) (solid lineg for Il. BASIC EQUATIONS
MBBA* with €,=0.1. The dashed line indicates a weakly nonlin-
ear approximation fotJt near the codimension-2 poiai(., (see
Sec. 11l B below.
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To explain the EC destabilization mechanism that has
been elucidated first by Carr and Helfri¢B2,23, a brief
sketch of the standard nematohydrodynamic equations is suf-
ficient[4,24]. They describe the coupling between the direc-
the conductivity tensotr= oj;=0, 6;;+ o,nin;. Note that  tor n, the velocityv, and the electric field&, which derives
the ratio ofe, and o, defines the charge relaxation time asE=—V ¢ from the electric potentiad.
7= (€, €0)/ o, , which serves as a time scale in the sequel. The important point is that in the presence of director

Inspection of the expressions fofx and U(0) above distortions an electric current densjty=V - (o E) is inevi-
reveals that the Feslericksz transition is, in fact, easily pre- tably associated with a charge density=V - (e- €,E) ac-
empted by a primary EC instability at smalland at not too  cording to the continuity equation
large €, . With the increasing frequendy.(w) approaches
Ug from below until the curves cross at a codimension-2
(C2) point w=wcy. The experimental studies of nematics dtPe
with positive e, have, in fact, exclusively concentrated on
the linear threshold linedJ., Ug, and the identification of with d/dt=9;+v-V the substantial derivative. The bulk
wco (see, e.g.[18,19 and further references thergiMMate-  force p.E in the Navier-Stokes equation
rials for a wider range of positive dielectric anisotropigs
>0 were systematically synthesized by mixing MBBA with
few weight percentages of suitable nemati@GBCA,
MBCA) with large e,~20. Most material parameteir@n
particular the viscosities, see Sec. Il bejpwhich are  with the pressur@ and the mass densipy,, may then over-
needed for a precise comparison with the linear theory, haveome the viscous stresses, to drive the velozityhe fluid is
not been measured in these mixtures. However, the experissumed incompressibl¥ (v=0). > denotes the stress ten-
mentalU,., Ug threshold values compared well with the the- sor with viscous andalmost negligiblg elastic contribu-
oretical calculation§18,19 on the basis of a material param- tions. The explicit form o, (see, e.g.2,4]), which goes up
eter set, to which we refer as MBBA henceforth. In to quintic order in the components wfandn, includes six
MBBA* excepte, the material parameters of pure MBBA (five independent Leslie shear viscosity coefficients
are used20,21]. The explicit bifurcation diagrams presented a4, . . . ,g [25]. The familiar effectiveMiesowic2) viscosi-
in this paper are calculated for MBBAwith a representative ties that are determined by the relative orientations ahd
medium valuee,=0.1. v and the gradients of depend linearly ony; . For instance,

A simple consideration reveals that besitles Ug a fur-  the large shearg,v, andd,v at a convection roll center in
ther instability line in the nonlinear regime has to meet thethe planar case give rise to the Miesowicz viscositigs
C2 point. If the voltage amplitud® is lowered starting in  =(as+ a5— a)/2 and n,=(az+ as+ ag)/2< 7., respec-
the Freedericksz state fo>Ug and foro<wc,, one will tively.
hit for continuity reasons an upper transition lit () Eventually the director dynamics is governed by
>U>U.(w) to the convection state. All the transition lines q
are sketched in Fig. 1 to underline from the beginning the _
generic framework for the bifurcation structure neag,, ylnxan—nx(he|+he+ h.), ©

+V:-je=0, @

d
PmgV=PE-VP+V-X, @
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with y,= a@3— @,. The restoring angular momenta in case ofdence of the neutral curve on the material parameters in a
splay (1), twist (ky,), and bend K33) director distortions  particularly transparent manner,

are contained in the effective field, derived from the Frank
orientational elastic energee, e.g.[2,4,6]). The dielectric

and viscous torquels, andh, , respectively, are defined as

7Tzk11 K(q")H(q", ")
€€ q'2A(q")+(ea/€)B(q @")

U3(q' @)= (6)

he=€a€0(N-E)E, h,=—a,D-n—a3zn-D, (4 In Eq. (6) the notations

where the tensdD(D;; = dv;/dx;) characterizes the velocity ) 1+ (Kaa/Kq1)Q 2+ (Hy /HE)?

shear. For example, the viscous torque contribution K(q")= 14q'2 '

— a»dyv, enhances the splay distortion of the director at the q

roll center. Equationél)—(3) have to be solved with the rigid

boundary  conditions v=0, n=x and ¢=d,

=T /2U cos(t) atz= +d/2, with d the cell thickness. o(q)=q'%(1+o,/0,)+1, e(q')=q'3(1+e,/€e, )+1,
For a more compact notation we combine in the following

all field variables in a symbolic vectdf=(¢,n,v), so that a(a’ 12_ , le —o.]

the set of Eqs(1)—(3) can be written in the symbolic form  A(q’)= a) = (a2q4 @3)o(q )(Ea' €L . Ta Uii .

7(d") ATt (@1t mit+ 1) 019"+ mQ’

H(g" ") =0(q")*+w'%e(q")?,

B-d,V=L-V+Ny(V,V)+Ns(V,V,V)+---. (5 o ,
B(q",0")=0(q')+ 0" e(q")
The components of the vector operatddg, Nj, ... are . _ .
quadratic, cubic, ... inV and its spatial derivatives, are used. The numerical constants,=1.50563, i

=1.24652,1,=0.972 67 correspond to certain overlap inte-
grals,q’ =qd/ is the dimensionless wave number, and

=wTy is the ac frequency in units of the charge relaxation
lll. ONSET OF CONVECTION time 74 [26]. For convenience we have included the effect of

In the following the “lower” threshold curvel, for the @ Planar stabilizing magnetic field =H,x, which is nondi-
destabilization of the conductive ground state and the corrénensionalized in Eq6) with the help of the splay Fegler-
sponding “upper” one,U’, for the destabilization of the icksz fieldHe=(m/d)Vki1/(uoxa), xa>0 denotes the an-

Freedericksz state, already shown in Fig. 1, are analyzed i#$Otropy of the magnetic susceptibility. According to the
detail. representative example of Fig(a@ for MBBA* with ¢,

=0.1 the rigorous behavior of the critical voltagk.(w’)
=minyUy(q',w") is already determined very satisfactorily
from Eq. (6). The linesU, and U cross in this case at the
The calculation of the lower onset of convectibh(w) C2 point,ws,=1.99.
requires a linear stability analysis of the planar ground state The w dependence of the critical wave numhglw),
Vo= (o,No,v=0) with ng=x. From Eq.(5) we arrive by ~ Which in fact slightly decreases with increasing in Fig.
linearization ofV=V,+ 8V with respect to the convective 2(b), might look unexpected, since fep<0 we are accus-
perturbation 8V(r,z,t) at the linear eigenvalue problem: tomed to a monotonous increaseqg{w’) and a divergence
B-9,6V=L-46V. It is diagonalized by the ansat¥V(r,z,t) also ofU, at the cutoff frequencw/; (=2 for MBBA with
=eMeld'V(q,2) with gq=(q,p). The eigenvaluen=0  €,=—0.53[4]). The rather smooth variations bf;, g, with
+iQ with the maximal real part determines the growth ratew can be understood by examining more closely the thresh-
o(g,w,U). The conditionoc=0 vyields the neutral curve old formula Eq.(6). Stabilizing mechanism are captured via
Uo(g,w) with the minimum U (w)=Uy(g.,w) at q the orientational elasticity terrK(q’)>0 and the viscous
=q.(w). In the present case the bifurcation is stationarydampingz(q’)>0. Thea(q’) term represents the essence
(2=0) and we find typically normal rolls at threshold, i.e., of the Carr-Helfrich destabilizing mechanism: The factor

J.=d.x. Technically the eigenvalue problem is solved by a(€a/€. —oa/o;)<0 displays the charge separation effect
Galerkin method, where all fields are expanded with respecgoupled to the hydrodynamic torque contribution,§'?

to the vertical coordinate into a set of functions, that fulfill —a@s)<0. The crucial difference in the threshold behavior
the (rigid) boundary conditions at the confining plates. Thebetween the standard MBBA and the MBBAwith €,>0
periodic time dependence of the eigenvector due to the apomes from the dielectric torque terne,(e,)B(q’), which
plied ac voltage is captured by the Fourier series in time. Thés only weakly frequency dependent. Fey<<O this term is
series expansions are appropriately truncated, such that tiegative(stabilizing with a minimum atq’=0. The term
eigenvalue problem amounts to the diagonalization of a mad’?A(q’), which has to compensate{/€,)B(q’) (U5>0
trix acting in the space of the expansion coefficients. It turngs necessary for EC has a maximum fog’~1.2 for small
out that the neutral curve is already very well described byfrequencies that decreases with increasirigand shifts to
keeping only the leading modes zrandt . One arrives thus largerq’. Since minimization ofUy(q') requires, loosely
at an one-mode approximation, that represents the depempeaking, maximization of the denominator in Ef) the

wheread. andB represent matrix differential operators.

A. Lower onset of convection atU,
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10 - - - - case of an oblique roll bifurcation is only slightly below the
a normal roll threshold according to E¢) the roll anglea
=arctanp./q.) is fairly sensitive against variations of the
material parameterp4]. Finally we would like to mention
that the convection regime can be enlarged with the use of an
horizontal magnetic field27]. The Fredericksz threshold
according to Ug=m\ky1/(€g€,) 1+ (Hy/HE)? is then
shifted to larger values, wheredk, reacts less sensitively.
For instance, in the case of MBBAwith €,=0.1 and for
H,=Hg we find the valuesUg=12.19/, U(0)=6.26V,
such that the C2 point is shifted to the larger valug,,
=3.06][cf. Fig. 2a)].

B. Upper onset of convection atU?

To calculate the upper onset of convectiUHj a linear

0 0.5 L 1.5 2 stability analysis of the Fesglericksz ground state/y
w =(¢,ng,v=0) for U>Ur has been performed starting from

Eq. (5) with the use of the Galerkin methods.

It has turned out that the general behaviotddf for o’
<w¢, can be satisfactorily described by an analytical ap-
proach, where only the leading Galerkin coefficients are
kept. The Fredericksz solution that bifurcates supercritically
at U=U¢ is calculated within a standard weakly nonlinear
scheme. Near threshold the director readsg
= (1,04 cos(rzd)) in the leading order of the amplitude
e, which vanishes at)r . To the orderO(y2), where the
corrections~ wﬁ to n,=1 and ¢, come into play, one ar-
rives at a Landau-type equationng:asc/xF—ch//E with
the saturation coefficiergr and the splay growth rate

q.(n/d)

€ao(U2—U2) -
Og=Tq———— .
71d2

0.9 1 1 1
0 0.5 1 15 2 The linear growth rateog crosses zero atUg; 7y

s
® = ad?/(kom?) denotes the director relaxation time, where

FIG. 2. Threshold voltagsl,, (a) and critical wave numbay, in @0~ 10 °N S/mz_ andko=10 N set the scales for the vis-
units of /d (b) as function of the dimensionless frequenayfor ~ COSity and elasticity effects, respectively.
MBBA* with e,=0.1 in comparison between rigorous numerical  1he calculation ogg is straightforward and the final ex-
results(thick lines and the analytical one-mode formul@) (thin  pression foilgg ! can be read off in the square brackets of the
lines). The Fredericksz thresholtl = 7\k,,/(€,€0) is shown as  following explicit representation:
well (a).

2
decrease ofA(q’) with increasingwm’ has to be balanced by z/;,%:as 23y1d =c,[U?—(Up)?],
larger g values. In contrast, foe,>0 the situation is just TdWZ( Kas— —Kqgt C(U,w’))
opposite, the contributions af’?A(q’) and (e,/€,)B(q’) 4
add up, andj(«") will in fact even decrease. ®
With the use of Eq(6) the linear properties of electrocon- ) i
vection can be easily assessed for other material parameters C(U,0')= UZea€o § oalo to Ea/GJ_)
as well. For instance, the Fadericksz transitiotJ - would ' m2 \4 1+ w'? '

precedel for €,=0.295 for MBBA* as already mentioned

in Ref.[4]. In general, one has also to be aware of a possiblevhich is valid in the limitU—Ug, o' — g, .

bifurcation to oblique rolls with the critical wave vectqg In the next step the linear stability analysis of thédere
=(dc,Pc) including a finite angle with the preferred direc- ericksz solution has to be performed. For finjte the planar
tion x in the cell[4]. In this case the exact threshold behaviordirector symmetry is broken and the periodic director fluc-
can also be described very well by a slightly more compli-tuation crucial in the Helfrich mechanism to drive EC are
cated one-mode formula,13], which contains Eq(6) as a impeded; consequently, the threshold must increase com-
special case fop.=0. While the threshold voltage in the pared toU.. Technically one has to repeat the calculations
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that led toU, [see Eq.(6)], but now for the nontrivial dis-

torted ground staten=ng). We will skip the straightforward 10
though somewhat lengthy calculations. The final result in the
vicinity of w¢, becomes very transparent if written in the
following form: (UF)2—(U.)%=c[(UF)?—(Up)? = y2, %3
consistent withJF=U, at ¢==0. Solving forU’ we obtain

c(Up)?—(Uy)?
c—1 ’

Uv)

(Uf)?= c=ciC; (c>1). (9

8.5
It turns out that the factoc,, which has to be calculated
numerically, depends mainly on some overlap integrals,
while the material parameter dependence is condensed in th 8
parameterc, defined in Eq.(8). It is obvious from Eq.(9)
that the IineUE starts at the C2 pointy.=Ug) as well.
Furthermore, inspection of E@8) proves that for fixede,, 1.5 1.6 1.7 1.8 1.9 2
o, an increase of the bend constégj leads to a decrease of ®’
l%": andc,. Thus the s!ope OU_E(w,) depends rathgr sensi- FIG. 3. Complete phase diagram for MBBAwith €,=0.1 for
tively on kss, which is, for instance, known to increase foquenciess’ near the C2 pointy(., (see texton the basis of the
strongly with temperature near a nematic-smectic transitiogsajerkin calculations for rolls with the critical wave vectp(').
[28]. In Fig. 1 the analytical threshold curdd{ with ¢;  The bifurcation lines above onsd() indicate the zigzag instabil-
~0.019, c,~97.8 for MBBA* (e,=0.1) is compared with ity (U,,), the Fredericksz transitionl¢), the splay-roll bifurca-
the rigorous numerical results. As to be expected from oution (Ug), the Fredericksz— convection UF), and the convec-
weakly nonlinear approach there is, in fact, a good agreetion — Freedericksz transition,).
ment near the C2 poinbs, where ¢ is not too large.

above or below thein the convection regimep’<w¢,,

IV. NONLINEAR REGIME irrelevanj line pF. Although the transitiqn is certginly fa-
vored by the dielectric torque far,>0, it is also driven by
After the discussion of the linear threshold lings, Ug, complex nonlinear interactions between the director and the

andU£ in Sec. Ill we will now turn to the phase diagram for flow field. In fact, splay rolls have been identified and dis-
the nonlinear states that bifurcate at these lines. Our numergéussed also in buoyancy driven thermal convection in nem-
cally demanding analysis has focused on the interesting reatics[15].

gime nearo’ = w¢,, since for lower frequencies the well-  The interaction between the convection-mode amplitude
investigated familiar EC bifurcation scenarios <0 (see, A and the homogeneous splay director distortiis cap-
e.g.,[24]) were expected and indeed found in some selectetired by the coupled order parameter equationsAfand
test runs(for more details se¢29]). The analysis of the ¥s:

periodic solutions and their stability is again based on Galer-

kin methods, by which Eq(5) is mapped on a system of dA=(or—OrlAI>~ BYRA,

nonlinear algebraic equations for the expansion coefficients (10

with respect to suitable test functions. The equations are ﬁt¢s=(05+F¢|A|2) Js.

solved by a Newton iteration scheme and, in general, tested .

for stability with the use of the standard methdd8,24. All coefficients have been calculated and a good agreement

with the Galerkin analysis has been found. kKa=0 the A
equation describes the supercritical bifurcation of the rolls
with the amplitude A’=or/ggxU%/U2—1 at U,. The

In Fig. 3 the complete phase diagram in thew’ plane
near the C2 pointd:,=1.99) is shown, which is considered

to be generic for the EC instabilities in nematics with slightly . ) ]
positive e, . Let us discuss at first the white wedged-shapedP'@y-roll bifurcation takes place, when the effective growth
a eff_ 2 i
=o0gst1",A° becomes larger than zero. The coeffi-

convection regime delineated by the linds and UE. In- re_lte Os - / ] . .
creasing the applied voltage at lower the normal rolls cu/entl“;ﬁ is negative for smallew be_fore_lt changes sign at
above U, become at first unstable against the long-@ <®s=1.68, marked by a star in Fig. 3. The form of
wavelength zigzagZz) instability, which involves undula- Us(@’) can be understood on the basis of E0): In the
tions along the roll axis. At the linls, on the other hand, a egime o’ <wg a splay bifurcation at)s<U¢ is possible,
homogeneous Sp|ay modé: ‘/IS COS@TZ/d) Spontaneous|y because the Contributi0ﬁ¢A2>O in Ugff can Compensate
bifurcates. For’ larger than the crossing poiny’ =1.75, s, Which is negative fortU<Ug [cf. Eq. (7)]. For o’

of Uy, and Ug, the splay mode is directly superimposed > ws the negativd”, term suppresses at first the positivg
onto the periodic director distortion with amplitudeading ~ term in &' resulting inUg> U .

to the so-called splay roll§15] characterized by the off- Of particular interest is the upper bifurcation Iihkg [see
plane director component,=[ A cos@X) + ¢5lcos@rz/d). The  also Eq.(9) and Fig. 1, at which the Fredericksz state be-

bifurcation atUg in Fig. 3 is supercritical and can appear comes convectionally unstable whémwering the voltage
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from above. A weak nonlinear expansion slightly above the

line UE with respect to the convective perturbation yields a
negative saturation coefficiegtfor frequenciesn’ <w¢, in

the resulting Landau equation, indicating a subcritical bifur-
cation.g is strongly decreasing with frequency, i.e., the sub-
critical nature becomes more pronounced at lower How-
ever, it should be emphasized that Ildé has in principle no
relevance, when the voltage iscreasedfrom below, i.e.,

when starting from convective Galerkin solutions inside the

white wedged-shaped regime in Fig. 3. In fact, we found
these solutions to exist far beyordf in the nonlinear re-

gime, but we were not able to study systematically their sta-

bility. Only in an intermediate frequency range.-<o'
<w¢, above(and on the right of the line U, in Fig. 3
convection ceased to exist. Thus, in contrast to the uniqu
Freedericksz-solution in the bright gray regiohistability
exists between the Federicksz and convective solutions in
the gray-shaded area enclosed betv\ldérandupz.

For a better illustration of the subcritical nature of the
convection onset aﬂi and the interplay between the Eck
ericksz state and the convection, it is useful to follow the
order parameter& and ¢ (obtained as the Galerkin solu-
tions), when the reduced control parameter U2/UZ—1 is
continuously increased at fixed'. The casew’=1.88
slightly below w;-=1.89 is shown in Fig. &@). At first the
amplitudeA (solid line) of the periodic roll state grows \/e
abovee=0 in line with the supercritical bifurcation &i...

At es the homogeneous splay mode; (dot-dashed ling
bifurcates. Though a further increase Anis then slowed
down, splay-roll convection solution continue to exist up to

large €, as already mentioned. On the other hand, we have
learnt from our previous considerations in Sec. Ill, that a

pure Fredericksz statesr with A=0, which bifurcates at
er, can exist only fore>e"=(UF)?/U2-1 (thick dashed
line). Thus, decreasing in the Fredericksz state from
above leads in any case at eE to a discontinuous jump
[indicated by the double arrows in Fig(a#] from the Fred-

ericksz solutiom? = y-cos(rz/d) [Eq. (8)] to the splay rolls
[Eqg. (10)] with A,#s#0. Obviously, fore> eg we recover
the bistability between the convection and thédeiericksz
state.

The situation changes for frequenci®@$> w/r since the
bistable regime is restricted to anrange between{ and
€r, in Fig. 4(b). Above er,=0.105 only the Fredericksz
solution exists A=0, = ). As demonstrated in Fig.(4)
the pointe= eg, corresponds then to the saddle nd8gof
the backward bifurcation at-, which connects the stable
and unstable branches of the roll- and splay madad /s,
respectively. Ate,f the splay amplitude branclis and the
Freedericksz solutionysr have to merge in line with Fig.
4(b). The upper solidA line in Fig. 4b), which approaches
zero ate=0 (not shown corresponds to thé line in Fig.
4(a). In the same mannef: (dashedapproaches zero at,
as shown in Fig. &). When approaching.- from above,
the saddle node moves obviously to lakgalong the almost
vertical separation lin&, for o’ = w.¢ in Fig. 3. Note that
the unstable solutions starting af in Fig. 4(b) have not
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FIG. 4. Amplitudes for the off-plane director-distortion,
=[A cos@X) + st ¢ Jcos@rz/d) as function of the reduced control
parametere=U?/U2—1 for frequencies slightly below or above
the transition frequency/r=1.89 atw’=1.88(a) and »’'=1.90
(b). A describes the periodic off-plane director excursions in con-
vection rolls andyg, ¢ the homogeneous splay distortion in the
convection or the Felericksz state, respectively. For a detailed
explanation, see text.

vanished; only for clarity they are suppressed in Fi)4
because they have no physical relevance.

V. CONCLUSION

In conclusion we have demonstrated that planar nematics
with slightly positive e, (and positives,) show interesting
nonlinear EC states, which result from the competition be-
tween a convection mode and a homogeneous splay mode.
Above the subcritical transitiott? from the Fredericksz
into convection state a bistability between adttericksz so-
lution (equilibrium stat@and a convective solutiofmonequi-
librium statg was clearly identified. A transition frequency
wcg could be determined below which we have been able to
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construct splay-roll solutions up to high voltages, whereadooks promising. One might, for instance, achieve a better
for > w¢p With increasing voltage a discontinuous transi- insight into the nature of inhomogeneous édericksz states
tion to a Fredericksz state occurs. The bifurcation diagramsin the presence of walls between symmetry degenerated con-
are believed to display the generic features. Support stenfigyurations= i where, according to Eq2), also a flow is
from the detailed physical interpretation of the destabiliza-excited.
tion mechanism as well as from the observation that param-

eter modifications led only to some quantitative changes. We

hope that our comprehensive theoretical analysis will moti-

vate future experimental studies. Besides a careful explora-

tion of the linear destabilization lindd., UL, and the C2
point, the investigation of the bistable regime abdJg
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