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Stability of charge inversion, Thomson problem, and application to electrophoresis
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We analyze charge inversion in colloidal systems at zero temperature using stability concepts, and connect
this to the classical Thomson problem of arranging electrons on sphere. We show that for a finite microion
charge, the globally stable, lowest-energy state of the complex formed by the colloid and the oppositely
charged microions is always overcharged. This effect disappears in the continuous limit. Additionally, a layer
of at least twice as many microions as required for charge neutrality is always locally stable. In an applied
external electric field the stability of the microion cloud is reduced. Finally, this approach is applied to a system
of two colloids at low but finite temperature.
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[. INTRODUCTION large number of microions per macroif27].
At zero temperature—without any restrictions on the

We study analytically and numerically charged colloidal number of microions—the problem is, however, directly re-
particles in the presence of electrolyte solutions in the lowJated to the classical “Thomson problem” of finding stable
temperature limit. This is equivalent to strong electrostaticconfigurations oN mutually repelling electrons on the sur-
coupling at finite temperatufdl]. Already at room tempera- face of a spher¢28,29. While the original problem was
ture a colloidal system thus is in the low-temperature regimeabout the plum pudding model for the atom, whétear-
provided the electrolyte consists of multivalent ions. In thisticles are confined inside a homogeneously charged sphere,
limit, a certain number of ions condenses onto the surface d?oth problems actually are identical since the repelling inter-
the colloid. For consistency, we will call the charged colloidsaction will push all particles inside the sphere toward its
macroions, and the ions of the electrolyte microions. For théurface. This was recently shown by energy minimization
general macroion problems, this behavior has recently a@rguments by Brito and Fiolhai30]. This similarity be-
tracted a lot of attention especially due to its importance ifween overcharging and the Thomson problem seems to have
biological system$2—9]. been largely unnoticed in the macroion literature.

Macroion complexes exhibit numerous counterintuitive [N this paper we will make use of the Thomson problem to
phenomena. The most pronounced one is referred to as ovéferive rigorous bounds for the phenomena discussed above.
charging or charge inversion. A certain number of microionsAt Zero temperature, our results are exact, and hence an im-
is needed to condense for the entire compileacroion and Provement on previously known results from the Wigner
condensed microiofngo become charge neutral. Sometimescrystal theory. Compared to the results of simulations, our
an excessive number of microions condeni$e6,8,10—22  derivation suffers from our inability to include finite tem-
and the complex, the “dressed” macroion, acquires an effecPerature in an exact way. However, our method outperforms
tive charge that is opposite in sign to that of the bare macPrevious ones in both the ease of the metfinoth concep-
roion. This phenomenon is beyond the standard Debyelli@lly and numerically and in allowing to treat many phe-
Hiickel [23—-25 and Derjaguin-Landau-Verwey-Overbeek Nomena in a single consistent way.

(DLVO) theories[26]. This paper is organized as follows. In Sec. Il we summa-

Another phenomenon is autoionizatipn7,18,2Q. This rize the so-called primitive model. This model is used in
means that one macroion transfers some of its microions tBasically all studies of macroion complexes. In Secs. llI-V
another macroion, so that the first one becomes undercharg¥¢ analyze the stability of overcharged macroion complexes.
while at the same time the second one becomes overchargélfeé use concepts from dynamical-systems theory to show
Also analyzed in the literature is the important question ofthat two different stability properties exist, global stability
transport in an external electric field. A bare macroion will (Sec. ll) and local stabilitySec. IV). In Sec. VI we move on

move in the direction determined by its own charge. Thelo the question of a macroion in an applied external field, i.e.,
b|nd|ng of microions to it can under certain conditions re_electrophoreSIS. We will discuss the autoionization of macro-

verse the direction. ions in Sec. VII. We conclude in Sec. VIII.
These results have mostly been arrived at by molecular
dynamics and Monte Carlo simulations. Simulations offer Il. MODEL

the advantage that finite temperature can be taken into ac- _ ) _ _
count in a natural way. Purely analytical approaches have to Ve consider a spherical macroion of chaf@end radius
resort to relatively complicated starting points since meanRmac: Surrounded byN spherical microions of charggand
field theories are insufficiei23—25. A successful and often radiusRyc. Q andq are of opposite signs, and in the fol-
used approach is the model of a two-dimensional Wignetowing we assum&@<0. The macroion is fixed at the origin
crystal which becomes exact at zero temperature and vegnd the N microions are distributed at positions, i
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=1,... N. The total electrostatic energy for a particular 5-10°
configuration is then given by 4
> 1...N N
- q aQ 1 3
V{r.})= = -, 1
h= 7, 2 o e 2 T g,
where the first sum accounts for the mutual repulsion of the 1
microions, and the second for the attraction between the
macroion and each microion. The effect of solvent is in- 0 \umm

oo . 0 200 400 600 800 1000
cluded through an effective dielectric constanShort-range

pairwise repulsion is taken into account by hard-core inter-
action FIG. 1. Comparison of Eq5) (solid line) with the result of a
N 1N numerical computation of Ed4) (open circles
Vhe= 241 v(Iril = Rmac= Rmie) + gfj v([ri=rj[=2Rmc), correction due to discrete microions which can be shown to
2) be proportional taN®2. A comparison of Eq(5) and a nu-
merical solution of the exact formuldEq. (4)] is shown in
wherev (r)—« for r<0 and zero otherwise. Equatiofb Fig. 1.

and(2) comprise the so-called primitive mode]. By using the conditionr;|=R for all i we have com-
pletely accounted for the hard-core interaction between the
[ll. GLOBAL STABILITY macroion and the microions. We can neglect the hard-core

. interaction between microions since they repel each other as
We approach the problem by using the well-known Earn-, . .
shaw’s theorenj31] which states that there can be no stablethelr charges have the same sign. Collecting results, the po-
. X S : ential energy of the lowest-energy state for a macroion sur-
state in a system with only electrostatic interactions present. A o
X . . - ‘rounded byN microions is given by
For stable configurations to exist, short-range repulsive

forces must be present in addition to the long-range Coulomb
ones. For our system, the short-range forces are due to hard- V(N)= q
core interactiorfEq. (2)]. Earnshaw’s theorem thus restricts 4meR
stable configurations to have all microions at a distaRce
=Rpact Rmic away from the center of the macroion.

The condition|r;| =R allows us to simplify Eq(1) to

2 2

? _ CN3/2

qQN
47eR’

+ (6)

Earnshaw’s theorem gives a necessary but not sufficient
criterion for the stability of a system. Furthermore, it states
that an unstable microion is immediately pushed to infinity.
2 1 ON Let us consider a macroion amdmicroions where we place
q Z _ - 4 q , (3) the microions at arbitrary positions—not necessarily on the
4meR 5] |re;—r°j| 4meR macroion. Due to Earnshaw’s theoreh of them will attach

R to the macroion whil&k=N— M will escape to infinity. AlIN
with the normalized coordinates;=(1/R)r;. Equation(3)  will go to the macroion if it is the state lowest in energy, i.e.,
no longer describes the energy of an arbitrary arrangemeiritt

{ﬂ} of particles but the energy adiny stablearrangement

V({rh=

instead. Next, we introduce the functiétN), VIN)<V(M) ¥V 0<=M<N. )
1...N 1 R This condition is much stronger than the simple condition

f(N)= 2 ==, With Ire)| =1, (4 V(N)<O0, since the latter only prevengl microions from

==y escaping simultaneously while E¢7) also preventssome

. from escaping.
where we demand that the coordinage%} are those for the Due to Earnshaw’s theorem, all stable solutions are enu-
lowest-energy state with microions around the macroion. merated by the number of microions, and we simply have to
Thus, the coordinates are completely defined\by find the number yielding the lowest energy. Since E).

At the ground state, Eq@) becomes minimized. The possesses only a single extremum for given parameteds

complete solution can be computed numerically very effi-angR we can simply uselV(N)/dN=0. That yields
ciently [32]. Furthermore, the functional form df(N) is

known to excellent precisiof29] to be Q| g . 9_(:2 . 1_6 Q]

= — 4 _
i Noen™" "% " 8 V1 gz g

N (8
f(N)=7—cN3’2 with  ¢=0.5510. (5)

where we have used the assumpt@# 0 introduced above.
This formula is easy to understand when one notices that the The first term|Q|/q gives the naive result that a complex
first term is the energy of a continuous layer of charge on aonsisting of macroion and layer of microions should be
sphere of unit radius while the second term is the self-energgharge neutral. The other two terms give the excess bound
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FIG. 2. Globally stable overchargim@g, as a function of the FIG. 3. Number of locally stable microions as a function of the
ratio of the charges of macroion and microion, computed from Eqratio of the charges. The solid line is the analytic upper bound of
(8). Eq. (12), while the dashed line is a numerical solution of the exact

formula, Eq.(10).
microions. The maximum stable overcharging in terms of
charge isQg0p=qNgion— |Q|, see Fig. 2. the particles rarely is completely symmetric, this yields the
The stability criterion that we derived applies to an arbi-necessary but not sufficient conditi¢h,),<0, where this

trary initial placement of microions. For this reason, this kindaverage is over all possible particl&s Noting that >h,
of stability is referred to aglobal stability, see any textbook =V(N), this gives the necessary condition for local stability
on nonlinear dynamics, e.g., R¢83].

V(N)<O. (17

IV. LOCAL STABILITY It should be noted that this simple form for the condition is a

In addition to global stability, there exists the concept ofcoincidence, and for other systed¢N)<0 has not neces-
local stability. While global stability states that the microions sarily a relation to local stability. With the help of E@) this
will move to the macroion independent of their initial posi- condition can be converted into an upper bound for the num-
tions, local stability means that they will stay at the macroionber of microions that can be bound locally stable,
if they have initially been placed there. The system is locally
stable(but not globally if the system could lower its energy
by transferring ondor more microions from the macroion c%q
to infinity but in doing so would need to cross an energy
barrier. Since we are restricting ourselves to classical physiog terms of charge this i€0c= qNioc— | Q|

at zero temperature, it is impossible to cross such a barrier 1o check the difference between Ed2) and the exact

and the microions would stay touching the macroionspjytion, we have numerically computed the lowest-energy

forever—if prepared with this initial condition. state as a function df, and from that determined the largest
To calculate the condition for the existence of such a baryy for eachN. The result in Fig. 3 shows that hardly any

rier we move particlé slightly away from the macroion by ifference between the two values can be seen. This does not

a distanced, keeping all other microions on the surface of come as a surprise since the differences betvigeior dif-

the macroion. If this move increases the potential energyerentk are small as the repelling forces among the micro-

resulting in a restoring force, the system is locally stable. jons try to make all mutual distances as equal as possible.
We label all quantities in the perturbed state by a prime,

hencer,=R+ A andr| =r;=RVI#k, and we introduce the
abbreviationd,,=|r—ry|. Since we need to consider only

2
N,OCZZ%JJCZ 1+ \/1+ ﬂ} (12

V. SUMMARY OF STABILITY CONCEPTS

small A, we can use a series expansion, with the result For finite g, the number of microions that are bound glo-
bally stable is always larger than the vale=|Q|/q, i.e.,
1 1 1 1 1 1 the macroion is overcharged. In the continuous ligyt0
T WA and —-= R —A. (9) this effect disappears. In contrast, the number of locally
dig Gl kI Iril R stable bound microions is at least twice the amount needed

for charge neutrality, and this effect persists even in the con-
tinuous limit. Figure 4 shows the different regimes as a func-
tion of the charges of macroion and microions.
A=V— %A (10) We now want to put our results into perspective of previ-
R™ ous results on overchargin§,6,8,10—22 At finite T, there
are only few simulations done in the geometry employed in
The system is locally stable if and only if the expression inthis paper, e.g., Ref22]. Most analytical work focuses on
brackets is negative for ati since then an increase i will T=0, both due to simplicity and allowing one to focus on
increase the potential energy. Thus, the condition for locathe influence of correlations. We employ the same approach.
stability ish,<0Vk. Since the lowest-energy arrangement of The main advantage of our approach is the adoption of the

Inserting this into Eq(1) gives

SR

V=V imer| 9 & 20, TR
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3.0 P T Having a macroion complex with giveN, g, andQ, the
interesting question is not in which direction the effective
force acts[since that question is trivially answered by Eq.
(13)] but rather whether the forces become so large that the
system disintegrategFor a system with only gravity, this
problem is referred to as stability under tidal for¢eBhis
was noted earlier when the dependence of the mobility of the
macroion complex on an applied field was analyfzid,34.

unstable

1.6 locally stable, globally unstable
14
12 F

NN
N e ®
v lr

NqliQl

1.0 F o oA
RRTORIIR. < provs Kb AR TIIRTITR, While it was shown for a few examples that some microions

0 50 100 150 200 250 300 350 400 450 500 are “ripped off” the macroion, no systematic study of the
I/ q stability criterion under an applied external field has been

FIG. 4. Number of microions that can be bound globally stabledone(to the author’s knowledgeHere, we aim to fill this

or locally stable to a macroioiNg/|Q|=1 is the number of micro-

ions expected from charge neutrality. With an applled external field, Eqg. (1) has to be ex-
tended to

exact Thomson model as source for the potential energy 1N N

V(N), whereas previous papers used an energy estimate for ,, d E 1 _4E. E fo+QN

V(N) derived from strongly correlated liquid and the Wigner ~4mer| =i re—re| q = '

crystal theory[5,17]. The Wigner crystal theory contains a . (14)

parametera whose value can either be determined from
simulations as a function dfil—which trivially leads to a  with the reduced electric field
self-consistent result—or needs to be fixed with the analyti-

cal value fora known for a two-dimensional Wigner crystal. E— 4776R25 (15)
In the latter case, this results in an error of up to order 10% q

for the computed energig47]. In contrast the error of Eq.

(5) is negligible(less than 10%). The concept ofglobally stability introduced in Sec. IlI

We apply methods from nonlinear dynamics, using thecannot be applied in the presence of an external field since
concepts of local and global stability. The existence of thes¢he potential energy is not bounded from belp85], and
two different stability properties seems to be unnoticed inlocal stability of the complex is the relevant concept. Again,
macroion literature. For example, the criterion by Messinawe move particlek by a distancel <R away from the mac-
et al. agrees with our global stability criterion up to the dif- roion. To first order, the potential enerlyy of the new state
ferences caused by their choice f¢(N). The concept of then becomes
local stability, however, is also an important one as can be
seen, for example, in the electrophoresis setup treated in the q te
following section. V= _4 >1d 2 Sco C o1
. : , L meR*|  Fk  2|r°—r,°|
Finally, for numerical calculations we employ a minimi-
zation scheme. Only a few different initial conditions are
necessary to make sure that the algorithm does not become
stuck in a local minimum. This is in contrast to MD simula- =V——hA. (16b)
tions which suffer from the slowing down of the dynamics at R
low temperature.

.N
+Q+qE-r,° A

(163

The third term in the brackets of E(L63 is the difference

to Eq.(10). It describes the interaction with the external field

VI. MACROION IN AN EXTERNAL ELECTRIC FIELD and depends on the angle between the position of the particle

. . . " . and the external field.

Let us consider a macroion witk microions in an exter- . . . .
Y ) ; As in Sec. IV the macroion complex is locally stable if

nal field . We will restrict ourselves to the case of homoge- 4, only ifh,<0 for all k. A closer inspection of Eq(163

neous external field so that the dipole and higher moments o, comparison to Eq14) shows that the big bracket no
the macroion complex are irrelevant. Typical eIec:trophoresis';onger is directly related to the energy of tkeh particle(as

xperiments are done in the presence of a homogen . Lo = -
feieﬁje ents are done the presence of a homoge eOLI{‘c’was in Sec. IV as the sign in front oE-r,° is inverted

[36].

We have been unable to find analytical expressions for the

R . critical external field at which the macroion complex be-
F=(gN+Q)¢E. (13)  comes unstable and had to resort to a numerical solution of

Eq. (16). The numerical procedure, however, is basically

The complex will thus move in the same direction as the barédentical to the one without an applied external field, hence
macroion if the macroion is undercharged, it will move in thenumerically very inexpensive. The result is depicted in Fig.
opposite direction if it is overcharged, and it will remain at 5. The roughness of the curves is not a sign of a numerical
rest if it is charge neutral. problem but rather due to the physics of the problem. De-

The total force acting on the complex becomes simply
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2

q 1 1
) V(= 4| tliia+ o+ fQa-9)
q Q: Q
w1 +4—M[(|Q1|/Q+5)R—l+(|Q2|/q—5)R—J-
0.1 17)
We assume that the ions are at very low but finite tem-
001 ™ 20 30 20 50 60 70 280 90 100 perature such that the system can break out of a locally stable
i01/q state, and to find its lowest-energy st@8¥]. This state is

o . . easily computed from Eq17) and provides a relation be-
FIG. 5. (Reduced electric fieldE above which a state witN  tweenQ,, Q,, andé for the ground state. This result is most

microions bound to the macroion is destroyédll labels “|Q|” easily displayed whef, is expressed in terms of the other
inside the figure are to be understood @$/q.) parameters,

pending on the precise value fblf the geometrical arrange- R2 2 R.\2

ment is more or less symmetrical, resulting in large changes |Q,|= 8+ (5+]Qq)) — + _< 1+ _2)

in the dipole moment wheN is changed by only 1. Without RZ  9c? Ri

an external field, this dipole moment is not relevant, and all

quantities are smooth functions b This is no longer the SV[Qi[+6 _ Ri+R,

case now. —A—— R R (18)

In Sec. IV we have shown that it is always possible to
bind at least 2Q|/q microions in a locally stable manner. This curve is depicted in Fig. 6 for different ratios Rf and
Thus, forN<2|Q|/q a finite electric field is necessary to R, For two identical macroions we find that the lowest-
break up the complex. For larg®i, however, the critical energy state is the nonionized one, whereasQfpr Q, but
field may vanish, explaining the division of the diagram intog, — R, the macroion with higher charge attracts more mi-

two separate regions by the lidé=2[Ql/q. croions than naively expected. This is in agreement with ear-
lier results forR;=R, where the correlation effects in a

VII. CHARGE DISTRIBUTION BETWEEN TWO three-dimensional layer were approximated by the effects in

MACROIONS a two-dimensional Wigner crystal and confirmed by numeri-

cal simulations[17,18,2Q. For R;#R, the macroions are

Next, we apply our approach to the case of two We"_uncharged only if

separated macroions, with charges andQ,, and radiiR;
andR,, respectively, together witM=|Q;+ Q,|/q micro-
ions so as to achieve charge neutrality. According to Fig. 3 %: % (19)

and Eq.(12), there are many different possibilities for dis- RZ2 R3

tributing thoseM particles among the two macroions in a

locally stable way. The naive result is the one where eacl®ther configurations than the lowest-energy state can be ex-
dressed macroion becomes charge neutral. However, it igted thermally, and, due to local stability, can persist for
possible thats microions will be transferred from the first relatively long times.

macroion to the secondf §<0, || ions are transferred in In a strict mathematical sense, at finite temperature micro-
the opposite direction Such a state is called “ionized” ions cannot be bound to a three-dimensional structure like a
[17,18,2Q. Neglecting interactions among the two macro-sphere. This is in contrast to a rod or a planar geoniétly
ions, since they are well separated, and applying By. If the temperature is not too high, or equivalently, if the

gives the potential energy(s), electrostatic coupling is strong enougte., large|Q|, |Q,|
140 140
120 120
100 100
Lol [ [ Kl
:(‘| 80 :l‘l 80 :(‘I
S & 6o S
40 40
20 20 ///ﬁ,-
0 0 1=
0 20 40 €0 80 100 120 140 0O 20 40 60 80 100 120 140 0 20 40 €0 80 100 120 140
10,/ q 1Q,1/q 10,/ q

FIG. 6. Overcharging>0) or undercharging<0) of the first macroior(in units ofq) as a function of the charg&3;, andQ, of the
two macroions. The radii of the two macroions &g=R, (left), R;=1.5R, (centej, andR;=2R, (right). The lines are for the lowest-
energy configuration.
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and g as well as smalR), the methods presented in this as a function of the number of bound microions can still be
paper can still be applied in an approximate fashion. Micro-used to compute the number of globally and locally, respec-
ions stay very close to one macroion for most of the timetively, stable microions—provided that the potential energy
before they hogi.e., move within a time that is short com- is replaced by the free energy. The microion free energy is
pared to the time that they remain effectively boutmithe  difficult to compute in a precision comparable to that of the
other macroion. If we neglect the short hopping phases, thpotential energy, however, and this is why we refrain from
probability for a given ionization levef is then given by the presenting formulas for the finite-temperature case.

Boltzmann factorP(A)xexd —BV(d)], and is easily evalu- In a simple approximatioi9], the contribution of each
ated numerically for arbitrary parameters. bound microion to the free energy is given by the difference
in chemical potential of an ideal gas at the higher density of
VIIl. CONCLUSIONS the bound microions and the lower density of the microions

) . in the bulk solvent. No microions can be bound at finite
To conclude, using general stability concepts we havgemperature in the infinite dilution limit. Further complica-
shown that for a charged macroion a stable overcharged stafigns (e.g., the formation of double layérsan arise if the
persists at zero temperature. The number of globally stablgolvent contains two different species of microions. These
microions Is g|Ven by Eq(8), the number Of |Oca”y Stable effects are outside the Scope of this paper_
microions is given by Eq(12). Physically, global stability  The value of our approach lies in the fact that it is exact,
means that a random arrangement of microions will move tng by that clarifies the effects caused by finite size, finite

form a layer around the macroion, whereas local stabilitycharge, correlations, and electrostatic interactions.
means that a layer that exists due to initial conditions will

persist forever. An applied external field, as used in electro- ACKNOWLEDGMENTS
phoresis, decreases the stability of the microion cloud, as
demonstrated in Fig. 5. We have also applied this approach This work has been supported by the Academy of Finland
to a system of two macroions. In its ground state each of th&rant No. 54113 M.K.), the Finnish Academy of Science
two macroions acquires a nonvanishing net charge, see Egnd Letters(M.K.), and by the Academy of Finland Center
(18), unless Eq(19) is fulfilled. for Excellence Prograni2000-200% Project No. 44897 M.

At finite temperature, the concept of analyzing the energyPatriarca.
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