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Josephson junction coupled to a transmission line: A comparison of different approaches
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The case of a Josephson junction loaded by a transmission line is reexamined, according to the Green’s
function method, in order to compare the results with those that we previously obtained, analytically and
numerically, following a different procedure.
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In a previous papdrl], we reported a different approach, . 1 g2 .
based on a phenomenological analysis, for evaluating dissi- f dz| pw?— — — g(w:Z,Z’)=f 8(z—z7')dz, (2)
pation in macroscopic quantum tunneling. After reviewing —€ 0 Jz —€

several approaches given up till now, we focused our atten-
tion on the case of a Josephson junction coupled to a tranghat is,
mission line, a case that deserved particular interest also in
relation with experimental results. By comparing the results
reported in Ref[2]—results obtained by a Green’s function
analysis—with those of Refl], we concluded that the two

approaches, which are both based on the inclusion of a disis it is the second member of EQ). We have to consider
tributed circuit model within the bounce formalism, led to |, \vaver that the integral of th&(z—2z’) should be Iimited,

similar results. This was especially true in the limit of high only to the positive domain o (the line runs fronz=0 to

frequencies, or long lines, while there seemed to be a disz-:L), obtaining in this case the halving of the integral

agreement of roughly a factor. of 2 _\Nlthln.th.e opposite I|.n_1|t £5(z—2')dz=1/2. For the same reason, we have to reduce
of small frequencies or short lines, i.e., within the capacitive . )
- ; ) . ) . to a half also the functiog of Eq. (1). Thereforeg(w;0,0)
limit. The purpose of this work is to further investigate this b
. X o ecomes

problem, in an attempt to find under what conditions a closer
agreement between the two approaches can be raised. In or- 7 1
der to facilitate the comparison, we shall adopt the same : = i S

) . 9(w;0,0) :
notations of Ref[2], namely,p and o are the capacitance 2ktanh(kL) 2[w| tanh(kL)
and the inductance per unity of length, respectively, of the
open line of lengti., which loads the junction. The charac- Wherea/k=Z,/|w|. We note that, apart from the argument

teristic impedance of the line 20: (O’/p) 1/2 and the wave of tanh, Eq(4) is forma"y identical to that of the Symmetric

€

:_0-:1, (3)

J
- ——0(w;z2,Z'
G&Zg(w, Z) -0

—€

4

velocity, isc=(op) "2, the delay time isro=L/c. case of Ref[2]. This will allow us to obtain an agreement
According to Green’s function methd@] we find that a  With the results of Refl1]. -
modified form of the Fourier transforg(w,z,z'), given by Proceeding, still according to the procedure of Rét,

Eq. (13) in Ref.[2], suitable to describe the case of a singlethe action of interactior$;, is expressed by Ed8) in Ref.

loading line, z being the spatial coordinate €x<L), is  [2], however, the integration over time will be taken only
given by over half a domain of, according to the empirical evidence

that in real tunneling processes only a half bounce, the one

generating a positive voltage pulé(r,z)=¢(7), is actu-
9(w;z,2") ally traveled by the particlg5]. In other words, by assuming
the bounce trajectory(7) as being centered at=0, we

_ ! H > !
= _L cosfik(z=L)]eosftkz’) ff =z have that the positive voltage pulse , which &0 is situ-
ksinh(kL) | cosltkz)coshi(kz'—L)] if z<z',  ated in the negative domain of is propagating along the
(1) line forz,7=0. See Fig. 1, which is a modified version of

that shown in Ref[1], where Fig. 2c) presented an inver-
sion of sign. In the same lapse of timex0) the junction, at
wherek=|w|/c [4]. z=0, “feeds” the negativevirtual) part of the pulse, whose
By considering the derivativg’=dg/dz, we have that consideration becomes important only for evaluating the
for z=z' the differenceqg’(z+¢€,2')—g'(z—€,2')= -0, power supplied forr=0. Adopting a symmetric transmission

analogously to the case considered in R2f. line, as in Ref[2], we can follow the same reasoniflgalv-
By integrating the wave equation, Eq.2) in Ref.[2], we  ing of the time provided that ag(»;0,0), one half
have with respect to that of Ref.[2] [that is, g(w)
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®o\? [ do
V(z=0) sim:(z_;_) JE|¢(w)|2H(w) 8
a)
o™ T2 with
T
()= gz 8l 0= 20p it Jw]ry<t,

9

whereC=pL is the total capacitance.

By comparing Eq(9) with the corresponding expressions,
Eq. (21) of Ref.[2], we arrive at the worth noting result that
indicates that the actio§;,; for a line with long delay(or
length is rightly one half of that of a couple of lines in
parallel. In the opposite limit of short delafcapacitive
limit), the results are the same, i.e., directly proportional to
the total capacitanc€ of the line, independently of the po-
sition of the junction. These conclusions find confirmation
also in the results of Refl] since, in the capacitive limit

N

FIG. 1. \oltage pulse/oc{p generated by a Josephson junction
loaded by a transmission line with characteristic impedafge

=VI/I. In (a), the pulseV(r) is represented as a function of time at . . .
z=0. In (b), the pulseV(z—c7), which travels in the direction of [see Fig(4) in Ref. [1] for small values of] we obtain, by

increasingg, is represented as a function of the spatial coordinate apentiWipg Q With, |‘f’|’ n_ea}rly COinCide_nt results, and analo-
different instantsry< 7,< 7. gously, in the resistive limitsee Fig(3) in Ref.[1] for large

values of(}] results again comparable.

: . : A further confirmation of the correctness of the results can
=(Zy/4 thkL/2 dopted hal b
tht(azgalzoa)lll)e(lj(())f tﬂ;'(-a/ t\)/\}olsliﬁe(s)p ed, sincé, is now halved by be found by considering the case of a line terminated by a

In this way we arrive at an expression 8, of the type short circuit. Along the lines of Ref$2,4], g(w;0,0) can be
expressed as

eXP(—Sim/ﬁ)=f D¢ ex _—h(l)fx do|&(w)|*g(w) 0 [ -t
Am\2) )= 9(;0,0= 21 — +K?
n= Cc
Do (1) (=
‘bTS(E) f_wd”"“)f“) ' ® Lo [@? (en-1%?]7

. (10

S

> & e

whereg(w) is given by Eq.(4) for the case of only one line

of lengthL, ®,(=2w\ in Ref.[2]) is the flux quantum. k being given, in this case, by=(n—1/2)m/L,n=1,2, etc.
St|tltl according to Refd.2,4], the integral in Eq(5) can be By putting x=2L|w|/mc=2kL/ 7, Eq.(10) becomes

rewritten as

Zy 4X <
d 1\% . __~o0 ™~ 2 _4\27-1
exp(—sam/ﬁ>=fpsexp[—f£ (§>§|§(w)|29(w) 9000 =571 5 & D=1
D1 which, according to Ref.7], can be rewritten as
+IE(§)<P(¢U)§(CU) ] (6)

o Zol2w|, if KkL>1

Z
that is, in a form of the type [dxexp(—ax=ibx) g(w;0,0)=2|w|tan}‘(kL)—> 3 if KkL<1,

=(mla)"%exp(—b?4a). (12)
So, we arrive at the following expression 8y, [6]
where L= oL is the total inductance of the short-circuited

[ @)1 [ do |¢(w)]? line of lengthL. From Eq.(12) we have that for a sufficient
nt—\or) |2 fﬂ 29(w) length of the line, the result is independent of the termination
) of the line, a result anticipated by E@). Whereas, for short
[ Po f do P |l KL 7 length, onceg(w;0,0) is substituted into Eq7), we obtain
=\2a) | 251e@ 2_Zotanﬁ ), ™ thatH(w) becomes (1/2)/w L, that is, one half of the ratio
of the frequency to the inductive reactancg, analogously
wherekL=|w| 7. to the case of the capacitive limit for which this ratio is

To facilitate the comparison with the results of REd], w?Cl2, see Eq(9).
Eqg. (7) can be rewritten in the following, more compact These results are in agreement with Leggett’s prescription
form: mentioned in Ref[2], although obtained in a completely

027602-2



BRIEF REPORTS PHYSICAL REVIEW B7, 027602 (2003

different way(see also Ref.1]). The main difference is that straint, although compensated by the halving of the function
in the present analysis the results are obtained by considerirgf w). This, however, is the condition that allows the attain-

a half bounce trajectory. The halving of the time, alreadyment of the agreement of the results obtained by different
adopted in the treatment of Rdfl], can appear as a con- approaches.
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