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Scattering from dilute ferrofluid suspensions in soft polymer gels
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Small angle neutron and x-ray scattering methods are used to investigate the structure of dilute suspensions
of two different ferrofluid systems dispersed in soft polyacrylamide hydrogels. It is found that the particles in
the fluid are fractal aggregates composed of smaller particles of radius ca. 5 nm. The fractal dimension is
strongly dependent on sample, taking the value 1.7 in the first sample and 2.9 in the second sample. In the
presence of a magnetic field the aggregates orient, but are restricted in both their translational and rotational
freedom. The effect of the gel elasticity is treated as a hindrance to the orientation process.
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I. INTRODUCTION

Because of their striking physical properties and num
ous practical applications, ferrofluids have been the sub
of many investigations over the past two decades@1#. While
the surface and near-surface structures of these liquids in
presence of a magnetic field can be detected straigh
wardly using optical methods, their strong absorption of lig
in the visible region makes it necessary to use either
films or small angle neutron or x-ray scattering~SANS or
SAXS! for investigations of their internal structure@2–6#.
More recently, x-ray photon correlation spectroscopy h
been used to investigate the dynamics of one of these
tems in the presence of a magnetic field@7#. Some applica-
tions of these fluids involve dispersion inside a soft rubb
introduction of a magnetic field produces a macroscopic
formation of the rubber, which can then be used as a
chanical actuator in various devices@8#. This paper reports
scattering measurements using SANS and SAXS on fe
fluids dispersed in soft gels. The systems investigated in
present paper are dilute, i.e., the distance between mag
particles is much greater than their size. This condition yie
gels that are sufficiently transparent for light scattering
periments to be performed on samples of macroscopic s
To investigate the properties of these systems at a finer
tial scale, however, SANS or SAXS techniques become n
essary.

The aim of the present measurements is to determine
properties of the aggregates present in these suspension
to study the effect of an applied magnetic field when
particles are trapped in the elastic medium of a soft polym
gel. This change in the environment of the ferrofluid a
implies investigating the effects of the surrounding polym
matrix upon the magnetic particles.

*Electronic address: alvarot@fisica.ufmg.br
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II. EXPERIMENTAL SECTION

The polyacrylamide gels were prepared from aqueous
lutions of acrylamide~Acros! into which was mixed 1/30 by
weight of N-N8 methylene bisacrylamide. Polymerizatio
was carried out at 50 °C with ammonium persulfate a
TEMED according to standard recipes@9#.

Two samples of ferrofluid were used in these experime
purchased from two different sources: sample 1 was fe
fluid EMG-408 from Ferrotec, USA; sample 2 was M30
from Sigma Hi Chemical, Japan. The original concentrat
of ferrofluid EMG-408 was 1.1% by volume, with a satur
tion magnetization of 6 mT; that of the M300 was 11%
volume, having saturation magnetization 32 mT. Bo
samples are composed of magnetite and stabilized wit
surfactant layer~sodium dodecyl-benzene sulfate for th
M300 samples!. No information on the surfactant in th
EMG-408 samples was supplied by the manufacturer. W
the measurements reported here were undertaken, sam
had outlived its recommended shelf life by two yea
Sample 2 was freshly purchased. These samples were di
and measured both in the liquid state and suspended in
polyacrylamide gels.

Ferrofluid from sample 1 was dispersed into the gel p
cursor liquid at two concentrations to yield 2.5% polyacr
lamide gels containing respectively, 2.631024 g/cm3 and
2.631023 g/cm3 magnetic particles. Ferrofluid sample
was dispersed into 2.5% polyacrylamide gels containing
spectively, 3.531024 g/cm3 and 3.531023 g/cm3 magnetic
particles~sample 2a!. A further specimen of sample 2~des-
ignated sample 2b! was prepared at the higher of these tw
concentrations in a polyacrylamide gel of polymer conce
tration 4%.

A notable feature of these samples containing ferroflu
is that, unlike identical gels in the absence of the ferroflu
they exhibit syneresis upon gelation. The release of sur
tant into the polymer generates a ternary system that red
©2003 The American Physical Society04-1
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the solvent quality in the polymer/surfactant concentrat
range explored. The systems described here underwe
contraction of about 15%. The syneresis, however, bec
visible only several weeks after the completion of the m
surements. In this process, the supernatant liquid displays
characteristic opalescence of surfactant micelles, while
upper surface of the gel became coated with a thin depos
precipitated ferrofluid, a sign that the ferrofluid particles th
diffuse out of the gel are stripped of their surfactant.

Small angle neutron scattering measurements were m
on the D11 instrument at the Institut Laue-Langev
Grenoble, France, working with an incident wavelength
8 Å at three sample-detector distances, 1.1 m, 3 m, and
m. In these measurements the ferrofluid was suspended
polyacrylamide gel prepared in an H2O/D2O mixture~45/55
by volume!, at which the signal from the polyacrylamid
vanishes. Exposure times were between 30 min and
Corrections for incoherent scattering were applied using
signal from an identically prepared gel sample containing
ferrofluid, following the subtraction procedure described
Ref. @10#.

The SAXS measurements were made on the small a
scattering instrument on beamline BM2 at the ESR
Grenoble. Two incident energies were used, 16 keV and
keV, with sample to detector distances of 2.10 m and 0.32
The detector was a two-dimensional CCD array~Princeton!,
cooled by a Peltier effect device and equipped with a ph
phor screen. A demagnifying optical fiber bundle is used a
light guide from the phosphor screen to the CCD devi
Measurements were made at room temperature~ca. 20 °C),
with typical exposure times of 100 s. The blank sample u
for background subtraction was a polyacrylamide gel of
same composition, not containing ferrofluid.

For the SAXS measurements in a magnetic field,
samples were prepared in 1.5 mm Lindemann capillaries
placed between the poles of a permanent magnet, the ga
which can be continuously varied between 24 cm and 3 m
giving a maximum field strength of 1.6 T. The elements
this magnet can be arranged so that the magnetic fiel
either parallel or perpendicular to the incident beam@11#.

III. RESULTS AND DISCUSSION

A. Zero field behavior

The results of the SANS measurements, shown in F
1~a!, display two different characteristic scattering regio
each having approximately linear behavior in a double lo
rithmic representation. The two curves have identical sha
but the data from the more concentrated sample is one o
of magnitude more intense: the intensity is thus proportio
to the concentration, as expected in the dilute regime.
low-q region has a slope of approximately21.7; this behav-
ior is characteristic of aggregates builtup from smaller un
by diffusion limited cluster aggregation@12,13#. In the high-
q region the slope is close to24, characteristic of Porod
scattering from the smooth surfaces of the elementary
ticles. In these spectra, the signal from the surrounding p
acrylamide matrix is absent, owing to the contrast ma
between solvent and polymer. These measurements allow
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specific surface area of the magnetite aggregates to be c
lated, using the Porod relationship@14,15#

S

V
5

p~12f! lim
q→`

I ~q!q4

E q2I ~q!dq

, ~1!

in which the integral is taken from 0 tò and f is the
volume fraction of magnetite particles in the gel. Note th
Eq. ~1! defines the specific surface areaper unit volume of
magnetite. The more commonly employed expression co
taining an extra factor off in the numerator@15#, corre-
sponds to the specific surface area per volume of sample
the present case the upper limit of the integral was taken
the extrapolation to infinity of the Porodq24 behavior. Ow-
ing to the high degree of dilution, the factor (12f) can be
taken as unity. Using the assumption that the elementary
ticles are spheres of radiusr 0, we have

S

V
5

3

r 0
. ~2!

From the data of Fig. 1~a!

FIG. 1. ~a! Neutron and~b! x-ray scattering curves from sampl
1 at two ferrofluid concentrations: 0.26 mg/cm3 (h) and
2.6 mg/cm3 (d). Since in each technique the observations w
made under identical conditions, the intensities are proportiona
the concentration of ferrofluid in the sample.
4-2
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TABLE I. Specific surface area of ferrofluid particles, calculated from Eq.~1!.

Sample Gel conc. Ferrofluid conc. S f

V
r 0

(g cm23) (g cm23) (nm21) ~nm!

SANS Sample 1 0.025 2.631024 0.5260.05 5.860.5
Sample 1 0.025 2.631023 0.5560.01 5.560.1

SAXS Sample 1 0.025 2.631024 0.4460.01 6.960.1
Sample 1 0.025 2.631023 0.4560.01 6.660.1
Sample 2a 0.025 3.531024 0.6660.03 4.660.2
Sample 2a 0.025 3.531023 0.6460.03 4.760.2
Sample 2b 0.040 3.531023 0.6660.03 4.660.2
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r 0'5 nm. ~3!

Figure 1~b! shows the scattering results from SAXS me
surements on the same system. The signal to noise rat
this case is higher for three reasons. First, the electron
sity contrast in SAXS between ferrofluid and the polym
matrix is strongly favorable; second, the matching condit
in the SANS experiment reduces the contrast between fe
fluid and surroundings; third, the incident flux of x-ray ph
tons is greater than that of neutrons. In the high-q region the
SAXS spectra display the same Porod scattering feature
the SANS data, thus showing that the signal from the po
mer gel does not contribute significantly. As can be se
from the results listed in Table I, the numerical values fou
for r 0 from SAXS are close to those found from SANS, wit
however, a slight excess in the SAXS value over that
tained by SANS. This discrepancy may be due in part to
scattering contribution from the surfactant layer surround
the particles, which is expected to be masked in the cont
matched condition of the SANS observation. The similar
in shape of Figs. 1~a! and 1~b! show that the two scatterin
techniques yield essentially the same results in theq-range
explored. It can be seen, moreover, that a shoulder ten
towards plateau behavior becomes discernable in the low
q region in the SAXS response of the more dilute sam
~the absence of an observable Guinier region in the m
concentrated sample is probably due to the stripping of
surfactant layer, which will cause larger aggregates to
velop in the more concentrated sample.! This q region was
not reached in the SANS measurements. Fitting these da
a Guinier plot yields for the radius of gyrationRG
5100 nm. It follows that the aggregation number in th
ferrofluid, given byn5(RG /r G0)1.7, is about 250, wherer G0

@5(3/5)1/2r 0# is the radius of gyration of the primary pa
ticles, assumed to be uniform spheres of radiusr 0.

For sample 2a~also dispersed in 2.5% gel and with fe
rofluid concentrations shown in Table I!, the SAXS results
are displayed in Fig. 2, where the spectrum for the ferrofl
diluted in water is shown together with that for the sam
sample suspended in a polyacrylamide gel. In neither
these responses is an extended fractal regime clearly ap
ent, unlike the case of sample 1. It is also apparent that
two curves, in solution and in the gel, have different shap
To analyze these results in a consistent manner a mod
required. To this end we adopt the expression of Chen
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Teixeira@16,17#, which describes the structure factorS(q) of
fractal aggregates composed of elementary particles of ra
r 0,

S~q!511
1

~qr0!D

DG~D21!

@11~qj!22# (D21)/2

3sin@~D21!arctan~qj!#. ~4!

HereG(x) is the gamma function,D is the fractal dimension
of the aggregates, andj is the upper cutoff size in the distri
bution. The radius of gyration is related to the cutoff size

RG
2 5D~D11!

j2

2
. ~5!

To obtain the total scattering function, the structure fac
S(q) is multiplied by the form factor of a sphere,

P~q!5F3
sin~qr0!2~qr0!cos~qr0!

~qr0!3 G 2

. ~6!

In the fitting procedure to the above expression, a dis
bution of elementary particle sizes is required in order
damp the oscillations that would arise from the form fac

FIG. 2. X-ray scattering curves from sample 2a at the hig
ferrofluid concentration and the corresponding ferrofluid soluti
The continuous curves are the fits to Eq.~4! multiplied by the form
factor.
4-3
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of the elementary spheres if their radiusr 0 were monodis-
perse. For this purpose a lognormal distribution was assu
having the form

p~r !5
1

A2pbr 0

expF2
@ ln~r /r 0!#2

2b2 G , ~7!

in which the characteristic width of the distribution~polydis-
persity factor! is taken to beb50.25. Nonlinear leas
squares fitting of the resulting scattering function to the d
from sample 2~continuous curves in Fig. 2! yield values of
D between 2.8 and 2.95, indicating that the aggregate st
ture in this sample is much more compact than sample 1
this fitting procedure, the parametersD, j, andr 0 are taken
as free variables. The numerical results, listed in Table II,
in good agreement with those found directly from the fin
slope using Eq.~1!, while the fits of Eq.~4! are in acceptable
agreement with the data.

In Table II it can be seen that the cluster sizej is larger in
the gel than in solution, while the reverse is true for t
elementary particle radiusr 0. This behavior can be unde
stood in terms of the surfactant layer around the particles
ensures steric repulsion. During polymerization of the
some of this surfactant is removed by the polymer, thus
voring partial coalescence of the clusters, with a concomi
increase in their size@18,19#. At the same time, removal o
the surfactant reduces the apparent radius of the primary
ticles seen by SAXS, as well as causing syneresis in the

B. Behavior in a magnetic field

When an unconfined ferrofluid is placed in a magne
field, the aggregates group themselves into strings stretc
along the direction of the magnetic field@20#. The scattering
pattern from this arrangement consists of an intense b
directed at right angles to the field. The same pattern is
seen to develop when the ferrofluid is mixed into a gel p
cursor fluid and placed in a magnetic field. After gelation h
taken place, the resulting scattering pattern remains per
nently anisotropic, even when the sample is removed fr
the field. When, however, a gel containing a dilute ferroflu

TABLE II. Parameters of fit to Eq.~4! of SAXS curves for
ferrofluid M300 in water and in gel.

j RG r 0

Medium D ~nm! ~nm! ~nm!

Water 2.8 9.5 22 6.7
2.5% polyacrylamide gel 2.95 12 29 5.1
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is prepared in the absence of magnetic field and is t
placed in an external magnetic fieldB, it is expected that the
aggregates will tend to orient along the field, but that th
will not be able to migrate to form the same superstructu
as in the free liquid. Furthermore, in the gel matrix, alig
ment of the clusters will be also hindered by elastic co
straints. This implies that magnetization of this system
quires higher fields, or in other words, that the magne
susceptibility will be reduced by the gel elasticity.

In Fig. 3 two-dimensional SAXS patterns from a gel co
taining ferrofluid sample 2 are shown at different values oB
between zero and 1.2 T. When the applied field is in
horizontal direction, a scattering pattern is generated tha
elongated vertically. To a good approximation the shape
the isointensity curves is elliptical with approximately th
same value of aspect ratiod51.2 throughout the region
0.003 Å21,q,0.015 Å21. Figure 4 shows the ratio of the
intensities in the perpendicular (I') and parallel (I i) direc-
tions as a function of wave vectorq. It can be seen tha
I'(q)/I i(q) displays a broad maximum whose peak is
cated just belowq52p/RG ~vertical line!, where the largest
dimension of the aggregates is the diameter, 2RG'58 nm.
At the lowest values ofq the scattering becomes isotropic
the thermodynamic limit, while at higher-q isotropy is recov-
ered because the primary particles in the aggregates
spherical. Such behavior suggests that the aggregates
nonspherical assemblies of primary particles that beco
oriented in the magnetic field: asB increases the radius o
gyration in the parallel direction increases, while that in t
perpendicular direction decreases. Under these condition
the intermediateq range, the intensity scattered in the pe

FIG. 4. Eccentricity of SAXS images for sample 2a. Ratio
intensitiesI' /I i as a function of wave vectorq. The vertical line
indicates the scattering vectorq52p/RG .
FIG. 3. SAXS patterns from
sample 2a.
4-4
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pendicular direction exceeds that in the parallel direction.
high q, the scattering comes from the surface of the prim
particles, which are isotropic. Figure 5 shows the regrou
data from these figures, where the radial average is ta
over a 10° angular sector as a function ofB. The arrow in
this figure indicates the value ofq50.005 06 Å21 that was
selected to study the effect of the magnetic field on the s
tering response.

To analyze the shapes of the curves, we first note that
scattered intensity must be an even function ofq: this is
illustrated in the Guinier approximation, according to whi
the intensity varies as

I ~q!5I ~0!exp@2~qRG!2/3#, ~8!

whereRG is the mean radius of gyration of the clusters a
I (0) is the scattering intensity at zero wave vector. This sy
metry of I (q) about the radius of gyration requires that t
scattering pattern be independent of the sign ofB, and hence
the magnetic field dependence ofI (q) must also be an eve
function of B.

Figure 6 shows the effect of magnetic field on the relat
variation of the scattered intensity for sample 2 in the po
mer gels of concentration 2.5% and 4.0%~samples 2a and
2b!.

I 0~q!2I B~q!

I 0~q!
: in the direction parallel to the applied field

I B~q!2I 0~q!

I 0~q!
: in the direction perpendicular to the applied

field,

both measured atq50.005 06 Å21, i.e., in the Guinier re-
gion. HereI 0(q) and I B(q) are the intensities without an
with the magnetic field. At intermediateq, the intensity in the
parallel direction decreases with increasingB (qiB) and in-
creases in the perpendicular direction (q'B). According to
the model suggested above, we therefore assume tha
elementary particles form rigid aggregates in the shape

FIG. 5. Scattered intensity in the axis parallel to the magn
field: the intensity decreases withB.
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prolate ellipsoids with principal axes of length 2a, 2a, and
2da. @Such a model is qualitatively consistent with the sh
to lower values ofq in the position of the maximum o
I'(q)/I i(q) with increasingB that is visible in Fig. 4.# We
also assume that the net magnetic dipole moment is orie
along the major axis. The scattering from a free aggregat
the Guinier region@qRG,1 in Eq. ~8!#, according to Eqs.
~8!, ~A3!, and~A4!, is then given by

uI B~q!2I 0~q!u
I 0~q!

5q2AF123S kBT

mBDLS mB

kBTD G , ~9!

in which L(x) is the Langevin function,m is the total mag-
netization of the aggregate andkB is the Boltzmann constan
~see the Appendix!. Equation~9! is the expected form for the
square of the magnetization of a free magnetic dipole@21#.
The parameterA depends on the sizea and eccentricityd of
the aggregate. In the parallel direction,

A5
2a2~d221!

15
. ~10!

The analytical calculation of corrections to Eq.~9! due to
the elastic constraints of the gel is quite involved and, he
for simplicity, we adopt the free particle equation as an e
pirical fitting function. An effective reduced magnetizatio
me f f is introduced to include elastic effects. Equation~9! is
fitted by a nonlinear least squares procedure@continuous line

c

FIG. 6. Relative variation of the scattered intensity in the dire
tions: ~a! qiB; ~b! q'B for samples 2a and 2b.
4-5
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in Fig. 6~a!#. The ratio of the parameterA in the parallel and
perpendicular direction is 2, since the variation of the squ
of the radius of gyration in the parallel direction is twice th
in the perpendicular direction, to conserve the volume. T
results of the fits are listed in Table III. The values ofme f f
are expressed in units of Bohr magneton (mB59.274
310224 J T21).

On setting the eccentricity equal tod51.2, the value of
the parameterA yields an ellipsoid havinga524 nm and a
radius of gyration (5a(d212)1/2/51/2) of 2066 nm, which
is close to the value found in Table II. Figure 6~b! shows the
equivalent variation of the intensity in the perpendicular
rection and the continuous line is the theoretical curve us
the same value ofme f f as already found, with half of the
amplitude in Fig. 6~a!.

From the known magnetization of magnetite (4.
3105 J T21) and the volume of the elementary particl
(r 055 nm), it follows that their magnetic moment is 0.2
3105mB . Moreover, the aggregation number for sample
given byn5(RG /r G0)D, wherer G0 is the radius of gyration
of a sphere with radius of 5 nm, is found from Table II to
approximately 250. With this estimate an evaluation can
made of the magnetic moment of the aggregates. On
assumption that the mutual orientation of the primary p
ticles is random, i.e., proportional ton1/2, we obtain for the
magnetic moment of the aggregates,

m54.03105mB . ~11!

It should be pointed out that while the elastic modulusG of
the polymer network acts to hinder the orientation, it w
have no effect on the asymptotic limit. The value found
Eq. ~11! is an estimated upper bound and should corresp
to the limit of zero gel concentration.

The difference between samples 2a and 2b in Fig. 6 sh
that the elasticity of the gel does indeed exert an appreci
effect on the magnetic response, since the elastic moduluG
is higher in the more concentrated gel. However, from
knowledge of the value ofG in these gels a simple estima
can be made of this effect. We consider an aggregate
radiusRG , embedded in an infinite elastic medium of mod
lus G, rotating through an angleu. The gel at its boundary is
displaced by a distance proportional toRGu. Since the sur-
face area of the displaced gel is defined byRG

2 , the force
required to produce this displacement is proportional
GRG

2 u. It follows that the energy required to rotate the a
gregate through a significant angle~e.g., 1 radian! is given,
to within a factor of order unity, byEe'G3RG

3 . This quan-
tity may be considered as a typical potential that must
overcome in order to saturate the sample magnetizatio
saturation field can then be estimated from

TABLE III. Parameters of fit to Eq.~9! of variation of scattering
intensity.

Medium me f f(3105 mB) A

2.5% gel 1.260.2 0.08360.003
4.0% gel 0.4360.08 0.083~fixed!
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EG5mB5G3RG
3 . ~12!

By empirically fitting the Langevin equation to the fiel
response, elastic effects are incorporated as a diminishe
fective free dipole moment. In this case, the saturation fi
is estimated from

ET5me f fB5kBT. ~13!

Equating saturation fields from the above estimations
lows one to obtain the relation between the effective mom
and gel elastic modulus. In the limit of strong elasticity o
would then expect

me f f}G21. ~14!

In Ref. @22# it was found that for a 4% polyacrylamid
gel similar to that used here, the value ofG is '7 kPa, while
for the 2.5% sample, it is about 2 kPa. These values oG
yield B50.05 T andB50.015 T for the 4% and 2.5% ge
respectively, in reasonable agreement with the obser
points of inflection in the two curves in Fig. 6~a! and also
with the values reported in Table III, according to Eq.~14!.

IV. CONCLUSIONS

Small angle neutron and x-ray scattering measurem
on dilute ferrofluid suspensions in polyacrylamide gels sh
that the particles have a fractal character, the dimensiona
of which depends on the history of the ferrofluid under
vestigation. The scattering curves of the fresh samples
found to be well described by the Chen-Teixeira express
for scattering by fractal aggregates. Comparison with the
rofluid in liquid suspension shows that during the polym
ization process in the gel, a further tendency of the agg
gates to coagulate is observed. This is explained by
stripping of the protective layer of surfactant from the ma
netic particles by the interaction with the polymer, thus
ducing their mutual repulsion during the period that the s
tem is still in the sol state.

When an external magnetic field is applied to these fer
gels, the aggregates, which are constrained in both t
translational and rotational degrees of freedom, tend to a
by rotating along the direction of the magnetic field. T
aggregate anisotropy can be thus deduced. An effective m
netizationme f f is introduced to take into account the elas
effects of the surrounding gel. The values ofme f f calculated
from the fit to a Langevin type equation are in accepta
agreement with that calculated from the primary particle
dius and the aggregation number, obtained from the w
vector dependence of the scattering intensity. Furtherm
the estimated elastic contribution tome f f is in agreement
with the observed difference between samples of differ
polymer concentration.
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APPENDIX: MEAN RADIUS OF GYRATION
OF AN ELLIPSOID

An ellipsoid of revolution is characterized by two maj
axes 2a and 2da, whered is the eccentricity of the ellipsoid
In some specific directionz, the mean square radius of gyr
tion is calculated considering all possible orientations w
probability density distribution given by the Boltzmann di
tribution.

If u is the angle between the major axis of the ellipso
and thez axis, it is possible to show that the mean squ
radius of gyration of an ellipsoid with massM is related to its
major inertia momentsI xx , I yy , andI zz by

RGz
2 5

@ I xx1I yy2I zz#

2M
5

a2

5
@~d221!cos2u11#. ~A1!

If the ellipsoid has a permanent magnetic dipole mom
parallel to the major axis, the interaction energy between
dipole and the magnetic field is2mBcosu and, with Eq.
~A1! is
E.

.

te

hy

-

.

02150
t
e.
y

e

t
e

^RGz
2 &5

a2

5
1

a2

5
~d221!

E
2a

a

dx x2ex

a2E
2a

a

dx ex

, ~A2!

where a5mB/kBT. The ratio of the integral terms is th
mean square value of a free magnetic dipole in a homo
neous magnetic field. It is straightforward to show that

^RGz
2 &5^RGz

2 &01AF123S kBT

mBDLS mB

kBTD G , ~A3!

where ^RGz
2 &05a2(d211)/15 is the mean square radius

gyration in thez axis in the absence ofB and A52a2(d2

21)/15. Repeating the same calculation in some direct
perpendicular to the magnetic field~for example, thex axis!
we have

^RGx
2 &5^RGx

2 &02
A

2 F123S kBT

mBDLS mB

kBTD G , ~A4!

which is essentially the same form of Eq.~A3! except that
the radius of gyration diminishes withB and the multiplying
factor is one half that of Eq.~A3!. The zero-field radius of
gyration is the same in all directions.
.
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