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Connectivity strategies to enhance the capacity of weight-bearing networks
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The connectivity properties of a weight-bearing network are exploited to enhance its capacity. We study a 2D
network of sites where the weight-bearing capacity of a given site depends on the capacities of the sites
connected to it in the layers above. The network consists of clusters, viz., a set of sites connected with each
other with the largest such collection of sites being denoted as the maximal cluster. New connections are made
between sites in successive layers using two distinct strategies. The key element of our strategies consists of
adding as many disjoint clusters as possible to the sites on the Trwikhe maximal cluster. In the first
strategy the reconnections start from the last layer upwards and stop when no new sites are added. In the
second case, the reconnections start from the top layer and go all the way down to the last layer. The new
networks can bear much higher weights than the original networks and have much lower failure rates. The first
strategy leads to a greater enhancement of stability, whereas the second leads to a greater enhancement of
capacity compared to the original networks. The original network used here is a typical example of the
branching hierarchical class. However, the application of strategies similar to ours can yield useful results in
other types of networks as well.
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[. INTRODUCTION the layer below. Since each site has two neighbors in the
layer below, one of the two neighbors is randomly chosen for
The study of networks has important applications in var-the connection. Thus for a given site in the lay@y the
ied branches of science and technology, and has therefomhoice of connection between its left and right neighbors in
recently emerged as a widely researched dfed]. Net- the D+ 1th layer corresponds to two distinct realizations of
works of practical importance such as power grids, the interthe network. Also, a site has the capacity to bear a unit
net, traffic networks, cellular and metabolic networks, neuralveight if it is not connected to any site in the layer above,
and telephone networks have been extensively studied. Margnd can bear weightV+ 1 if it is connected to sites whose
of these networks have been identified to be scale-free netapacities add up t®V, in the layer above. Therefore, the
works [2,3]. The importance of small-world networks that capacityW(i®) of theith site in theDth layer is given by
mediate between regular and random networks has also been
recognized 1]. Studies of networks of dynamically evolving W(IP)=1(iP~HiP)W(IP )+ iP)wiP ™),
elements have been extensively used for pattern formation
studies[4], and random graph networks have been used tavhereiP ™" andiP~* are the left and the right neighborsiof
study granular medid5]. The structure and connectivity in D—1th layer. The quantity(i? ~*,iP) takes the value O if
properties of such networks, as well as the weight-bearinghere is no connection betvveq‘?] ! andi® and 1 if a con-
and traffic handling capacities of their nodes have importanhection exists. We show one realization of a network of 64
consequences for their performance and efficiency. In thegites arranged in eight layers in Fig. 1. The connections are
case of many networks, it is relatively easy to change théndicated by lines in the figure. The weight-bearing capacity
connectivity properties of the structure, e.g., in the worldof each site is indicated by the number in brackets below the
wide web, where pages and links are created and destroyaite. This is theq(0,1) case of the Coppersmith model of
in every second, and neural synaptic connections are creatg@anular media and is also a model for river netwdi&g].
and destroyed due to learning and aging processes. It iBhe injection and aggregation rule of river networks, by
therefore interesting to see whether the connectivity proper-
(1) /(1) oq:‘.
@ ) )
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ties of networks can be exploited to enhance their capacitiesm e
and thereby their performance and efficiency. In this paper,
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we use connectivity properties to enhance the weight-bearing / s
capacity of a network of weight-bearing sites. N '\ A
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Il. THE NETWORK
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The network is a 2D lattice where a site can be connecte o) o« G { o

to one, both, or none of its neighbors in the layer above, S
(13) 'm @ e %2 Sy Oy & =8

while it has to be connected to exactly one of its neighbors in c c Cs
2 3

FIG. 1. A network ofM =8 layers with 8 sites per laye€, is
*Email address: janaki@wagner.ucsc.edu the maximal cluster. The beaded line is the trunk of the maximal
TEmail address: gupte@chaos.iitm.ernet.in cluster. The weight-bearing capacity of the trunkNis=64.
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which the flow at a site is the sum of injections over all sites TABLE I. The failure rates of weight transmission in the origi-
upstream of it plus its own injection, gives rise to similar nal and modified networks.

structures. In this context, the capacity could be the reservoir
capacity at each site, with each site being considered capati¥etwork size Original Strategy | Strategy I
of holding all the water that comes into it from up-stream asy;_ 5, 5

I it et 49.2% 8.3% 26.2%
we~ as Its own Injection. : : N=75x 75 48.5% 9.8% 27.2%

The network consists of clusters, viz., a set of sites con-
nected with each other with the largest such collection o =100<100 49.7% 11.9% 23%
9 — 150% 150 51.9% 9.1% 25.5%

sites being denoted as the maximal cluster. Typical clusters
C,,C,,C3,C, are seen in the realization of Fig. 1 wi@y
being the maximal cluster. We look for connectivity strate- . . . . .
gies which enhance the weight-bearing capacity of the totatlhe weight-bearing capa_(:ltles of sites along a pa_lth W.h'Ch we
network. Our strategies involve connecting as many sites a%a" 'ghe trunk of the 'T‘ax'ma' clustésee beaded lines i@,
possible from various disjoint clusters to the trunk of the®f Fig- 1. Let the site on theDth layer of the trunk be
maximal cluster. We then compare the maximal Weight-denmed byTp (D:j:’ - M), w_here th?Mth layer is the
bearing capacity, the manner of transmission of a weighPSt layer of the lattice. To obtain the srges o_f the trunk_we
placed on an arbitrary site in the first layer of the lattice, and’roceed as follows: We choo3g, as the site with the maxi-
the failure rate of transmissions of the original and the modiMUM capacity in thevith layer (T is the fourth site in the
fied lattices, where the failure rate of transmissions is define§ighth layer in Fig. 1 Clearly, Ty, belongs to the maximal
as the fraction of transmissions which reach a site that cafluster. Of its two neighbors in thie! —1th layer, we chose
neither take the weight transmitted to it, nor transmit it toth® one which is connected ¥q, and denote it by ;. If
neighboring sites. The technique used by us is extremel?Oth_the sites are conngcted,. then the one that .I|es on a path
successful in enhancing the capacity of the network, and alsg!nning through the entire height of the network is chosen. If
results in a substantial reduction in the failure rate of transPOth lie on such paths, theRy, , is chosen to be the site
missions. Our techniques are general and could yield similagith maximum capacity {7 is the fifth site in layer 7 in Fig.
results in other network models as well. 1). We repeat this process till we reach the first layer and
The weight transmission in the network takes place alon@btain all theTp ,D=1,... M. Let Wy=3p_,W(T;) be
the connections between sites which serve as paths. Whertle sum of the capacities of the sites of the trul¥:¢ 64
site in the first layer of the network receives a weighit it ~ for Fig. 1. Clearly, a weight equal tW/; can be transmitted
retains an amount equal to its capadityand transmits the successfully in the network, if it is placed any, but may
rest, i.e., W—W, to the site it is connected to, in the layer result in transmission failure if placed at other sites in the
below. Hence the weight transmission is in the downwardirst layer. If a weightV=Wy is placed on an arbitrary site
direction and the sites involved in this process with theirin the first layer of the network, the number of failed trans-
connections constitute the path of transmission.R.be one  missions for networks of sizebl=50x50, 75<75, 100
such path andPp, be the site o in the Dth layer. Then, the X100, and 15& 150 is given in the first column of Table I.

excess weight at a sitep, in the Dth layer is given by We see that almost 50% of the transmissions result in failure.
D
WE(Pp)=W— 2 W(Py). lll. CAPACITY ENHANCEMENT STRATEGIES
K=1

We now look for ways to increase the weight-bearing ca-

If WEX(Pp)=<0, then the transmission ends at fdéh layer  pacities of the sites in the network. Our method consists of
of the pathP and is considered to be successful. On the othereconnecting a site on a given layer to a site of our choice in
hand, if W*(Pp)>0, the weight is transferred t&p, ;. the layer below. The sites can be chosen in different ways.
Finally, if there is still excess weight left at tidth layer, it  The reconnections are restricted to at most one per layer with
is then transmitted to the corresponding site in the first layerthe total number of connections kept constant. As any weight
and the second cycle of downward transmission begins garopagation or avalanche tends to take place along a con-
described above. This process of weight transmission, deiected path, it is beneficial to make the new connections to
fined as an avalanche, continues till either there is no excegbe sites which lie on a path in a cluster, rather than to arbi-
weight left, which is defined as a successful transmission, otrary sites.
the receiving site is not able to transmit the excess to the site In the first strategy(strategy J, we connect as many dis-
in the layer below. This occurs when it is connected to a sitgoint clusters as possible to the sites on the trangf the
that has already received its share of the weiglet satu- maximal cluster, so that the maximum number of sites are
rated its capacityin the first cycle of transmission, thus included in the cluster. Hence, we choose from the penulti-
making further transmissions impossible. Such a transmismate layer a sitéy, _;, such that it does not belong to the
sion is said to have failed. The time taken for an avalanche immaximal cluster and whose degree igi2., it is connected
defined as the number of layers traversed by the weight ito three sites(the second site in the seventh layer in Fig. 2
the network. We snap off its existing connection to the site in thith

To test for avalanches in our study, the weight to belayer to reconnect it to the sif€, on the trunk. If there is
placed on any site in the first layer is chosen to be the sum ahore than one such site, we chodgg_; as the site, whose
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FIG. 2. A strategy | network. The linksl, 12, andI3 are
reconnections to the last three sites on the trunk of the maximal “[ ¢
clusterC,. The new capacity of the trur/s""=103. 120 - prs oo

M

shorter branch has the maximum capacity in the layer above. FiG. 3. Plot of increase in capaciywe™ (dimensionless unijs
On the other hand, if there are no such sites, then the sit@ersusM, the number of layers in the lattice sites for strategy |
with maximum capacity and which does not belong to thenetworks(logscale onx axis).
maximal cluster is chosen for the reconnection. TW{T ;)
gets enhanced by an amount equaMil,_,). Similarly, ~a randomly chosen site in the first layer and allowed to
we choose sité,, in the Dth layer and connect it td . ;. propagate. The failure rates of the modified networks of dif-
Therefore, the capacity enhancement is giverW&(Tp) ferent sizes are listed in Table I. We find a substantial reduc-
=W(Tp)+2pW(lp),D'=D,D—1,...L, i.e., the sum tion in the number of failed transmissions in the networks
runs over all the sites chosen by strategy | in the previougnodified by strategy | compared to the original network. The
layers with the process coming to an end at the layahen failure rate drops from almost 50% in the original networks
we fail to add any new site to the maximal cluster. to around 10% in the modified networksee Table), while

As we connect as many disjoint clusters as possible to théhe weight-bearing capacity increases substantially. This re-
maximal cluster, any site on the first layer gets connected tguction is the result of the manner in which the reconnec-
the trunk at some layer. Therefore, these reconnectiondons are introduced. As we stop making the reconnections
achieve the dual objective of enhancing the weight-bearingvhen we fail to add any new site to the maximal cluster, the
capacities of the sites on the trunk as well as making théeconnections are restricted to the lower layers only, leaving
trunk accessible from any site on the first layer. Hence, anyne upper layers undisturbed. Therefore, the weight has more
weight placed on the first layer reaches the trunk at soméayers to traverse and distribute itself among the sites before
layer, with which its enhanced capacity has a greater probPeing forced onto the trunk in each cycle of its propagation.
ability of supporting the weight successfully than other pathsthis increases the chances of its successful transmission
in the network. The enhancements obtained in the sum of th@hormously. This strategy is therefore successful in increas-
capacities of sites on the trunk of the maximal cluster, i.e.Ing the stability as well as the weight-bearing capacity of the
the new capacitywe"" in modified networks of different Networks. _ _ _
sizes averaged over 1000 realizations are listed in Table |j T0 €nhance the weight-bearing capacity of the network
relative to the capacity of the original trunk. It is clear that fUrther, a natural way would be to start the reconnections
we obtain a huge enhancement in the weight-bearing capacfir-om the first _Iayer onwards so that the capacities of t_he site
ties of the networks which increases with the size of the®" the trunk in the layer below and its subsequent sites get
network, as expected. We plot the dependence of the percerfthanced in every layer. This is strategy Il. This strategy
age increase in capacity against the number of layers in Fige;chleves maximum enhanceme_nt in the capacities of the sites
3. It is clear from the plot that the increase in capacityO" the tru_nk as the reconnections are introduced frc_)m the
Avv_ei_nh%m M. We also examine the stability of the new net- first layer itself(see Fig. 4. Here, at every layeD, a site

works to weight transmission. The weigh€""is placed on which does not belong to thg maximum cluster and Wh'f:h
has the maximum capacity is chosen for the reconnection

) : ] . and denoted byl . Therefore, after the reconnection, the
TABLE Il. The enhancement in the weight-bearing capacities Ofnew capacity of the sited of the trunk is given by
trunks of the modified networks with respect to their original net-Wenh(TD/):W(TDr)‘l‘W(ll D)D where D' =2 M. and

works. D=D’'—1.ThereforeW;= E',\D": 1W(Tp), gets enhanced, re-
Network size Original Strategy | Strategy Il sulting in the maximu_m enha_ncement of_th_e capacity of the
trunk that can be achieved with the restriction of one recon-
N=50x50 100% 184.1% 548.65% nection per layer. Note that each reconnection changes the
N=75X75 100% 209.08% 721.52% capacities of the layer below and the new capacities have to
N=100x 100 100% 232.65% 892.6% be taken into account before a new site is chosen for the
N=150x 150 100% 257.025% 1129.40%  reconnection in the next layer. While a similar change takes

place in the case of strategy | as well, the site chosen for the
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FIG. 4. A strategy Il network. The linkkl, 12, 13, 14, 15, and - x N %ﬁgﬁﬂ‘iﬁﬂ‘}
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reconnection does not change as the reconnections start from i g The probability distributions of avalanche timegor

the bottom layer upwards except for the fact that no recony1gg realizations of the original networks. Data for lattice siles

nections are made to sites which belong to clusters which-50x 50 are indicated by plus signsl=100x 100 by asterisks,

have been reconnected to the maximal cluster at lower layandN=150x 150 by squares. Thgaxis is scaled b, the num-

ers. The increase in the sum of the weight-bearing capaciti&ger of layers. Thex axis ist/M which is the number of times a test

of the trunk T of the maximal cluster in the modified net- weight cycles through the lattice layers. The same convention is

works of different sizes relative to that of the unmodified followed for different lattice sizes in Figs. 7 and 8.

networks, averaged over 1000 realizations is listed in Table I.

This strategy gives the maximum enhancement that can bidence a weight placed on any site in the first layer reaches

achieved with the restriction of one reconnection per layerthe trunk of the maximal cluster eventually through some

As before,AW$”h being the percentage increase in capacityreconnection. Unlike strategy I, the weight reaches the trunk

depends on the size of the network, however, it can be sedaster as the reconnections start from the first layer itself.

from Fig. 5 that the log-log plot oAWS"" versusM can be  Hence, the weight does not traverse many layers before

fitted to a straight line, so thaAW-?”h%M“, where « reaching the trunk in a cycle of its propagation so that the

~0.66. number of possible new paths in each cycle is reduced. This
We Study the effect of this Strategy on We|ght transmis_results.in .a Significant decrease in the number of SL!CCGSSfUl

sion when a weightv=WS""is placed on a randomly cho- transmissions compared to strategy |, though there is a sub-

sen site in the first layer. Similar to strategy I, any site on thestantial increase over the stability of the origirtaée Table

first layer gets connected to the trunk at some layer. This i¥)- On the other hand, this strategy shows an enormous in-

because if a sité on the first layer remains unconnected to créase in the weight-bearing capacity of the network, while

the trunk of the maximal cluster for some time, the capacityStrategy | leads to a lower failure rf@]. _

of a site on the path originating froitbecomes maximum in The p_robab|I|ty .d|str.|but|on of avalanche durations for

some layer and gets reconnected to the the trunk. The sites 8ffategy is shown in Figs. 6, 7, and 8 for an ensemble of

. - o ovanh
the maximal cluster are connected to the trunk at some laye#100 successful weight transmissions for a weigtf™"
placed at a random site in the first layer for the original
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FIG. 5. Plot of increase in capacitywWs"" (dimensionless units
versusM, the number of layers in the lattice sites, for strategy Il FIG. 7. The probability distributions of avalanche timefor
networks(logscale onx andy axes. 2100 realizations of strategy | networks.
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x : : : y : simple rerouting which can find a new path where it might
wl a 1 settle down rather than dumping the task. Recycling consti-
Wl xo | tutes such a simple rerouting. We note that once recycling is
ax X done most weights or tasks settle down in less than three
“r @, 1 cycles or find a node which fails, leading to the collapse of
vl o | the network. Hence recycling is a worthwhile strategy to

2 o ] pursue.

g Thus we have identified a set of strategies which enhance
8 # o 1 the weight-bearing capacity of a branching hierarchical net-
6 ax | work of weight-bearing sites. The capacity of the sites in a
W >t cluster increases according to the number of sites that they

¥ o ] are connected above to them. The maximal cluster, which
2r “"*”‘ﬁ; et 1 connects the largest number of sites contains the sites and
0 . . . L e e, paths which possess high weight-bearing capacities. There-
o8 ! 12 . 18 '8 2 fore, strategies that connect as many sites as possible from

disjoint clusters to the trunk of the maximal cluster success-
FIG. 8. The probability distributions of avalanche timefor  fy|ly enhance the weight-bearing properties of the cluster.
2100 realizations of strategy Il networks. Since the trunk of the maximal cluster can take large
_ . o _ weights, the addition of extra connections to this result in the
lattice (Fig. 6), for strategy | distributiongFig. 7) and for  transferrence of the weight to the path which can bear it most
strategy Il distributiongFig. 8). No avalanches, whe#M  gyccessfully, resulting in a drastic reduction of the failure
<1, are seen as there are no paths with capacity greater thagke of the structure. The stability of the structure is thus
W5™"in any of the three cases. The original networks haveyreatly enhanced. The enhancement in the weight-bearing
avalanches which can cycle thrice through the networkproperties is largest for the strategy which connects to the
However, in the case of strategies | and Il, no avalanches afunk in the higher layers, on the other hand, the stability is
lengtht/M>2 are seen as every site in the first layer getsenhanced by allowing avalanches to propagate for a few lay-
eventually connected to the trunk and the weight in its secers before connecting to the main trunk. However, both strat-
ond cycle of propagation reaches a site on the trunk where #gies result in enormous enhancements of the weight-bearing
can settle down or where transmission fails. The distributiongapacity and the stability over the original network. We note
for networks of different sizes collapse on one another whemhat the improved properties of the new network are achieved
they are scaled by their respective number of layers for alby adding connections to the strongest sites in the network,

three cases as can be seen in Figs. 6, 7, ai&.8 viz., the sites which belong to the trunk. We expect that this
feature will carry over to any network which contains sites
IV. DISCUSSION which are of significantly higher capacity than the average

site in the network. It does not appear that the specific rule
A practical example of a situation where our ideas couldysed by us for the addition of weight capacities is essential
be applicable is that of grid computing on computers confor total capacity enhancement. We also note that sites which
nected in a branching hierarchical manner with connectiongayve more connections than others contribute more to capac-
to a central backbone. A task dumped on any arbitrary comity enhancement. This is a feature which has been noted in
puter at the first level finds its way to the central baCkboneother contexts e.g. it has been observed that search a|go_
which contains computers of high computational capacityyithms which exploit high connectivity nodes function more
The task is distributed parallelly along the path with eacheffectively[10]. Our strategies have been tailored to enhance
computer on the path processing the task according to itghe weight-bearing capacity of our network. However, they
available capacity. The original network is capable of hantould be exploited to enhance the information or traffic car-
dling tasks of a certain magnitude without jamming the net+yying capacities of communication networks or to improve

work. Given a task of a higher magnitude, our strategiesavigability in networkg11]. We hope to examine some of
permit us to rerout our task along the network with suitablythese issues in future work.

enhanced capacities at a few nodes so that the network be-

comes capable of handling the given task without jamming. ACKNOWLEDGMENTS
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fail 10% of the time when tested with weights""=1.8W;

and 30% of the time when tested with weights which exceed
W by 10% (and thusW; by 98%), whereas strategy |l
networks fail about 25% of the time when tested with weights
WE"N=5 5\ and 60% of the time when tested with weights
which are 10% more thawS"" (and thusW; by 500%). Thus
the features of increased capacity and stability are demon-
strated again by the new networks with strategy | networks
having greater stability and strategy Il networks having greater
load carrying capacity.

L.A. Adamic, R.M. Lukose, A.R. Puniyani, and B.A. Huber-
man, Search in Power-Law Networks{erox Palo Alto Re-
search Center, in press

J. Kleinberg, NaturélL.ondon 406, 845 (2000.



