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Stochastic resonance driven by two different kinds of colored noise in a bistable system
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The phenomenon of stochastic resonance in a bistable nonlinear system is investigated when both the
multiplicative noise and the coupling between additive and multiplicative noise are colored with different
values of noise correlation time; and 7,. Combining the functional analysis and unified colored noise
approximation, the two different kinds of colored noise in the nonlinear system can be simplified. The signal-
to-noise ratio is calculated when a weakly periodic signal is added to the system. It is found that there appears
a transition between one peak and two peaks in the curve of the signal-to-noise ratio when either the noise
correlation timer; and 7, or the coupling strength between additive and multiplicative noise is increased.

The transition between one and two peaks depending @md\ is more complex than that depending on
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[. INTRODUCTION Sec. V, the transition between one peak and two peaks in the
SNR is presented on the parameter planes;ef), 7,-Q,

In recent years, the phenomenon of stochastic resonanesmdA-£). A discussion of the effects concludes the paper.
(SR in nonlinear systems has been investigated extensively
both theoretically and experimentally due to its potential ap- Il. THEORETICAL ANALYSIS
plications[1-24]. The output signal of the nonlinear system ) _ o
may be amplified in the presence of an optimal level of noise  If @ nonlinear system contains colored noise, it is a non-
and a weak periodic signal. The SR phenomenon appears Markoy stochastic process. It is necessary to develop some
many fields, such as periodically recurrent of ice ageg], approximate methods to transform the non—Markov process
electronic and magnetic systerfg 4], etc. Recently, there to th(_e Markov process in order to get analytic results. The
have appeared some extensions of SR, such as double dgfctional analysis and the UCNA are the methods com-
[24,29, stochastic multiresonanck26—30, quantum SR Monly used in the analys[d6,40—-43.

[31], superthreshold SR32,33, control of SR[34—-37, etc.

In general, the multiplicative noise and additive noise of a  A. Simplification of two different kinds of colored noise
nonlinear system are taken as different origins. But in certain  The nonlinear stochastic system with both colored and
situations both multiplicative and additive noise may have gynite noise follows the Langevin equation
common origin and then may be coupled as well. Two
coupled noise sources were discussed for a two-dimensional dx
hydrodynamical problerf38,39. Meanwhile, in most of the azh(x)+gl(x)§(t)+gz(x) 7(t), (N
previous analysis concerning the phenomenon of SR, only
white noise is considered. However, the colored nature of thghereh(x) is the deterministic part, argy(x) andg,(x) are
noise can also play an important role in the system. coefficients of colored noisé(t) and white noisen(t), re-

_In this paper, the SR phenomenon in a bistable systergpectively. The two noise terms are characterized by their
with coupling between multiplicative and additive noise iS mean and variance

investigated when the multiplicative noise and the coupling

between two noise terms are colored with nonzero correla- (&(1))=(n(1))=0,
tion time =, and ,. In Sec. Il, the two different kinds of

colored noise in the system are simplified when the func- ! [t—t']
tional analysis and unified colored noise approximation (&) (L)) = T—lexp{— }

(UCNA) are employed. Then the expression of the signal-to- 71

noise ratio(SNR) is derived. In Sec. Ill, the effects of mul- , , 2
tiplicative colored noise correlation time,, noise correla- (m(t)n(t")=2Pa(t-t"),

tion time 7, of the coupling between two noise terms, the - ,
coupling strength\, and the signal frequend@ on SNR are (EO N = (D EL)) = AVPP exr{ . t—t']
discussed. In Sec. 1V, the numerical simulation is presented T T |

to check the validity of the approximation method. The spec-
tral power amplification(SPA) is compared to the SNR. In Herer; andP’ are the correlation time and intensity of the
multiplicative colored noise, respectivel. is the intensity
of white noise, andr, is the noise correlation time of the
*Corresponding author. Mailing address: Department of Physicsgoupling between multiplicative and additive noise.
College of Sciences, Suzhou University, Suzhou, Jiangsu 215006, In the limit 7;— 0, the multiplicative noise tends to white
People’s Republic of China. noise, while the coupling between multiplicative and addi-
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tive noise is colored correlated. According to the stochastic APP' J
Liouville equation, Eq(1) satisfies + HER X
"(x)— 220
IQ(X,1) ——ih(x)Q(x t)—i 0050 ) 1— 75 h'(xe) 9.(<) h(xs)
. ox BT ox 9 ;
X G2(X) == 91(X)Q(x,1). (4

J
— 920071 S(x(1) = ). 3
If the multiplicative noise is colored with finite correlation

Here the probability distribution function can be expressedime 71, the UCNA method can be employg#6,20,40,41
as Q(x,t) = ( 8(x(t) —x)). Thus the non-Markov process of Ed) can be simplified to

By applying the Novikov theorem and Fox’s approacha one-dimensional Markov process
[16,40,42,43 the approximate Fokker-Planck equation cor-

responding to Eq(3) can be written as %: Nx;,rl)[h(ngl(x)r(tHQZ(x) 201, (5
IQ(X,1) J d d i
== QD+ P g0 - g, (0Q(x M »
g1(x
PP’ p A(X,71)=1— 71| h'(x)— gi(x) h(x)|. 6)
/ ox
1— 7/ h'(Xg) — 92(%) h(xg) X Hereh’(x) andg;(x) are the derivatives di(x) andg(x)
Ga(Xs) with respect tax andI'(t) is white noise with
X100 = G200 Q1 (T(1)=0, (T(OF(t)=2P'5t-t). (7
5 5 By combining the results, E@4), of the functional analy-
a e sis and Eq.(5) of the UCNA, the Fokker-Planck equation
P % 9200 55 9200Q(x.) corresponding to Eqg1) and(2) can be written as
JQ(x,t) 9 h(x) , @ 91(X) 9 gi(X)
- ax Arry QU P A ax Atk rp) SV
N _)\\/PP ’ 9 91(X)  d ga2(X) Q(x,t)+Pi 92(x) 9 g2(X) Qxt)
T ) 05(Xs) X A(X,71) IX A(X,71) Ix A(X,7y) dx A(X,71)
L A | T gk M|
NVPP’ J J
" ) : 7 gZ(X) v gl(x) Q(X,t) (8)
T , g1(Xs) IX A(X,71) IX A(X,7y)
LRG| YT g9 Y|

Thus the two different kinds of colored noise can be approxi- B. Steady-state distribution function of a bistable system
mated and expressed by H).

It should be mentioned that the regime of the approxima- When a weak periodic signal is added to a bistable system
tion method used in deriving E@8) is [40] with coupling between multiplicative colored noise and ad-

ditive white noise, the system follows the Langevin equation

T2 , gi(xs) ,
G(X,71,72)= 1—m h (XS)_Th (X9)| (>0, dx
71 91(Xs © g0= "~V 0+ xED+ 7(t) e cosOt, (10)
h’(x)
>NVPP'|——.
G(X, 71, 72)> A VPP h(x) where V'(x) is the derivative of the symmetric potential

V(x) = —x2/2+x*/4 with respect ta, which has two stable
In the following calculations, these conditions are satisfied. states ak. = =1 and an unstable statexgf=0. Meanwhile,
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h(x)=—-V'(x)+& coslt, gi(X)=X, g»(x)=1, and &(t), A(X, 1) h(x)A(X,77)
7(t) have the same characteristics as that in E2jsand(3). Qs(x,1)= 9(x) gz(x) d
From Eq.(4), one has
A(X, D(x
_| A XT)l) ex;{—% . (16)
QXD _ 9 t 9(
ot (7_x[ (0 +9" (0900 ]1Q0x.b) Here ®(x) is the rectified potential function and its form
5 follows
J
+229(09(x)Q(x.1), (11)
b(x) T, 4NTq P 3y 2,
X)= =X ———— \/ = X3+ a X%+ ayX
where 2 3(1+27,) VP
2\\PP’
12
g N 2 2 +B8In| P’ x*+ —1_|_272 )X+P
g(x)=|P"g1(x)+ 1+—27291(X)92(X)+ Pg>(X)
Y1
(12 +
VI=N2/(1+27,)°
According to Egs(6), (10), and(12), one has \/Wx+ N(1+27)
T2
X arcta
{ J1I-\Z(1+27,)2

718 COSQOt

X ! + n )\Tl P
T2, VP

A(X, 1) =1+27x2+

2\ /PP’ v =
g(x): P/X2+ WX-FP . (13) % 1n P/X2+ MX‘FP _ V2
2 1+2m, VI-NZ(1+21,)°
Thus the corresponding Fokker-Planck equation of the VP'IPX+N\(1+27,) 0 an
i i Xarctal ecosQt, (1
bistable system, Eq10), can be written as T No(12m)
9Q(x,1) P where
ot :_&F(XITI!TZI)\)Q(XJ)
P N 2m—1
& “Tp M 1r2n,) T T2
+ 2D LT DR, (14 &
. . -8 P s )\Tl A 2
in which 2TENAP) \1727,)| 7 “\1+27,
PIN27m—1
4y NP il LGl )
F(x,71,72,0) =h0)+G(x) —- — P'| 1+27,
D(XleaTZI)\):gz(X)a B 2 2P’ E 1+2T2
P 2 A 4 2
with +(F) 71[16(1+272) A1, T
~ h(x) g(x) A P[N27—1) N\?
h(X)=——, IX)=+——. - . 1 _
= Aoem 997 A " 1%2.,  P| 1+2n 1+27, 3}
2 4
Since the frequenc§) is very small, there is enough time 42 P ! ) _ 16
for the system to reach the local equilibrium during the pe- P \1+2m, 1+27,
riod of 1/). Then the quasi-steady-state distribution function N2
Qs(x,t) can be derived from Eq$13)—(15) in the adiabatic +20( ) _ J (19)
limit: 1+2m7,
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FIG. 1. Quasi-steady-state probability density functi@g(x) as a function of the variablg, the coupling constant, and the noise
correlation timer; and r,. All parameters are dimensionlega) The Q4(x) is plotted whem = —0.5, 0, 0.5. The parameters are chosen as
711=0.5,7,=0.2,6=0, ®=0.002,P=0.03, andP’ =0.08. (b) The Q4(x) is plotted whenP’=0.08, 0.5, 4. The parameters are chosen as
N=0.5,7,=0.4, 7,=0.2,=0.05, = 0.002, andP=0.03. (c) The Q4(x) is plotted whenP=0.03, 1, 10. The parameters are chosen as
A=0.5,7,=0.1,7,=0.2,6=0.05, =0.0015, and®' =0.08.

P’ P
vo= 5 (nt D+ Vg

The quasi-steady-state probability density functiBDF) C. Signal-to-noise ratio

Qs(x) of Eq. (16) is plotted in Fig. 1 as a function of the  The expression of the SNRR, in the bistable system can

variablex when the parameters of the coupling constent pe derived from the two-state approach with two stable states
and multiplicative and additive noise strengthsandP are (x.) and given by[3,16]

varied.

The PDF ofQ4(x) is plotted in Fig. 1a) when the cou-
pling constani is varied and there is no signal wigh= 0. It B WWESZ
is seen that the peak iQ¢(x) is shifted fromx=+1 to x Lo 4W,
=—1 when\ is changed from-0.5 to +0.5. When\ =0,
there are two peaks iQ(x) with the same height and width. where
When there is a signal with>0, similar shape irQ¢(x) is
obtained. The two-peak structure appearing in PDF depends
on the value of\. B

The PDF ofQ4(x) is plotted in Fig. 1b) when the mul- Wo=
tiplicative noise strengtf®’ is varied withA =0.5. It is seen
that the peak inQg¢(x) at x=—1 is decreased and then
shifted tox=0 when the value oP’ is increased from 0.08 1+27, T 71Bi(\.72)
to 4. For\ = — 0.5, similar behavior is obtained. The peak in (20)
Qs(x) atx=+1 is decreased and then shiftedxte 0 when
P’ is increased. W,;=E,W,

The PDF ofQ4(x) is plotted in Fig. 1b) when the addi-
tive noise strengttP is varied withA=0.5. It is seen that and
there are two peaks iQ¢(x) located atx=—1 and+1. The
peak located ak=—1 is much higher than that at=+1
when P=0.03. WhenP is increased to 10, the curve of :1_71+ﬂ
Q4(x) is widened and the left peak is decreased with almost 1= 2 P’
the same height to the right one. The locations of the two
peaks are shifted to nearky=—1.7 and+1.7. When\ = f[[p\3
—0.5, similar behavior is observed. The peakQg(x) lo- i{B (5)
cated atx=+1 is much higher for a small value & The
two peaks are almost with same height wieis very large. P

From Figs. 1a)-1(c), it is seen that th&(x) with two +2]—
peaks of the same height is symmetrically located alxout P’

A )2 } =0 when the couplingh=0. When\ #0, the symmetry is
2 —

172 broken. There appears either only one peak or two peaks
2 with quite different heights.

(19

1 Wis2 -t
C2WE+0?)

+1

}\Tl
1+ 27'2

21_4\F
T3 NP

2

A
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FIG. 2. Signal-to-noise ratio is as a function of the multiplicative noise intefisityThe parameters are chosen as followB:=0.03
and e =0.05. All parameters are dimensionle&, (c), and(e) The initial condition isx(0)=x, . (b), (d), and(f) The initial condition is
x(0)=x_. (& and(b) The values of the multiplicative noise correlation timgare differentA=0.5, 7,=0.2, and() =0.002.(c) and (d)
The values of the correlation timeg of the coupling between two noise terms are differant.0.5, 7;=0.5, and() =0.0023.(e) and(f) The
values of the coupling strengthare different.r;=0.5, 7,=0.2, and(2 =0.002.

N . [P’
l l+27'2_ P )\/(1+2T2)
Bi(\,7)= > > | arcta > 5 | —arctan ————————
V1-M\Z(1+27) V1-N\%(1+271) VI-N%(1+27,)
- - (20)
B On o \/P St P’+2\/P’( S
veBN )= N | 1, M B * 2N B | 172y,
E2: P/ ’
and g, y;, andy, are the same as in E(L8). plicative noise correlation time;, the correlation time-, of
the coupling between two noise terms, and the noise cou-
pling strength\, respectively.
Ill. EFFECTS OF NOISE CORRELATION TIME Figures Za) and 2b) are plots of the SNR when the mul-
71, 7 AND COUPLING STRENGTH A tiplicative noise correlation time,; is changed. For the initial
ON STOCHASTIC RESONANCE condition x(0)=x, shown in Fig. 2a), it is seen that the

) ) ) SNR is changed from one peak to two peaks when the value

By virtue of Egs.(19)—(21), the SNR in the bistable sys- of 7, is increased. For small values of, there is only one
tem can be easily calculated as functions of different parampeak in the SNR. When the value of is increased, there
eters. appear two peaks in the SNR. When the valuerpis in-
creased further, the number of peaks in the SNR is reduced
to one peak again. The height of the peaks is increased, while
71 IS increased. For the initial conditior{(0)=x_ shown in

The SNR as a function of the multiplicative noise inten-Fig. 2(b), a similar phenomenon appears. However, the
sity P’ is plotted in Fig. 2 for different values of the multi- curves of the SNR fox(0)=x_ are higher than those for

A. Multiplicative noise
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FIG. 3. Signal-to-noise ratio is as a function of the additive noise intefsifjhe parameters are chosenRis=0.08 ands =0.05. All
parameters are dimensionle&, (c), and(e) The initial condition isx(0)=x, . (b), (d), and(f) The initial condition isx(0)=x_ . (a) and
(b) The values of the multiplicative noise correlation timgare different withx =0.5, 7,=0.2, and()=0.0013.(c) and(d) The values of
the correlation timer, of the coupling between two noise terms are different with0.5 andr; =0.5.(c) 2 =0.0015.(d) 2 =0.001.(e) and
(f) The values of the coupling strengthare different withr;=0.5, 7,=0.2, andQ2=0.001.

X(0)=x, . The shapes of the SNR fo(0)=x_ are nar- to two peaks, and then to one peak again whes reduced
rower than those fox(0)=x, . From Figs. 2a) and 2b), it from zero t0—0.8. ForA=—0.8, the peak of the SNR is
is clear that the correlation time; of multiplicative noise  very sharp. Figure ) is a plot of the SNR for the initial
can induce the transition from one peak to two peaks, andondition x(0)=x_. The curve is the same as that in Fig.
then to one peak again in SR. 2(e), while the sign of\ is opposite to that in Fig.(®). That
Figures 2c) and 2d) are plots of the SNR when the cor- js, the curve of the SNR is changed from one peak to two

relation timer, of the coupling between additive and multi- peaks, and then to one peak again as increased from zero
plicative noise is changed. The multiplicative noise correlayy o 8. The curve ok =0.8 in Fig. af) is the same as that of
tion time 7, is fixed at 0.5. For the initial conditior(0) A=—0.8 in Fig. e). From Eqs.(19—(21), it is found that

=x+_shown in Fi_g. Zc), it is clear that the .one-peak StUC- the case of >0 with initial conditionx(0)=x. equals that
ture in the SNR is not changed whes is increased. The of A<0 with x(0)=x-

positions of the peaks are increased to large valueB’of
The height of the peaks is increasedrass increased. How-
ever, for the initial conditiorx(0)=x_ shown in Fig. 2d),
quite a different phenomenon appears. The curve of the SNR The SNR as a function of the additive noise inten§itis
is changed from two peaks to one peakrass increased. plotted in Fig. 3 for different values af;, ,, and\, respec-
The height of the peaks is decreased as the valug, o  tively.
increased. The position of the peaks is changed to small val- Figures 3a) and 3b) are plots of the SNR when the mul-
ues of P’ asr, is increased. From Figs(® and 2d), itis tiplicative noise correlation time; is varied. For the initial
clear that the correlation time, of the coupling between two condition x(0)=x. shown in Fig. 8a), it is seen that the
noise terms can shift the position and change the height ddNR is changed from one peak to two peaks, and then to one
the SNR. The effect of, on the number of peaks in the SNR peak again when the value of is increased. A similar phe-
depends on the initial condition of the system. nomenon appears for the initial conditie0)=x_ shown
Figures 2e) and Zf) are plots of the SNR when the cou- in Fig. 3(b). It is seen that the two-peak structure appears for
pling strength\ between additive and multiplicative noise is relatively small values of; with the initial conditionx(0)
changed. For initial conditior(0)=x, shown in Fig. 2e), =X, while that appears for relatively large valuesmgfwith
it is seen that the curve of the SNR is changed from one peathe initial conditionx(0)=x_.

B. Additive noise
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Figures 3c) and 3d) are plots of the SNR when the cor-  Since the spectral power amplification would allow an
relation timer, of the coupling between additive and multi- interpretation by time scale merging arguments and can be
plicative noise is changed. For the initial conditia(0)  directly obtained from the peak of the power spectrum
=X, shown in Fig. 8c), it is seen that there is only one peak [5,16,29, the results of computer calculations of both the
in the SNR. The height of the peak in the SNR is decreasedSNR and SPA are plotted in Fig. 4. The SNR are plotted in
while the position of the peak is shifted to a large valu€of Figs. 4a) and 4c) as functions of multiplicative and additive
when the value of, is increased. For relatively large values noise strengthP’ and P, respectively. It is seen that the
of P, the curves of the SNR are only changed a small amourfteight of the curve of the SNR increases as the multiplicative
when 7, is increased. For the initial conditior(0)=x_ noise correlation time is increased. The curve of the SNR
shown in Fig. &), the SNR is changed from one peak to changes from one peak to two peaks, and then to one peak
two peaks as the value of, is increased. The height of the again asr; is increased. Compared to Figs. 2 and 3, it is seen
peak in the SNR is increased, while the position of the peakhat there are longer tails in the computer calculations and
is shifted to a small value oP when the value ofr, is  sharper peaks in the analytic approximations. The computer
increased. simulations are performed over a wide range of the param-

Figures 3e) and 3f) are plots of the SNR when the cou- etersw, ¢, 7, 7o, and\. Results similar to those in Figs.
pling strength\ between additive and multiplicative noise is 4(a) and 4c) are obtained. It is clear that the analytic results
changed. Itis clear that the SNR is changed from one peak tim the SNR shown in Figs. 2 and 3 are consistent with the
two peaks, and then to one peak again when the value of theomputer simulations.
coupling strength\ is varied. For the initial conditiorx(0) The values of the SPA as functions®f andP are shown
=X, shown in Fig. 3e), it is seen that the height of the in Figs. 4b) and 4d), respectively. It is seen that the height
curve is increased whexis increased from-1 to +1. For  of the SPA s increased as the multiplicative noise correlation
the initial conditionx(0)=x_ shown in Fig. &), all the time 7, is increased. The curve of the SPA also changes from
behavior of the curve of the SNR is opposite to that in Fig.one peak to two peaks, and then to one peak again &s

3(e) for x(0)=x . increased. Compared to that of the SNR, the curve of the
SPA is much narrower than that of the SNR. The peaks of the
IV. COMPUTER SIMULATIONS AND DEPENDENCE SPA are also shifted to smaller values Bf and P. From
OF INITIAL CONDITIONS Figs. 2—4, it seems that the noise color can both enhance the

. . SR and induce two peaks in the SNR.

The computer simulations can be performed through EqQ. The two-peak structure in the SNR and SPA indicates the
(10), and the dependence of the SR on the initial conditiongossibility that the periodic signals may be enhanced at two
can be analyzed by E@19). different values of the noise level instead of at a single value

if the parameters in the stochastic system are changed.
A. Computer simulations

In order to check the range of validity of the approxima- B. Dependence of initial conditions
tion method employed in the derivation, it is necessary to

perform computer simulations. The colored noise terms in _The stand_ard SR, as it_is classically defined with a_peri-
Eq. (2) can be described by two differential equations Ofodlc modulation, is essentially a steady-state property in the

Ornstein-UhlenbeckOU) noise with constant intensity, ][fosnaogg.?;g nac;]rélli?le;r jg;fnrgé Hozwfr:/eeri,ntiggl SC'EE di(igrilve‘j

dzi(t) L) pit) x(0). TheSNR’s of Eq.(19) as functions of multiplicative
- . T (=12, (22 and additive noise strengt®’ andP are plotted in Figs. 5
! ! and 6, respectively, when the coupling constaiig changed
with different initial conditions.
Figures %a)—5(d) are plots of the SNR as a function Bf
(pi(Dp;(t))=Ci&;8t—t") (i,j=1,2. (23)  When the coupling constantand two kinds of noise corre-
lation timer; and 7, are changed. The other parameters,
HereC; is the strength of the corresponding colored noise. andP are fixed constants. From Fig(d, it is seen that there
The computer simulation is calculated by integrating theis no dependence of the SNR otf0) for A=0 even when
dynamical equations of motion, Eq€l0), (22), and (23).  7,=0.7 andr,=0.2. From Figs. &)-5(d), it is seen that the
Gaussian white noise is generated using the Box-Muller alcurve of the SNR depends on the initial conditigi®) when
gorithm and a pseudo-random-number generdtgt,45. N =0.5. For white noise withr; = 7,=0, the peak of the SNR
The numerical data of the time series are obtained using theith x(0)=x is higher than that witix(0)=x_. The peak
Euler procedure. Then the data are calculated using a fasf the SNR is shifted to a smaller value & for x(0)
Fourier transform. To reduce the variance of the result, typi=x. [Fig. 5b)]. For colored noise with either;=0.7, 7,
cally 1024 ensembles of power spectra, each containing 320 or =0, 7,=0.2, the peak of the SNR witk(0)=x is
periods of the signal, are averaged. The output signal-talower than that withx(0)=x_. The peak is also shifted to
noise ratio is defined as the ratio of the strength of the singlemaller values oP’ [Figs. 5c) and d)].
peak to the mean amplitude of the background noise at the Figures §a)—6(d) are plots of the SNR as a function Bf
input signal frequency. when the coupling constantand two kinds of noise corre-

wherep,(t) is Gaussian white noise with zero mean and
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FIG. 4. Numerical simulations of the SNR and SPA as functions of the multiplicative and additive noise sRemagidhP, respectively.
The parameters are chosenxd®)=x,, €¢=0.05, 7,=0.2, and\=0.5. All parameters are dimensionle¢a). and (b) »=0.003 andP
=0.03.A: 7,=0.5.@: 7;,=0.75.*: 7;=0.9.(c) and(d) ®=0.0015 and®”’=0.08.A: 7,=0.08.@®: 7,=0.23.*: 7;,=0.5.

lation time 7, and 7, are changed. The other parameters, A. Multiplicative noise

and P’ are fixed constants. From Fig(&, it is seen that

there isno dependence of the SNR of0) for A\=0 even o yetermined by the equationsl(R)/dP'=0 and
when 7,=0.7 and7,=0.2. From Figs. @)—6(d), it is seen d(R)/d(P")2<0 from Eq.(19).
that the curve of the SNR depends on the initial condition Figure 7 is a plot of the parameter plangsQ, 7,-Q,
x(0) in a similar manner with different height. The peak of gng \-Q when the SNR is maximum as a function of the
the SNR with x(0)=x, is higher than that withx(0)  multiplicative noise intensitP’. In these figures, areas la-
=X_. The peak of the SNR witk(0)=Xx, is shifted to a beled “S’ mean that there is a single peak in the SNR. Areas
smaller value ofP. labeled “T” mean that there are two peaks in the SNR. Areas
From Figs. 5 and 6, it is clear that the dependence of théabeled “N” mean that there is no physical meaning in these
SR on the initial conditiorx(0) is entirely due to the cou- parameter regimes since the SNR is less than zero.
pling A between two different kinds of noise terms. Figures Ta) and 7b) are plots of the parameter plane
71-Q of the multiplicative noise correlation tims and sig-
nal frequency(). For the initial conditionx(0)=x, shown
in Fig. 7(a), it is seen that the SNR is shifted between single
peak and two peaks as the multiplicative noise correlation
time 7, is increased. When the angular frequerZyof the
The phenomenon of the transition between one peak angignal is in the region of 0.000 ¥4()<0.0014, the SNR is
two peaks in stochastic resonance in the bistable nonlineashanged from single peak to two peaks whegiis increased.
system, Eq(1), can be analyzed by the number of maxima inWhen(} is in the region of 0.0014 (2 <0.0040, the SNR is
the signal-to-noise ratio of E¢19). shifted from single peak to two peaks, and then to single

For multiplicative noiseP’, the maxima of the SNR can

V. TRANSITION BETWEEN ONE PEAK AND TWO PEAKS
IN STOCHASTIC RESONANCE
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FIG. 5. SNR as a function of multiplicative noise strengthwhen initial conditions are changed with different noise coupling constant
\. The parameters are chosenaas 0.002,£ =0.01, andP=0.03. All parameters are dimensionle&®. \=0, 7;=0.7, and7,=0.2. (b)
A=0.5,7,=0, and7,=0. (¢c) A\=0.5, 7,=0.7, and7,=0. (d) A=0.5, r,=0, and7,=0.2.

peak again as is increased. Whefi is in the region of single peak and two peaks asg is increased. For the initial
0.0040<(), there is only a single peak in the SNR asis  condition x(0)=x_ shown in Fig. 7d), it is seen that the
increased. When) is in the region of()<0.0023, there is SNR is shifted between single peak and two peaks. When
some region of no physical meaning in the SNR since as in the region of(2<0.0011, the region of no physical
negative value of the SNR appears for these parameters. Foreaning in the SNR appears. Whéhis in the region of
the initial conditionx(0)=x_ shown in Fig. 4b), a similar  0.0011(2<0.0019, there are two peaks in the SNR and the
phenomenon appears. The transition between single peak atwlo-peak structure in the SNR is not changedrass in-
two peaks appears at smaller valuemgfthan that forx(0)  creased. Whef is in the region of 0.001€ () <0.0031, the
=Xy . SNR is changed from two peaks to a single peakrass
Figures Tc) and 71d) are plots of the parameter plane increased. Whel) is in the region of 0.003& (), there is
-0 of the correlation timer, of the coupling between only a single peak in the SNR. It is clear that for the initial
additive and multiplicative noise and the signal frequeficy condition x(0)=x, , the noise correlation time, cannot
For the initial conditionx(0)=x, shown in Fig. Tc), there  induce the transition between a single peak and two peaks in
is no transition between single peak and two peaks,as the SNR. However, for the initial conditior(0)=x_, the
increased. Wheif) is in the region of 6<{2<0.0007, the noise correlation time, can induce a transition between a
region has no physical meaning in the SNR. Wi§&is in  single peak and two peaks in the SNR. That is, the induced
the region of 0.000% (2 <0.0016, there are two peaks in the transition between single peak and two peaks 7gyalso
SNR. When(} is in the region of 0.0018(}, there is only a depends on the initial conditions.
single peak in the SNR. In these regions, either a single peak Figures Te) and 1f) are plots of the parameter plane)
or two peaks appears. There is no transition between thef the coupling strengtih between additive and multiplica-
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FIG. 6. SNR as a function of additive noise strenBttvhen initial conditions are changed with different noise coupling constafihe
parameters are chosen @s-0.002,6=0.01, andP’'=0.08.(a) A\=0, ,=0.7, and7,=0.2. (b) A\=0.5, 1;=0, and7,=0. (c) A=0.5, 7,
=0.7, andr,=0. (d) A=0.5, 7,=0, and7,=0.2.

tive noise and the signal frequen€y. For the initial condi- B. Additive noise

tion x(0)=x. shown in Fig. Te), the transition between For additive noiséP, the maxima of the SNR can also be

single peak and two peaks appears in the SNR & in-  jatermined by the equatiom{R)/dP=0 and d?(R)/dP?
creased. Whef is in the region of(1<0.0006, there exits g fom Eq.(19).

an area of no physical meaning. Wh@nis in the region of
0.0006<()<0.0016, there is a small area of no physical
meaning. A two-peak structure appears in the SNR, and N2dditive noise intensityP. In these figures, the labelsS”

transition between single peak and two peaks appears. When_", - . o
Q is in the region of 0.0016 (1< 0.0044, the SNR is shifted 'T.” and * N have the same meanings as that in Fig. 7.
Figures &) and &b) are plots of the parameter plane

from a single peak to two peaks and then to a single peak L . T :
again as\ is increased. Whef is in the region of 0.0044 71~¢} of the multiplicative noise correlation timg and sig-
<Q, there is only a single peak in the SNR)ais increased. @l frequency(). For the initial conditionx(0)=x.. shown
For the initial conditiorx(0)=x_ shown in Fig. Tf), a simi- 1N Fig. 8a), itis seen that the SNR is shifted between single
lar phenomenon appears. The transition between single pe®€2k and two peaks as the multiplicative noise correlation
and two peaks appears at a larger value\dhan that for ~ time 7, is increased. When the angular frequerzyof the
x(0)=x, in Fig. 7(e). It seems that Fig.®) is the result if ~signal is in the region of 0.0085(2<0.0008, the SNR is
Fig. 7(e) is rotated 180° along the axis af=0. changed from two peaks to a single peak whegnis in-
When the SNR is plotted as a function of the multiplica- creased to 0.6. There is also an area of no physical meaning.
tive noise strengtl®’, it is seen that all of the parameters, ~ When( is in the region of 0.00082<0.002, the SNR is
75, and\ can induce the transitions between a single pealshifted from a single peak to two peaks, and then to a single
and two peaks in SR. peak again as; is increased. Whef is in the region of

Figure 8 is a plot of the parameter planes(, 7,-Q,
and\-Q) when the SNR is the maximum as a function of the
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FIG. 7. Parameter planes as functions of the signal frequ@netien the maximum of the SNR appears with respect to the multiplicative
noise intensityP’. The parameters are chosenRas 0.03 ande =0.05. The area labeledS' means that there is a single peak in the SNR.
Area labeled T" means that there are two peaks in the SNR. The area labdi&drfeans that there is no physical meaning in these
parameter regimes since the SNR is less than zero. All parameters are dimensjanléssand(e) The initial condition isx(0)=x, . (b),

(d), and(f) The initial condition isx(0)=x_ . (&) and(b) The parameter plane af-Q with A =0.5 andr,=0.2.(c) and(d) The parameter
plane of 7,-Q with (c) A=0.5 and7;=0.5 and(d) A=0.5 andr;=0.2. (¢) and (f) The parameter plane of-Q) with 7;=0.5 and
75,=0.2.

0.00X ), there is only a single peak in the SNR asis Figures 8e) and 8f) are plots of the parameter plane
increased. For the initial condition(0)=x_ shown in Fig.  of the coupling strengtix between additive and multiplica-
8(b), a similar phenomenon appears with a different paramtive noise and the signal frequen€y. For the initial condi-
eter regime. The transition between two peaks and a singlgon x(0)=x.. shown in Fig. 8e), it is seen that the transi-
peak appears at a larger value of than that forx(0)  tion between a single peak and two peaks appears in the SNR
=X as\ is increased. Wheff) is in the region of()<0.0006,
Figures &) and 8d) are plots of the parameter plane there exists a region of no physical meaning and an area of
72-{) of the correlation timer, of the coupling between o peaks in the SNR. There is no transition in the SNR.
additive and multiplicative noise and the signal frequeicy  \yhen () is in the region of 0.0006 1<0.0023, the SNR is
For the initial conditionx(0)=x,. shown in Fig. &), itiS  ghited from a single peak to two peaks and then to a single
seen that except for the area of no physical meaning, there k?eak again as. is increased. Whei) is in the region of
only a single peak in the SNR no matter howis changed. 0.0023< (), there is only a single peak in the SNR and no

That is, there s no transition between single peak and We ansition appears asis increased. For the initial condition

peaks asr, is increased. For the initial conditioq(0)=x_ x(0)=x_ shown in Fig. &), a similar phenomenon appears.

shown in Fig. &d), it is seen that the SNR is shifted between_l_h ¢ ‘tion bet inal K and t K
single peak and two peaks ag is increased. Whef is in € transition between a singie peak and two peaxs appears
at a smaller value ok than that forx(0)=x, in Fig. 8e).

the region of(2<0.000 25, there exists a region of no physi- X X ) L
cal meaning in the SNR. Whef) is in the region of It is very interesting to note that the boundaries in the

0.000 25< < 0.0008, there are two peaks in the SNR andParameter space of Figs. 7 and 8 are not smooth curves.
no transition happens in the SNR asis increased. Whef The_se_ﬁgures, are checked by dlfferent.calcu_latmns from
is in the region of 0.0008 1< 0.0013, the SNR is changed derivations of Eq(19). It seems that the zigzaglike bound-
from a single peak to two peaks asis increased. Whef) aries shown in Figs. 7 and 8 are due to the small jumps of the
is in the region of 0.0018 (), only a single peak appears in Parameters when the SNR is shifted between the regime of
the SNR asr, is increased. one peak and two peaks.
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FIG. 8. Parameter planes as functions of the signal frequ@nehien the maximum of the SNR appears with respect to the additive noise
intensityP. The parameters are chosenPds=0.08 ands = 0.05. The area labeledS' means that there is a single peak in the SNR. The area
labeled “T" means that there are two peaks in the SNR. The area labélEdrfeans that there is no physical meaning in these parameter
regimes since the SNR is less than zero. All parameters are dimensigale$s), and(e) The initial condition isx(0)=x, . (b), (d), and
(f) The initial condition isx(0)=x_ . (a) and(b) The parameter plane af,-Q) with A=0.5 and7,=0.2.(c) and(d) The parameter plane
of 7,-Q with 7;=0.5 and\=0.5. (e) and (f) The parameter plane ofQ with ;=0.5 andr,=0.2.

VI. DISCUSSION condition of x(0). For certain initial conditions, there may

The stochastic resonance phenomenon in a bistable sy € no transition between one peak and wo peaks. It seems

tem driven by a weak periodic signal is investigated whe that the tran_sition between one peak a_nd two peaks induced
the multiplicative colored noise and additive white noise are®y 71 @nd is more complex than that induced by.
coupled with colored coupling between two noise terms. Ap- 1h€ phenomenon of multiple peaks in the SNR or SPA
pling the method of UCNA, the general stationary distribu-has also been found in Refs], [26], and[29] for different
tion function is derived. Through Fox’s approach, the quasi/nodels. It seems that the two peaks in the SNR in the pio-
steady-state distribution function of the bistable system witfeering papef3] is mainly due to the feedback of the noise
a periodic signal is obtained in the adiabatic limit. Then byinto the signal causing a dip in the SNR at very small signal
virtue of the two-state approach, the expression of the SNRequency. The multiple peaks in the SNR can be caused by
is derived. either periodic or multiple maxima and minima in the poten-
The effects of multiplicative colored noise correlation tial [26]. The two peaks in the SNR and SPA can be induced
time 7,, the correlation timer, of the coupling between two by dichotomic noise in a bistable syst¢&8]. In this paper,
noise terms, and the coupling strengthon the SNR are the two-peak structures in the SNR and SPA are mainly in-
investigated. It is found that all parametess 7,, and\ can  duced by the multiplicative noise correlation time, the
induce the transition between one peak and two peaks in theorrelation timer,, and strength\ of the coupling between
curve of the SNR. When the values ef and A are in-  two noise terms.
creased, there appears a transition from one peak to two It is seen that both the height and number of peaks in the
peaks, and then from two peaks to one peak again. The tralsNR and SPA can be varied if the parameters r,, and\
sition between one peak and two peaks does not depend @me changed. This may provide another possibility of control-
the initial conditionx(0) of the system. When the value of ling stochastic resonance. The SR can be either enhanced or
7, is increased, there appears a transition either from onsuppressed, and the number of peaks in the SR can also be
peak to two peaks or from two peaks to one peak. There dodscreased or decreased by changing the parameters. So far
not appear the phenomenon of the transition from one peathe control of the SR is investigated theoretically and experi-
to two peaks, and then to one peak again. The transitiomentally when upper and lower barriers of either a threshold
between one peak and two peaks also depends on the initiat potential energy barrier are modulaf&# —37.
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