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Mode spectra of thermally excited two-dimensional dust Coulomb clusters

A. Melzer*
Institut für Experimentelle und Angewandte Physik, Christian-Albrechts-Universita¨t Kiel, 24098 Kiel, Germany

~Received 26 July 2002; published 31 January 2003!

The mode spectra of finite Coulomb clusters, confined systems of charged microspheres in a complex
plasma, have been determined experimentally. The spectral power density of all possible modes has been
measured for particle numbers betweenN53 andN5145 under different plasma conditions. The agreement
between measured and calculated mode frequencies is found to be very good. From this, the parameters of the
particle interaction, like particle charge and screening strength, have been extracted quantitatively. In addition,
the particle and mode temperatures have been obtained. The modes and the particles show the same tempera-
ture and the principle of equipartitition holds for these systems. Moreover, certain modes of interest have been
compared among the different clusters, as there are the breathing mode and intershell rotation as well as the
lowest- and highest-frequency modes. Moreover, the mode-integrated spectrum shows two broad maxima
which are explained from ‘‘shearlike’’ or ‘‘compressionlike’’ modes. From this analysis, the transition from
finite number to crystal-like properties is observed to occur aroundN512 particles. Finally, a model to
visualize the transition from normal mode oscillations to wave dispersions in a 2D lattice has been proposed.
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I. INTRODUCTION

Waves and oscillations as fundamental dynamic proce
allow to reveal the underlying mechanisms of particle int
action in weakly and strongly coupled complex plasmas.
that reason, a large number of theoretical and experime
investigations have addressed the question of waves an
cillations~see Ref.@1#, and references therein!. Most of these
investigations have been performed in extended two-
three-dimensional~2D or 3D! dust clouds. Bounded system
so called 2D finite Coulomb clusters, also provide an id
tool to study the dynamics of complex plasmas and, due
small number of particles involved, are ideally suited f
comparison with detailed modeling. The dynamic propert
of these finite systems are described in terms of nor
modes rather than waves.

Laboratory complex plasmas typically consist of micr
spheres immersed in a gaseous plasma discharge. The m
spheres attain high negative charges of the order of 104 el-
ementary charges. Under these conditions the electros
energy of neighboring particles by far exceeds their ther
energy, the system is said to be strongly coupled and C
lomb crystallization of the charged particles can occur. T
involved space and time scales are perfect for video mic
copy and, in addition, dynamical processes are only wea
damped. This makes complex plasmas an ideal system
the study of strongly coupled plasmas and condensed ma

Two-dimensional finite dust clusters are formed from
small number of particlesN51 –150 trapped in the spac
charge sheath above the lower electrode. There the ele
field forces can levitate the microspheres against grav
Since the electric field is increasing from the sheath e
towards the electrode a unique vertical equilibrium posit
exists forcing the microspheres into a single vertical lay
Horizontally, the particles are confined by a shallow pa
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bolic potential well. The particles arrange in concent
shells forming a ‘‘periodic table’’ of 2D clusters~Ref. @2#, see
also Fig. 1!. The structural configuration of the Coulom
clusters is usually given in the form (N1 ,N2 , . . . ), where
N1 is the number of particles in the first~innermost! ring, N2
is that of the second ring, etc.

The 2D clusters are characterized by their total energ
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which is the sum of the radial~horizontal! confining potential
energy and the~screened! Coulomb interaction between th
particles@2,3#. Here,m denotes the mass of the particles a
Z is their charge number. The strength of the confining p
tential is denoted byv0. In addition,r i5(xi

21yi
2)1/2 is the

radial coordinate of thei th particle andr i j 5urW i2rW j u is the
distance between particlei and j.

Using normalized units,r /r 0→r andE/E0→E, with
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together with the screening strength

k5
r 0

lD
, ~3!

the total energy simplifies to

E5(
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N
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N
1

r i j
exp~2kr i j !. ~4!

The normal modes of the 2D clusters are then calcula
from the dynamical matrix
©2003 The American Physical Society11-1



e
-

um
e

te

ng

d
e-
m

o
on

e
el
th
ll
r
d

o
o
re

e
en
a
on
r

f-
ad
re
d

ssi-
tion
ite

late
es-
0 W

e

ted

ed
he
th
ro-
ide
into

1
ond.
al
m
r

mal
e-

ec-
ted
de

i-

ted

tra-

tro-
the
e
es-
nite

A. MELZER PHYSICAL REVIEW E 67, 016411 ~2003!
Eab,i j 5
]2E

]r a,i]r b, j
~5!

with a andb5x,y andi , j denoting the particle number. Th
normal mode frequenciesv l of the 2N modes are the eigen
values of the dynamical matrix~in units of v0 /A2) and its
eigenvectors describe the mode oscillation patterns@3#.

For the case of pure Coulomb interaction (k50) there are
three normal modes that are independent of the particle n
ber N @3#: ~i! the rotation of the entire cluster around th
center of the confinement atv50, ~ii ! the ~twofold degen-
erate! sloshing oscillation of the center of mass of the clus
in the horizontal potential well atv5v0, and~iii ! a coherent
radial oscillation of all particles, the so called breathi
mode, atv5A3 v0. For screened interaction (k.0), the
frequency of the first two modes is unaffected since they
not involve a relative particle motion. In contrast, the fr
quency of the breathing mode and all other modes beco
dependent onk and on the particle numberN.

The structure, dynamics, and phase transitions of 2D C
lomb clusters with Coulomb or other types of interacti
have been extensively studied theoretically@2–4#. Experi-
mentally, the structure of dust Coulomb clusters@5,6# as well
as dynamic phenomena@6,7# have been investigated. In thes
recent cluster experiments, certain modes have been s
tively excited by active external disturbances applied to
system. Klindworthet al. @6# have stimulated the intershe
rotation of N519 and N520 clusters by a pair of lase
beams, and Melzeret al. @7# have analyzed the breathing an
‘‘antisymmetric’’ modes in clusters withN53, 4, and 7 par-
ticles by a pulselike modulation of the discharge power.

Here, simultaneous measurements ofall the possible nor-
mal modes of finite clusters are presented. The normal m
spectra are derived purely from the thermal Brownian m
tion of the microspheres in the cluster. This technique, p
viously used in experiments by Nunomuraet al. @8# on
waves in ‘‘infinite’’ 2D plasma crystals, has been adapt
here for finite clusters. The normal mode spectra of differ
clusters ranging fromN53 to N5145 under various plasm
conditions have been measured. In addition, different c
figuration states (N1 ,N2 , . . . ) have been investigated fo
some particle numbers. The investigations were focused
the energy~temperature! of the different modes and the e
fective particle interaction derived from these modes. In
dition, special modes have been collated between diffe
cluster sizes and configurations and have been compare

FIG. 1. ~a! Scheme of the experimental setup.~b! Snapshots of
the clusters withN53, 7, 12, 19, 34, and 145 particles.
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theoretical predictions. Finally, the modes have been cla
fied according to their shear and compressional contribu
and a model for the transition from the normal mode in fin
clusters to waves in extended crystals is proposed.

II. EXPERIMENT

The experiments have been performed in a parallel p
rf discharge operated in argon at 13.56 MHz with gas pr
sures of 1.5–4 Pa and discharge powers between 3 and 4
@see Fig. 1~a!#. A few (N53 –150) melamine-formaldehyd
particles of 9.55-mm diameter and a mass ofm56.90
310213 kg are immersed into the plasma and are illumina
by a laser fan~at 690 nm, 40 mW!. The particles form 2D
finite Coulomb clusters above the lower electrode@see Fig.
1~b!#. The horizontal confinement for the particles is realiz
by a shallow circular parabolic trough in the electrode. T
particle motion is viewed from top and from the side wi
video cameras and stored into the computer for further p
cessing. In the experiment, it was confirmed from the s
view camera that the microspheres are indeed trapped
only a single layer.

The particle motion was recorded from top for typically
min, corresponding to 1500 frames at 25 frames per sec
No excitation in any form was applied, only the therm
Brownian motion of the particles around their equilibriu
positionsrW i(t) ~index i corresponds to the particle numbe!
was recorded.

These thermal fluctuations were used to obtain the nor
mode spectra in the following manner: First, the particle v
locities vW i(t)5DrW i(t)/Dt were obtained, whereDt50.04 s
corresponds to the temporal resolution of the camera. S
ond, the time series of the particle velocities was projec
onto the direction of the normal mode vectors for each mo
number,51, . . . ,2N. That means the quantity

v,~ t !5(
i 51

N

vW i~ t !•eW i ,, ~6!

was calculated. Here,eW i ,, is the eigenvector of particlei for
mode number, describing its oscillation amplitude and d
rection of oscillation. Thus,v,(t) is the contribution of the
thermal fluctuations to mode number, in the time domain.
Finally, the normal mode spectra of each mode are calcula
in form of the spectral power density

S,~v!5
2

T U E
2T/2

T/2

v,~ t !exp~2 ivt !dtU2

. ~7!

Thus from a single measurement of the thermal particle
jectories the mode spectrum of each mode,51, . . . ,2N are
derived.

In the experimental analysis of Nunomuraet al. @8# on
waves in extended 2D crystals a similar technique was in
duced, but there the particle motion was projected on
wave vectorskW i ,kW' parallel and perpendicular to the wav
propagation direction, respectively, to obtain the compr
sional and the shear wave motion. For the case of the fi
1-2
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FIG. 2. Normal mode spectrum of aN53 cluster.~a! Particle trajectories over 1 min.~b! Normal modes of the cluster; the indicate
mode frequenciesv,

2 are normalized tov0
2/2. ~c! Measured mode spectrum of the six modes. The spectral power density is shown i

scale. The circles correspond to the calculated mode frequencies.
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clusters, here, the eigenvectors of the normal modeseW i ,, take
that role, since the usual wave vectorskW i ,kW' cannot be as-
signed to normal modes oscillations. Consequently, the
mal mode oscillations cannot be classified as pure shea
compressional modes and other methods have to be app
We will return to that point in more detail in Sec. III D.

III. RESULTS AND DISCUSSION

We will start the presentation of the results and their d
cussion with the normal modes of aN53 particle cluster to
illustrate the technique of mode spectra obtained from
thermal particle motion. The three-particle cluster is t
smallest cluster with nontrivial eigenmodes. Then, we w
address the question of particle and mode temperature
well as the properties of the particle interaction in terms
the particle charge and screening strength. After that, spe
attention will be paid to clusters withN519 and 20 particles
where we focus on specific modes, the breathing mode,
the intershell rotation. In addition, the mode with the lowe
and highest excitation frequency will be analyzed for clust
with N53 to N5145 particles. Finally, we like to gain
complete overview over all the possible modes. Therefo
the modes will be classified as either shearlike or comp
sionlike. This allows us to study the transition from sm
clusters to larger and to infinte systems.

A. NÄ3 particle cluster

First, the mode spectrum of aN53 cluster is shown for a
discharge power of 30 W. In Fig. 2~a! the trajectories of the
three particles over 1 min are shown. One can see that
thermal fluctuations of the microspheres around their eq
librium positions are small, but they are nevertheless su
cient to determine the mode spectrum. The six eigenmo
of this cluster as calculated from Eq.~5! are depicted in Fig.
2~b!. There are the following modes: the breathing mo
(,51), rotation of the entire cluster (,52), a twofold de-
generate ‘‘kink’’ mode (,53,4), and the two sloshing mode
(,55,6). The mode frequenciesv,

2 ~in units of v0
2/2) are

also indicated fork50.
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For k.0 the oscillation pattern of the eigenmodes is u
changed. Their frequencies, however, decisively depend ok
~see Fig. 3!. As mentioned above, the frequencies of the cl
ter rotation (,52, v2

250) and the sloshing mode (,55,6,
v5,6

2 52) are independent ofk, whereas the ‘‘kink’’ mode
(,53,4) and the breathing mode (,51) show frequencies
that increase with the screening strength. This counterin
tive result can be understood as follows. With increasingk,
the radial positionr i of the microspheres in the horizonta
confinement well is reduced, the clusters become smaller
to the reduced Coulomb repulsion. With reduced distan
the curvature of the Debye-Hu¨ckel potential increases mor
strongly than the force, which in turn leads to the observ
increase of the mode frequency.

For the three-particle cluster the dependence of the m
frequencies with screening strength looks very well behav
However, for clusters with largerN frequency crossing of
different modes can occur and the breathing mode is not
highest-frequency mode any more.

In Fig. 2~c!, the measured mode spectrum is shown a
gray scale plot. Dark regions correspond to large power d
sities ~see color bar!. For comparison, the calculated mod
frequencies are also indicated by the circles. One can see
very good agreement between the measured power spec

FIG. 3. Calculated mode frequencies of the three-particle clu
as a function of screening strengthk. The modes are the breathin
mode (,51), the cluster rotation (,52), the kink modes (,
53,4), and the sloshing modes (,55,6).
1-3



ur

t
-
b
t

n

m

a
.

e
ltin

riz

r a
to

ma

ex-
ake

ber
m-
ia

he
era-

nt
thus

t the

eir

e

ned
era-

ture

f the
and
in-
ays

re
not
is-

l

.

A. MELZER PHYSICAL REVIEW E 67, 016411 ~2003!
and the calculated mode frequencies. Thus, the meas
spectrum very well reflects the expected values.

The calculated mode frequencies can be adjusted by
two parameters screening strengthk and strength of the con
finementv0. Agreement with the measured spectrum can
obtained in the range of 0<k<2. Then, the confinemen
strength is found to bev0 /(2p)51.360.2 Hz where the
error range is due to the range ofk. Using these two values
and the measured particle positions, the dust charge ca
extracted using the definition ofr 0 in Eq. ~2!. The resulting
dust charge ofZ511 00061200 varies only little with
screening strength. These values are in excellent agree
with those obtained from active excitation techniques@7#.

This agreement is much more convincing when looking
clusters of much higher particle numbers as shown in Fig
There the measured mode spectra are shown forN534 and
N5145 particles. Again, the agreement between the m
sured and theoretical frequencies is very good. The resu
values of the screening strengthk and the dust chargesZ are
the same as for the three-particle case. Table I summa

FIG. 4. Normal mode spectrum of aN534 and aN5145 clus-
ter. The circles correspond to the calculated mode frequencies
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the particle charges obtained for the different clusters fo
value of k51. For all cases, a particle charge close
11 000e is obtained with little variation withk. The particle
charge also does not depend significantly on the plas
power.

B. Particle and mode temperatures

First, the effective temperature of the cluster can be
tracted from the normal mode spectra. We therefore m
use of the relation

E
0

`

S,~v!dv5^v,
2& ~8!

that yields the mean square particle velocity of mode num
, from the power spectrum. In a 2D system the mode te
perature is related to the kinetic energy of the particles v

(
,50

2N
1

2
m^v,

2&52
N

2
kTmode, ~9!

where the factor 2 is due to the two dimensionality of t
system. Consequently, we can assign an effective temp
ture Tmode,,5m^v,

2&/k to each of the modes.
For the three-particle cluster@Fig. 2~c!# it is already seen

from the intensities of the gray-scale plot that the differe
modes seem to have comparable power densities and
comparable temperatures. Indeed, the stored energykTmode
5114 meV is the same for each mode~within 5% error!
corresponding to a temperature ofTmode51318 K. Since all
the modes have the same temperature this means tha
principle of equipartition is fulfilled in this case.

For comparison, the particle temperatureTpart derived di-
rectly from the thermal motion of the particles around th
equilibrium position is calculated via@9#

1

2
m^v i ,a

2 &5
1

2
kTpart,i, ~10!

wherea5x,y indicates the two orthogonal directions in th
plane. The measured particle temperatureTpart51328 K ~av-
eraged over all particles and the two directions! is very close
to the mode temperature. This confirms the values obtai
from the mode spectra. In this case, the measured temp
ture is decisively above room temperature.

These findings are substantiated from the tempera
analysis of clusters with various particle numbersN. Table I
also summarizes the mode and particle temperatures o
various clusters. It can be easily seen that the mode
particle temperatures are very close to each other for all
vestigated situations. Moreover, the temperatures are alw
above room temperature, varying betweenT5333 K andT
53176 K. Most of the clusters are found in a temperatu
range between 300 and 450 K. The temperatures are
correlated with particle number, interparticle distance or d
charge power. Nunomuraet al. @8# report similar particle
temperatures (440 K,T,530 K) in a 2D extended crysta
under similar conditions.
1-4
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TABLE I. Mean mode temperatureTmode ~averaged over all mode numbers,51, . . . ,2N) and corre-
sponding standard deviation and particle temperatureTpart as well as dust chargesZ for various particle
numbersN ~together with their configuration state! and discharge powersP. For clusters ofN>58 the
indicated configuration is not strict since structural transitions occur during the measurement.

N P/W Tmode/K Tpart/K Z for k51

3 30 13186 63 1328 11 100
5 20 11046 66 1122 11 000
7
~1,6! 20 11706 43 1176 10 300
12
~3,9! 20 4486 60 398 11 600
12
~4,8! 20 4436 62 402 11 100
16
~1,5,10! 14 3746 270 391 11 200
19
~1,6,12! 35 3336 62 387 10 200
19
~1,7,11! 3 3546 86 467 13 700
20
~1,7,12! 40 7606 2000 662 7 500
34
~1,6,12,15! 23 31676 925 2886 11 400
38
~2,8,13,15! 23 5546 161 535 12 100
58
~1,7,13,18,19! 47 6846 405 575 11 300
59
~2,7,13,18,19! 16 3966 131 371 11 300
145
~1,6,12,18,24,25,28,31! 32 3496 143 408 10 900
tu
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The observed additional heating above room tempera
is assumed to be due to stochastic charge and electric
fluctuations which can lead to significant increase of te
perature@10#.

C. Analysis of special modes

In this section, we will focus on special type of modes a
will compare their behavior among different particle clus
numbers and with theoretical predictions.

1. Breathing mode and intershell rotation

First, we analyze the breathing mode and intershell ro
tion. As mentioned above, the breathing mode is a pu
radial coherent oscillation of all particles that is independ
of particle number atvb5A3v0 for pure Coulomb interac-
tion. With increasingk, the frequency of this mode increas
and very weakly depends on particle number. The inters
rotation is a mode where inner and outer rings rotate w
respect to each other. We will dwell on these modes for
specific case ofN519 and 20 particles. We thus revisit th
01641
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-

d
r

-
ly
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e

FIG. 5. Mode spectra of of the breathing and intershell rotat
mode forN519 in ~1,6,12! and~1,7,11! configuration as well as for
the N520 ~1,7,12! cluster.
1-5
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A. MELZER PHYSICAL REVIEW E 67, 016411 ~2003!
investigations of Klindworthet al. @6#, who have intention-
ally driven the intershell rotation by a pair of laser beams
exactly this cluster pair.

This cluster pair has special interesting characterist
Due to the commensurate number of particles in the in
and outer rings~6 and 12, respectively! and the sixfold sym-
metry theN519 (1,6,12) particle cluster is extremely stab
against intershell rotation and, thus, intershell mode
quency should be relatively high. TheN520 (1,7,12) cluster
has an incommensurate number of particles in the two rin
Intershell rotation should be easily excited. It is therefo
expected that the corresponding mode frequency is sma
addition, the 19-particle cluster has a metastable state w
~1,7,11! configuration that is similar to the 20-particle syste
with an associated low-frequency intershell rotation. F
pure Coulomb interaction the intershell rotation is the mo
with lowest frequency~besides the simple rotation of th
entire cluster around the symmetry axis atv50) for N
,39 @3#.

The experimental results of the breathing mode and
intershell rotation for the three cluster configurations
shown in Fig. 5. It is seen that the breathing mode is foun
vb /(2p)52.560.2 Hz for all three clusters. With the valu
for the sloshing mode ofv0 /(2p)51.3 Hz this results in
vb /v051.960.4 or in normalized unitsvb

257.2263. The
theoretical normalized frequency isvb

257.4 atk51 ~com-
pare the frequency of the breathing mode of the thr
particle cluster in Fig. 3!. However, due to the error range

FIG. 6. Modes of lowest frequency obtained from the therm
mode spectra for~a! 12 particles~3,9!, ~b! 19 ~1,6,12!, ~c! 19
~1,7,11!, ~d! 34, ~e! 58, and~f! 145 particles.
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screening strength ofk50 –5 is compatible with the experi
ments.

The intershell rotation mode shows a peak at about 1.2
for the highly ordered 19-particle cluster, whereas the inco
mensurate cluster configurations show peaks below 0.5
This confirms the above described behavior of these clus
with a high intershell rotation frequency for the ordere
commensurate~1,6,12! cluster and the low frequency for th
incommensurateN519 ~1,7,11! and N520 ~1,7,12! struc-
tures. This is also in very good agreement with the la
excitation of the intershell rotation@6#. These experiments
verify the strong dependence of mode frequencies on clu
configuration.

2. Lowest-frequency modes

In this section, we wish to address the question of
lowest-frequency modes~LFMs! apart from the simple rota
tion at v50. Since we are able to extractall modes of a
particular cluster from the thermal mode spectra, the LF
can be identified in the experiment. From simulations
clusters with pure Coulomb interaction@3#, it is found that

l

FIG. 7. Modes of highest frequency obtained from the therm
mode spectra for~a! 5, ~b! 7, ~c! 12 ~3,9!, ~d! 19 ~1,6,12!, ~e! 19
~1,7,11!, ~f! 34, ~g! 59, and~h! 145 particles.
1-6
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MODE SPECTRA OF THERMALLY EXCITED TWO- . . . PHYSICAL REVIEW E 67, 016411 ~2003!
clusters with a small number of particles exhibit intersh
rotation, whereas for higher particle numbers the format
of vortex-antivortex pairs is found as the LFMs.

Here, the LFMs are obtained for different particle num
bers from the measured thermal mode spectra. For that
pose, the mean frequencies weighted by the spectral po
density of all modes are calculated,

v̄,5

E vS,~v!dv

E S,~v!dv

, ~11!

and the minimum frequency~besides simple rotation! is
identified. The resulting lowest-frequency modes are sho
in Fig. 6 for different cluster sizes. Intershell rotation is i
deed found as the LFM for 12 particles, both in the~3,9! @see
Fig. 6~a!# and ~4,8! configuration~not shown!, and for 19
particles in the incommensurate configuration~1,7,11! @see
Fig. 6~c!#.

For theN519 (1,6,12) configuration, the formation of
vortex-antivortex pair is observed@Fig. 6~b!#. This is unex-
pected, since for pure Coulomb interaction, intershell ro
tion is the LFM also in this configuration@3#. However, the
vortex-antivortex pair becomes the LFM for finite values
k. This is due to the fact that with the ‘‘harder’’ interpartic
potential at finitek the inner and outer rings are nested mo
tightly and thus the corresponding intershell rotation f
quency becomes higher and the vortex-antivortex forma
is obtained as the LFM.

For 34, 58, and 145 particles, Fig. 6~d!, 6~e!, and 6~f! also
the vortex-antivortex pair is found. In some of these ca
~34 and 145 particles! unexpected asymmetries between t
two vortices can be observed. This is certainly due to the
that the clusters in the experiment do not show perfect o
and even slight deviations cause differences in the m
structure. The formation of vortex-antivortex pairs is co
monly found as a very stable configuration in fluids. Th
larger clusters behave in some respects as incompres
fluids.

That intershell rotation and vortex-antivortex structur
are associated with extremely low frequencies becomes c
when realizing that these mode patterns minimize the r
tive motion of neighboring particles. With only little relativ
particle motion the restoring forces are small and the m
frequencies are low. At higher particle numbers it becom
more favorable not to maintain the rotation of entire conc
tric rings of the cluster, but rather to split into two rotatio
around eccentric points, thus establishing the vort
antivortex motion.

3. Highest-frequency mode

In a similar manner, also the highest-frequency mo
~HFMs! have been obtained from the mode spectra. T
HFMs as obtained from the experiment are presented in
7. As already mentioned above, the breathing mode is
HFM only for very small clusters, i.e., for particle numbe
N<5 in our experiments. Already for the seven-particle clu
01641
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ter the HFM is characterized by a localized relative moti
of three particles@the lower three particles in Fig. 7~b!#. Such
a motion involves a strong change of interparticle distan
resulting in strong restoring forces and thus a high freque
of the mode. This localized three-particle motion is clea
observed for the other clusters of higher particle numb
This becomes particularly obvious in the 12-particle clus
with its threefold symmetry. In the clusters with higher pa
ticle numbers, i.e.,N>34, it is seen that the strongest rel
tive particle motion is concentrated in the inner two rin
only. The outer rings are more or less motionless.

Again, the 19~1,6,12! cluster plays an interesting rol
here. The mode that is identified as the HFM from the e
periments@see Fig. 7~d!# is not the mode of highest fre
quency from the calculations with pure Coulomb interactio
It becomes, however, the calculated highest frequency m
for k larger than a critical value ofk of about 1. This is
another indication that the screening strength has a fi
value in these systems.

D. Shearlike and compressionlike modes

Finally, to gain overall insight into the behavior of th
cluster modes they will be classified as shearlike or comp
sionlike modes here. In a two-dimensional infinite lattice tw
types of waves can propagate, the compressional mode
the shear mode, where the particle displacement of the w
oscillation is along or perpendicular to the wave vector,
spectively. The compressional mode does not involve
rotational motion, thus¹W 3vW 50 for the particle velocitiesvW
of this mode. Analogously, the shear mode conserves
particle density and, therefore,¹W •vW 50 for the shear wave
Consequently, the compressional~shear! properties can be
extracted from the divergence~rotor! of the velocity field.

FIG. 8. Thermal mode spectra of theN519 ~1,6,12! cluster~b!.
Here, the modes are ordered according to the ratio ofCd /C r . The
corresponding values ofCd /C r are shown in the upper plot vs th
respective mode number~a!. The right panel shows the spectru
integrated over the different modes~c!. Here, ‘‘total’’ corresponds to
the summation over all 38 modes, whereas ‘‘shear’’ correspond
the sum over the 18 modes with the lowCd /C r ratio, and ‘‘com-
pressional’’ to that with the high ratio.
1-7
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This technique has been applied, e.g., to the identificatio
shear and compressional Mach cones in plasma cry
@11,12#.

Due to the circular boundary of clusters, pure shear
compressional modes do not exist there. However, the ab
procedure can also be applied to clusters in order to sepa
the compressional and shear contributions of each m
This can be done by calculating the divergenceCd(,)
5div C(,) and thez component of the rotorC r(,)5eW z
•rotC(,) of the field of eigenvectorsC for the different
modes@3#:

Cd~, !25
1

N (
i 51

N

cd,i
2 ~, !, ~12a!

C r~, !25
1

N (
i 51

N

c r ,i
2 ~, !, ~12b!

where

cd,i~, !5
1

M (
m51

M

~rW i2rWm!•@eW i~, !2eWm~, !#/urW i2rWmu2,

c r ,i~, !5
1

M (
m51

M

u~rW i2rWm!3@eW i~, !2eWm~, !#u/urW i2rWmu2.

Here,m,M denote the index and number of neighboring p
ticles to particlei. Thus,Cd(,) is the magnitude of the com
pressional contribution to mode,, and C r(,) to its shear
part. For the two sloshing modes,Cd5C r50 since they do
not involve any kind of relative motion. The mode with th
highestCd /C r ratio is the breathing mode and that with th
lowest is the simple rotation around the central axis follow
by the intershell rotation for small particle numbersN.

1. Mode-integrated spectra

We start the discussion of shearlike and compression
modes with the already widely discussedN519 ~1,6,12!
cluster. Figure 8~b! shows the thermal mode spectrum of th
cluster, where the modes have been ordered accordin
their Cd /C r ratio. TheCd /C r ratio versus the mode num
ber is indicated in Fig. 8~a!. It is seen that typical values fo
the compression-to-shear ratio lie in the range betw
Cd /C r50.1 and 2. Only the first mode~the simple rotation!
and the last ‘‘regular’’ mode, number 36~breathing mode!,
have a much lower and higher value, respectively. The
two mode numbers~37 and 38! have been assigned to th
two sloshing modes that do not have a definedCd /C r ratio.

In Fig. 8~c! the thermal spectrum integrated over t
mode number, i.e.,S(v)5(S,(v), is presented. The ‘‘total’’
S(v) spectrum, which is obtained by summation over all t
38 modes, shows a decisive double-peak structure with p
at about f 51.8 Hz and f 53.4 Hz. Such a double-hum
spectrum is also seen in infinite’’ 2D crystals where the pe
of higher ~lower! frequency was attributed to the compre
sional~shear! mode@13#. Thus, it can be speculated that al
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for the finite clusters the high-frequency peak is due to
more compression-like modes and the low-frequency p
due to shear-like modes.

In order to check this conjecture the mode spectrum w
summed over two different regions, the first 18 modes w
the lowestCd /C r ratio, which correspond to the more shea
like modes, and the second 18 modes with the high
Cd /C r ratio, which are more compressionlike~note that the
two sloshing modes with undefined ratio are not conside
here!. The result is shown in Fig. 8~c!. It is clearly seen that
the ‘‘shear’’ modes form the low-frequency peak and t
‘‘compressional’’ modes establish the high-frequency pe
There is a clear separation between these two mode pop
tions. This is already obvious from the thermal mode sp
trum, where the first 18 modes have low frequencies and
second 18 modes~mode 19 to 36! clearly show a separate
regime with high frequencies.

Such a double-peak spectrumS(v) is found for all cluster
sizesN>5, for the three-particle cluster a definite answ
cannot be given. However, the clearly separated shear
compressional population is observed only for larger clus
with 12 particles and more. For the smaller clusters (N<7)
the shear and the compressional contributions are alike
more evenly distributed over the frequency range. It can t
be argued that crystal-like properties in the cluster ar
when the cluster is larger than a critical particle numb
which is between 7 and 12 from these experiments.

2. Transition to ‘‘infinite’’ systems

The above finding of the relation between the critic
cluster size and the infinite lattice leads us to the question
how the transition of a finite cluster to an infinite cryst
takes place in the view of the normal modes and waves
these systems. At high particle numbers the normal mode
a finite cluster system must merge into the dispersion rela
of shear and compressional modes of a 2D lattice. This qu
tion has been addressed here using the example of the cl
with N534 particles.

First, the distribution of the rotorC r and the divergence
Cd as a function of the calculated normalized frequencyv is
given in Fig. 9. It is seen that the rotor has quite large val

FIG. 9. Distribution of the rotorC r and the divergenceCd as a
function of the normalized frequency for the 68 modes of aN
534 particle cluster.
1-8
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MODE SPECTRA OF THERMALLY EXCITED TWO- . . . PHYSICAL REVIEW E 67, 016411 ~2003!
at low frequencies with a broad maximum aroundv51.5
and then gradually drops with increasing frequency. In c
trast, the divergence is very small at low frequencies a
increases to a maximum aroundv53.2. These two maxi-
mum frequencies coincide with the shear and compres
maxima of the double-humped integrated mode spect
S(v). From this figure, it also becomes obvious that high
Cd /C r ratios ~the more compressional modes! are found at
higher frequencies. The fact that at low-frequencies the ro
is much larger than the divergence means that the syste

FIG. 10. Mode spectrum of a cluster with 34 particles as
function of its effective compressional and shear wave number~i.e.,
Cd /Cd,max and C r /C r ,max). For comparison the dispersion rela
tion of the compressional and shear wave in an ‘‘infinite’’ 2D cry
tal with k51 is also given as a function ofqa/p ~solid line!.
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incompressible and that low frequency excitations are v
texlike motions where the particle density is undisturbed@3#
which is also seen from the discussion on the LFMs in S
III C 2.

To attack the transition from normal modes to a 2D d
persion relation, it is necessary to assign an effective w
number to each cluster mode. This can be done using
rotor and divergence. In plasma wave physics, the rotor~and
divergence! operator is straightforwardly replaced by th
wave vector in Fourier notation~i.e., ¹W 3•••→ iqW 3•••).
Consequently, it is proposed here to identify the rotorC r
with the wave number of the shear wave and the diverge
Cd with that of the compressional wave.

Figure 10 shows the mode spectrum of theN534 particle
cluster where the spectrum has been ordered according t
wave number of the compressional modeCd /Cd,max and the
shear modeC r /C r ,max, respectively~here,C r ,max,Cd,max
are the maximum values ofC r ,Cd , respectively!. For com-
parison, the dispersion of the compressional and shear m
of the 2D lattice wave withk51 is also shown. For the
calculation of the theoretical 2D dispersion the quantities
obtained from the experiment have been used. The theo
cal dispersion scales with the dust plasma frequency

vpd5A Z2e2

4pe0ma3
511.4 s21

for a charge number ofZ511 000 and an interparticle dis
tance ofa5680 mm.

It is seen that the agreement between the normal m
‘‘dispersion’’ and the lattice wave is quite remarkable for t
compressional mode. Note that this comparison does no
clude any adjustable parameters. For the shear modes
agreement is quite good for the higher wave numb
C r /C r ,max.0.7. At medium wave numbers 0.
,C r /C r ,max,0.7 a branch with somewhat higher mode fr
quencies exists that is not explained by this comparison. V
similar results with a very good agreement of normal mod
with the wave number and the 2D lattice dispersion are a
found for other clusters, e.g.,N519 andN5145.

It seems that thisad hocassignment of the rotor and th
divergence to shear and compressional wave vectors
good working model that indeed can relate the cluster nor
modes to the wave propagation in a 2D lattice. Howeve
theoretical treatment of this scenario has to be develope

IV. SUMMARY AND CONCLUSIONS

Experiments on the normal modes of 2D finite Coulom
clusters in a complex plasma have been performed. The
mal modes have been obtained from the thermal Brown
motion of the particles around their equilibrium positions
the cluster. This technique thus extends the thermal exc
tion technique of Nunomuraet al. @8# in a 2D lattice to the
case of Coulomb clusters. This technique has been illustr
with the simple case of a three-particle cluster and has b
applied to various cluster sizes and cluster configurati
under different discharge conditions. It has been found t

a
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A. MELZER PHYSICAL REVIEW E 67, 016411 ~2003!
the energy in the modes is evenly distributed among
modes, thus the principle of equipartition holds here. T
temperature deduced from the mode energies varies betw
300 K and 3000 K. The additional heating above room te
perature is assumed to be due to stochastic fluctuation
discharge parameters. The mode temperature is also in e
lent agreement with the temperature directly obtained fr
the random fluctuations of the particles around their equi
rium.

From the analysis of the normal mode frequencies
interaction between the particles can be described b
Yukawa interaction with a screening strengthk between 0
and 2 and particle charges ofZ511 000 elementary charge
These values are in perfect agreement with previous m
excitation measurements@7# and also direct wave excitatio
by laser techniques@14–16#, and two-particle collision ex-
periments@17#.

Since the thermal motion technique allows to determ
all cluster modes simultaneously the behavior of spe
modes can be compared in different cluster sizes and
figurations. First, the breathing mode and intershell rotat
have been analyzed for the 19- and 20-particle clusters w
the 19-particle cluster can have either a ‘‘magic number’’
an incommensurate configuration that is similar to the
particle system. It has been found that the breathing m
spectrum shows very similar frequencies for these clu
configurations, whereas the intershell rotation frequency
highest for the highly symmetric 19 cluster and close to z
for the two incommensurate configurations. This clea
shows the strong relation between cluster configuration
normal mode frequencies.

Second, the modes with the lowest frequency have b
identified for different cluster sizes. For small particle nu
bers the intershell rotation has been identified as the LF
whereas for larger clusters the formation of vortex-antivor
pairs were observed. This behavior is generally within
theoretical expectations for pure Coulomb systems@3#. The
.
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19-particle cluster, however, is an exception in that here
vortex-antivortex formation instead of intershell rotation w
found. This requires a ‘‘harder’’ interaction potential tha
pure Coulomb which hints at finite values of the screen
strength, i.e.,k.0.

Third, also the highest-frequency modes have been a
lyzed. For small clusters, the breathing mode with a cohe
radial motion of all particles is the HFM. For larger cluste
modes with a relative three-particle oscillation localized
the center of the cloud provide the highest frequenc
Again, from the behavior of theN519 cluster, the screening
strength can be estimated to bek.1.

Finally, the modes have been classified as shearlike
compressionlike using the rotor and the divergence of
individual cluster modes. It is observed that all clusters sh
a double-humped mode-integrated frequency spect
S(v). For clusters with 12 particles or more the hig
frequency peak is due to the compressional modes and
low-frequency peak due to the shear modes. Thus, it can
argued that crystal properties become visible or dominan
cluster size ofN>12.

The transition from clusters to continuum 2D crystals c
also be studied from the comparison of the normal mo
spectra with lattice waves. Therefore, a shear and comp
sional wave number has been assigned to the diffe
modes. In doing so, a dispersion of compressional and s
normal modes has been obtained. This normal mode dis
sion has been compared to the dispersion relation of lat
waves and a remarkably good agreement has been obse
In conclusion, this wave number assignment seems to b
working model to relate the finite cluster modes to the co
tinuum lattice waves.
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