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Complex atomic spectral line shapes in the presence of an external magnetic field
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Both the theoretical basis and the computational approach for extending the capabilities of an established
spectral line broadening code are presented. By following standard line broadening theory, the effects of an
external magnetic field are incorporated into the plasma average and atomic Hamiltonian. An external magnetic
field introduces a preferential axis that destroys the symmetry of the quasistatic electric ion microfield. An
external magnetic field also modifies the angular properties of the atomic Hamiltonian—atomic energy levels
are perturbed and the spectral emission line is polarized. These extensions have been incorporated in an atomic
line shape code for complex atoms and applied to several problems of importance to the understanding of
tokamak edge plasmas. Applications fall into two broad categories:~1! determination of local plasma proper-
ties, such as the magnetic field strength, from distinct line shape features; and~2! consideration of global
plasma phenomenon, such as radiation transport. Observable features of the Zeeman effect makeHa a good
line for diagnosing the magnetic field.Hb does not make a good electron density diagnostic since the Zeeman
effect is comparable to the Stark effect for a majority of tokamak edge plasma conditions. For optically thick
lines, the details of the spectral line shapes are shown to significantly influence the transport of radiation
throughout the system.

DOI: 10.1103/PhysRevE.66.066413 PACS number~s!: 52.70.2m, 32.70.2n, 52.55.Fa
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I. INTRODUCTION

Plasma properties in the tokamak edge typically span s
eral orders of magnitude at any given time during a typi
experiment@1,2#. The system properties generally span t
following range: 1012,ne(cm23),1016, 0.1,Te(eV)
,500.0, and 0.1,B(T),10.0; wherene is the electron den-
sity, Te is the electron temperature, andB is the magnetic
field strength~with permeability set to unity!. While this
large variation in plasma conditions poses many import
theoretical and computational challenges, for the pres
spectral line shape study the high-density low-tempera
~HDLT! edge plasma regions are of particular interest@3#.

The HDLT plasmas are found in detached divertor exp
ments near the divertor target plate and in Marfes~an axi-
symmetric radiating phenomenon that is poloidally localiz
in the plasma edge!. In ALCATOR C-Mod, HDLT plasma
properties are of the order:ne;1015 cm23, Te;1.0 eV, B
;6 T in a region of characteristic spatial extentL;3 cm.
What makes these plasmas especially interesting is that
are partially ionized~there exists a significant fraction o
neutral particles in the edge plasma! and they interact
strongly with line radiation~optical depths are much great
than unity!. Thus, in HDLT plasmas, the details of spectr
line shapes will be important to the spatial and frequen
variations of the radiation field, which in turn influences t
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spatial variation in level populations and ultimately the tran
port of ~nonradiative! energy. It is this connection betwee
the energy transport and the details of spectral line sha
that motivates this research.

Investigating radiation effects on plasma transport in
kamak edge plasmas requires a spectral line shape code
includes the effects of an external magnetic field and is
merically fast so that it can be integrated into larger transp
codes. Since the source of radiation can come from hyd
genic and nonhydrogenic atoms, such as carbon and bo
we also seek to produce a spectral line shape code tha
plies to atoms with complex structure. These goals are
complished by considering both the theoretical and com
tational aspects that pertain to incorporating magnetic effe
into the many electron atom spectral line broadening mo
TOTAL @4#. The resulting model is namedTOTALB.

To set the stage for the current paper, a brief history
magnetic line broadening is presented. The effect of an
ternal magnetic field on spectral line shapes was initia
studied by Hoeet al. @5#, a decade after the seminal pape
on pressure broadening by Baranger@6# and Kolb-Griem@7#.
Drawin et al. @8# experimentally verified the theoretical wor
of Hoe et al. @5# by using a straight discharge tube su
rounded by a magnetic coil. It is interesting to note that t
plasma discharge is nearly identical to HDLT tokam
plasma conditions. These two papers set the groundwork
future investigations and applications in the area of magn
line broadening.

An effect that is also relevant to inertial confinement f
©2002 The American Physical Society13-1
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sion ~ICF! plasmas and pertains to the presence of a m
netic field is the translational Stark effect (ET5v3B). The
translational Stark effect was first introduced by Galush
@9# and later in independent efforts by Isler@10# and Breton
et al. @11#. These authors, primarily concerned with tokam
plasma, focused on the quantum mechanical problem
hydrogen atom under the influence of both the Zeeman ef
and the translational Stark effect. While their work neglec
plasma broadening, it did consider correlation effects w
the Doppler motion. Later, Hoeet al. @12# considered the
translational Stark effect for ICF plasmas by adding the
fect along with Doppler correlation effects to their previo
work @5#.

Mathys introduced the unified classical path approxim
tion from mainstream line broadening research to magn
line broadening@13,14#, accounted for ion dynamical effect
@15#, and a decade later incorporated the translational S
effect@16#. This latter work by Brillantet al. @16#, which was
initiated to study main-sequence stars with spectral types
tweenF0 andB2 that have magnetic fields greater than 1
marks the first treatment of the plasma Stark effect, the tra
lational Stark effect, and the Zeeman effect for hydroge
emitters.

Recent research papers have reported on independe
forts to develop a magnetically broadened hydrogenic sp
tral line shape code@17,18#. Since this recent trend has bee
sparked by the magnetic confinement fusion community,
appropriate to mention two examples, namely the deve
ment of BELINE for ALCATOR C-MOD @17# and the work of
Günter-Könies for ASDEX-U @18#. These works clearly dem
onstrate the need for a reliable line broadening code for
magnetic confinement fusion community.

This paper uses standard line broadening theory to
velop TOTALB, a computationally efficient magnetic spectr
line shape model, and then applies the model to several p
lems of importance to the understanding of tokamak e
plasmas. Section II reviews standard line broadening by
oretical and computational methods. In order to provide
complete description ofTOTALB, this section is supplemente
by Appendix A, which describes the electron collisio
model, and Appendix B, which describes the quasistatic e
tric ion microfield model. Section III builds on the precedin
section and systematically incorporates the magnetic field
first considering the modifications of the plasma average
then of the atomic Hamiltonian. Section IV appliesTOTALB

to the study of tokamak edge plasmas. Here, both direc
agnostic techniques that pertain to magnetic line shape
tures and radiation transport are considered. Section V
vides concluding remarks and proposes future rese
directions.

II. GENERAL LINE SHAPE FORMALISM

In this section, the pertinent elements of the current e
bodiment of atomic spectral line shape calculations are
cussed. No attempt at giving a complete history of the s
ject is made; rather the intent here is to prepare the reade
the subsequent discussion on the introduction of an exte
magnetic field. To supplement the topics covered in this s
06641
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tion, the reader is encouraged to consult Griem@19#, and the
references therein.

A. Spectral line shape

Following Baranger@6# and Kolb and Griem@7#, it is
customary to begin with the quantum electrodynamical f
mula for the power radiated by an atom in an electric dip
transition from an initial state~i! to a final state (f ):

P~v!5
4v4

3c3
f~v!, ~1!

f~v!5
1

2pE2`

`

F~ t !eivtdt, ~2!

F~ t !5(
i f

r i^c i~0!uduc f~0!&^c f~ t !uduc i~ t !&, ~3!

wheref(v) is the spectral line shape~normalized to unity
*f(v)dv51) andF(t) is the time correlation function.( i f
represents a sum over all final states and an average ove
initial states that contribute to the line shape,r i is the initial
density matrix of the system,uc(t)& represents the state~in
the Schro¨dinger picture! of the system, andd is the time-
independent electric dipole moment of the system. The qu
tity 4v4/3c3 can be added after the calculation off(v)
since the frequency variation ofv4 is small across the spec
tral line shape; this transfers the focus from the power ra
ated to the spectral line shape. To connect with dynam
theories, the initial focus is further transferred to the cor
lation function.

Following Fano@20#, the correlation function can be sim
plified using general operator techniques. First, we introd
the unitary time evolution operator (U),

uf~ t !&5U~ t,to!uf~ to!& ~4a!

5exp$2~ i /\!H~ t2to!%uf~ to!&, ~4b!

whereH is the total Hamiltonian in Hilbert space. After in
serting Eq.~4! into Eq.~3!, applying the closure relation, an
remembering that Tr(AB)5Tr(BA), the correlation function
becomes

F~ t !5(
i f

r i^c i~0!uduc f~0!&^c f~0!uU†dUuc i~0!& ~5a!

5Tr@dUr idU†#. ~5b!

Next, we introduce the Liouville operator (L), which de-
scribes the time evolution of the density matrix,

i\
]r

]t
5@H,r#[Lr. ~6!

This equation has the following solution:

r~ t !5U~ t !r~0!U†~ t !5exp$2~ i /\!Lt%r~0!. ~7!
3-2
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Notice that Eq.~7! is similar to other infinitesimal orthogona
transforms, such as the time evolution operator in Eq.~4! and
the rotation operator. After inserting Eq.~7! into Eq.~5b!, the
general correlation function can be written as

F~ t !5Tr@d exp$2~ i /\!Lt%r id#. ~8!

In this form, the inverse Fourier transform in Eq.~2! has a
simple solution. However, this expression is too general
tractable calculations and further approximation is necess

Following Fano@21#, who used the Zwanzig approac
@22#, Eq. ~8! can be simplified by separating an emittin
atom from the surrounding plasma, which acts as a ther
bath. To achieve this separation, two approximations
made. First, the initial correlation between the atom~a! and
plasma~p! states are neglected so that the density matrix
be written as follows:

r→ra~ t !rp~0!5ra~ t !
1

Z
expH 2

Hp

T J , ~9!

whereZ is the partition function. Second, it is assumed th
conditions at an earlier time do not affect the change in
density matrix at timet ~Markoff approximation!. These ap-
proximations affect the Liouville operator and allow the co
relation function to be written in the form,

F~ t !5Tra@d exp$2~ i /\!~La2 iGg!t%r i
ad#av, ~10!

whereLa is the Liouville operator pertaining to the atom
Hamiltonian,Gg is the general relaxation theory collision
operator, the trace is performed over all atomic states,
the average~av! is over plasma states. At this point, it
possible to introduce theoretical details of the correlat
function model.

Following Griem@23#, the spectral line shape calculatio
considers those electric dipole transitions between bo
states that contribute to a well defined frequency range.
associated atomic states are grouped into an upper man
~with statesua&) and a lower manifold~with statesub&).
Dipole transitions between states of the same manifold
collisional transitions between different manifolds are n
considered~no quenching assumption!. The plasma averag
is handled by separating the effects of the fast electrons
slow ions by introducing an electron collision model and
quasistatic ion microfield model into the correlation functio

F~ t !5E P~E!^^abud exp$2~ i /\!~LE
a2 iG!t%

3r i
adua8b8&&dE, ~11!

whereP(E) is the quasistatic electric ion microfield distr
bution function,LE

a is the Liouville operator pertaining to th
atomic Hamiltonian for a particular ionic field (E), G is now
the electron collision operator, anduab&& represents the
atomic state in Liouville~or line! space. Independent of th
specific models used in the plasma average, there exis
general computational approach for solving this proble
Hence, summaries of the electron collision operator and
06641
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microfield used inTOTALB are included in the appendices an
computational details of the line shape calculation are n
discussed.

Following Calisti et al. @4#, the spectral line shape com
putational approach centers around solving the complex
genvalue problem for a fixed ionic field and then averag
over possible ionic fields. Since the correlation function m
be real, which requires thatf(2v)5f* (v), the line shape
equation can be written as

f~v!5
1

p
ReE

0

`

F~ t !eivtdt. ~12!

After inserting Eq.~11! into Eq. ~12! and performing the
integration over the ion microfield last, the line shape b
comes

f~v!5E P~E!
1

p
ReE

0

`

^^abud exp$2 i /\

3~LE
a2 iG!t%r i

adua8b8&&eivtdtdE ~13a!

5(
j 51

nE

Wjf~Ej ,v!, ~13b!

where the integration overE has been replaced by a sum th
represents an average over discrete ionic fields with weig
given byWj . The solution off(Ej ,v), the complex eigen-
value problem for fixed ionic field (Ej ), is simple in the
basis whereLEj

a 2 iG is diagonal.

Let uk&& be the basis in whichLEj

a 2 iG is diagonal with

complex eigenvalueszk(Ej )5xk(Ej )1 iyk(Ej ). The eigen-
values are, in general, complex sinceG is not Hermitian. In
the uk&& basis,f(Ej ,v) has the following inverse Fourie
transform:

f~Ej ,v!5K K abUTEj
d

1

p
ReE

0

`

exp$2~ i /\!TEj

†

3~LE
a2 iG!TEj

t%eivtdtr i
sdTEj

† Ua8b8L L ~14a!

5(
k

c1k@v2xk~Ej !#1c2kyk~Ej !

@v2xk~Ej !#
21yk~Ej !

2
, ~14b!

where TEj
is the transformation matrix which diagonalize

LEj

a 2 iG, the sum is over eigenvalues with fixedEj , and the

coefficientsck1 and ck2 depend ond and TEj
. Finally, the

discretized spectral line shape can be written as

f~v!5(
j 51

nE

Wj(
k

c1k@v2xk~Ej !#1c2kyk~Ej !

@v2xk~Ej !#
21yk~Ej !

2
. ~15!

In order to implement this formula, atomic structure info
mation is needed.
3-3
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B. Atomic structure

In the spectral line shape derivation, no restrictions w
placed on the definition of a bound state; it can represe
hyperfine level of hydrogen or a configuration averaged le
of carbon. While this approach separates the atomic struc
calculations from the line shape calculations, there rema
the task of constructing an optimal set of atomic data.
arrive at such a set, one uses the fact that atomic struc
information only enters in the selection of states that cont
ute to radiation in a specific frequency range and the ev
ation of the Liouville operator matrix elements. The latter
considered first.

In Liouville space, or line space, the Liouville operat
matrix elements are

^^abuLEuab&&5\vab , ~16a!

^^abuLEuab8&&5^budub8&E, ~16b!

^^abuLEua8b&&52^audua8&E, ~16c!

where\vab is the energy difference between statesua& and
ub&, ^budua& is the electric dipole matrix element in th
Hilbert space, andE is the ionic field strength. Thus, th
atomic data information must include:~1! a label for each
state;~2! quantum information ascribable to each state; a
~3! electric dipole matrix elements between states.

Calculating the electric dipole matrix elements that app
in Eq. ~16! requires a complete specification of the releva
quantum numbers for the states involved. Due to the sph
cal symmetry properties of atoms with complex atom
structure, this calculation can be simplified by using t
Wigner-Eckart theorem@24# as follows:

^gJMudq
(1)ug8J8M 8&5~21!J2MS J 1 J8

2M q M8
D

3^gJuud(1)uug8J8&, ~17!

where tensor-operator notation has been explicitly used,
second term on the right-hand side~RHS! is a Wigner 3-j
symbol and the square of the last reduced matrix elemen
the RHS is known as the electric dipole line strength. T
electric dipole line strength includes the radial matrix e
ment information and is independent of angular moment
coupling schemes—a detail that allows atomic struct
codes based on either LS or JJ angular momentum coup
schemes to generate input forTOTALB. Now, the only atomic
information necessary to calculate the electric dipole ma
elements are the 2J11 value of each state, which specifie
the possible orientations of the 3-j symbol, and the reduce
matrix elements between states.

Returning to the diagonal elements of the Liouville ope
tor matrix elements, it is clear that energy level informati
is also needed to calculate the energy difference betw
states. The upper and lower manifolds are constructed
including only those electric dipole transitions that contribu
to a given frequency range. This is done by first calculat
the energy difference between states to see if the trans
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falls within the specified frequency range. If the transiti
energy is within the frequency range of interest and the e
tric dipole line strength is nonzero, then the associated st
are included. Finally, the manifolds are supplemented by
states that contribute to Stark broadening in a manifo
again the electric dipole line strength is used.

III. INCLUSION OF AN EXTERNAL MAGNETIC FIELD

Having reviewed the general line shape formalism e
ployed inTOTALB, it is now possible to discuss the inclusio
of an external magnetic field. The magnetic field affects b
the plasma average calculation and the atomic Hamilton
Effects of the plasma average are considered first, includ
both the electric ion microfield model and electron collisi
operator. Effects of the atomic Hamiltonian are then cons
ered and the discussion identifies new required atomic st
ture information. We note that while the modification of th
atomic Hamiltonian is exact, more work is needed to rig
ously incorporate magnetic effects into the plasma avera

A. Plasma average modifications

The plasma average consists of two parts: the elec
collision operator, which is calculated within the framewo
of binary collision relaxation theory, and the quasistatic el
tric ion microfield. An external magnetic field modifies the
parts by giving the system a preferential axis. This prefer
tial axis destroys the arbitrary orientation of the electric
pole operator and can alter the dynamical properties of
plasma.

In the absence of a magnetic field, the quasistatic
microfield model assumes the plasma surrounding the e
ting atom is spherically symmetric~see Appendix B!. The
electric dipole moment can be chosen to point in an arbitr
direction and the ion microfield distribution must be a fun
tion only of ionic field strength. With the introduction of a
external magnetic field, and hence a preferential axis,
spherical symmetry is broken and the integration over
microfield distribution becomes anisotropic:

P~E!dE→P8~E' ,Ei!dE'dEi , ~18!

where the subscripts refer to the direction of the magn
field. This amounts to averaging over electric field directio
relative to the magnetic axis. Note that, while the microfie
integration has been modified, the microfield itself, which
presented in Appendix B, is assumed unchanged by the
troduction of a magnetic field. This modification accounts
a majority of the increase in computational time both throu
the introduction of a double integration into the plasma a
erage and tripling the number of nonzero electric dipole m
trix elements that enter the complex eigenvalue problem.
following discussion considers the limitations of this mod

As an estimate to the validity of the quasistatic ion m
crofield model~see Appendix B!, we compare a characteris
tic fluctuation frequency to the ion plasma frequency. In t
limit that the half-width at half maximum~HWHM! of the
3-4
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normalized line profileDv1/2 is much greater than the io
plasma frequencyvpi , the quasistatic ion microfield mode
is valid. In the presence of an external magnetic field,
Lorentz forceqv3B can increase the plasma frequency@25#.
Thus, the condition for validity becomes less stringent a
ion dynamics might be important when a magnetic field
present. A more general criterion for neglecting ion dyna
ics, which accounts for the asymmetry of the ion plas
frequency, is

Dv1/2@vLH;vpi , ~19!

where the lower hybrid resonant frequencyvLH is the ion
plasma frequency perpendicular to the magnetic field. If
dynamics is important then anisotropy should be conside
further.

The literature on the importance of ion dynamics in t
presence of an external magnetic is unclear@15,18#. Two
authors have considered the importance of hydrogen ion
namic effects on magnetically broadened spectral line sha
through the model microfield method~MMM !. Conclusions
from such an approach are not definitive since the MM
may not be applicable in the presence of a magnetic fi
This topic remains unresolved and will be the study of futu
research.

As an estimate of the validity of the electron collisio
operator ~see Appendix A!, we examine the limit where
Dv1/2 is much less than the electron plasma frequencyvpe .
In the presence of a magnetic field, the Lorentz force
creases the plasma frequency and increases the regio
validity of the electron collision operator. The general co
dition for the validity of the electron collision operator ca
be expressed as

Dv1/2!vpe<vUH , ~20!

where the upper hybrid resonant frequencyvUH is the elec-
tron plasma frequency perpendicular to the magnetic fi
While the external magnetic field strengthens the valid
condition, it also introduces anisotropy.

Consideration of magnetic effects on the motion
charged particles results in a constraint on the binary co
sion relaxation model straight-line path~SLP! approxima-
tion. The condition for validity of the SLP approximation
that the Larmor radius must be greater than the Debye le
(r L.lD); or similarly the Larmor frequency must be le
than the electron plasma frequency (vL5qB/2me,vpe).
Explicitly writing the plasma property dependence involv
in this condition places an upper limit on the magnetic fie
strength:B(T),4.5Ane14, wherene14 is the electron density
in units of 1014 cm23. Thus, for most HDLT edge plasm
phenomenon, the SLP approximation is valid and the m
netic field does not affect the electron collision operator.

Since the approximations inherent in the electron collis
operator remain valid in the presence of a magnetic field,
electron collision operator as it appears in Appendix A
unmodified inTOTALB. The neglect of magnetic field effect
on the electron collision operator has been taken by o
authors@16,18# and the present treatment is at no less a le
of approximation.
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B. Atomic Hamiltonian modification

In the presence of an external magnetic field, the ato
Hamiltonian angular properties are altered—atomic ene
levels are perturbed and the line shape is polarized. We
the nonrelativistic one-electron atom Hamiltonian to illu
trate this modification and at the same time introduce
approximations employed. Generalization to atoms w
complex structure is then accomplished through the use
Racah algebra.

The atomic Hamiltonian for a one-electron atom in a u
form external magnetic field, with vector potentialA5
2 1

2 R3B, is given by

H5
1

2me
@P2qA~R!#21V~R! ~21a!

5H P2

2me
1V~R!J 2

mB

\
L•B1

q2B2

8me
R'

2 , ~21b!

where R refers to the atomic electron coordinate,mB

5q\/2me is the Bohr magneton,L5R3B, and R'
2 5R2

2(R•B2)/B2 is the projection ofR onto the plane perpen
dicular to B @26#. The term proportional toB is called the
paramagnetic term; the term proportional toB2 is called the
diamagnetic term. AssumingB is small (B,103 T), the fol-
lowing energy ordering applies

DE1

DE0
;

DE2

DE1
!1, ~22!

where the subscript denotes order with respect toB. Such an
energy ordering is valid for magnetic confinement fusio
whereB,10 T, and can be written in terms of plasma pro
erties as

mBB5\vL!EI5
1

2
a2mec

2, ~23!

wherea is the fine structure constant. Thus, the diamagn
term is negligible compared to the paramagnetic term
will not be considered.

The change in frequency and polarization of the emit
radiation due to the paramagnetic term is collectively cal
the Zeeman effect. These effects are illustrated in Fig. 1.
line shapes depicted in Fig. 1 were calculated withTOTALB

FIG. 1. Zeeman components of hydrogenLya in a B56 T mag-
netic field. The observation direction is~a! perpendicular to the
magnetic axis (b5p/2) and~b! along the magnetic axis (b50).
3-5
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using nonrelativistic atomic data and neglecting both plas
broadening and Doppler broadening. The transition ener
and relative magnitudes agree with first-order perturba
theory @26#.

For atoms with complex atomic structure, the param
netic term only affects angular properties of the atom. T
general paramagnetic term can be written as

L•B→@J1~gs21!S#•B, ~24!

wheregs>2.00232 is the anomalous gyromagnetic ratio
electron spin. Now the complete atomic Hamiltonian can
written as

H5H01HS1HZ , ~25!

where H0 represents the full complex atomic Hamiltonia
~that may include fine structure effects!; HS ~Stark! andHZ
~Zeeman! are given by

HS52E•d(1), ~26!

HZ52B•m(1)5mBB•@J1~gs21!S#. ~27!

To evaluate the paramagnetic matrix element, letB5Bẑ
andgs52. The matrix element takes the form,

1

mBB
^gJMuHZug8J8M 8&5^gJMuJ0

(1)1S0
(1)ug8J8M 8&.

~28!

In a manner similar to the electric dipole matrix element, t
equation can be simplified by application of the Wigne
Eckart theorem,

^gJMuJ0
(1)1S0

(1)ug8J8M 8&

5~21!J2MS J 1 J8

2M 0 M 8
D ^gJuuJ(1)1S(1)uug8J8&.

~29!

The square of the reduced matrix element on the RHS
called the magnetic dipole line strength, analogous to
electric dipole line strength. Note that the magnetic dip
line strength also includes radial matrix information and
not dependent on an angular momentum coupling schem

The magnetic dipole line strength is closely related to
weighted radiative transition probability (gA). More specifi-
cally

gAM15j (
MM8q

S J 1 J8

2M q M8
D 2

u^gJuuJ(1)1S(1)uug8J8&u2

~30a!

5ju^gJuuJ(1)1S(1)uug8J8&u2, ~30b!

where j is a constant. Since, many atomic structure co
calculategA in this atomic data, the reduced matrix eleme
associated with the Zeeman effect can be easily extracte
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IV. TOKAMAK APPLICATIONS

Applications ofTOTALB fall into two categories:~1! deter-
mination of local plasma properties, such as magnetic fi
strength, from distinct line shape features; and~2! consider-
ation of global plasma phenomenon, such as particle
energy transport. This section considers both types of ap
cations. In the numerical calculations that follow, we u
atomic data from the relativistic complex atomic structu
code HULLAC ~Hebrew University Lawrence Livermore
Atomic Code! @27#.

A. Hydrogen resonance line

In HDLT plasmas, the resonance line of hydrogen (Lya)
has a significant optical depth (t;xL.1, wherex is the
line radiation absorption coefficient andL is a length char-
acterizing the extent of the plasma region!. Since details of
the spectral line shape will affect the plasma opacity, it
interesting to quantify magnetic field effects ont.

To begin, the line radiation absorption coefficient for
plasma in local thermodynamic equilibrium~LTE! @28# is

x~n!5niBi j

hn i j

4p
f i j ~n!F12expH 2

hn i j

T J G
;ni H e2

4p«0

p

mc
f i j ~n!J f i j , ~31a!

x0;ni14H 0.011

DEeV
J f i j ~cm21!, ~31b!

wherei ~j! refers to the lower~upper! level of a bound-bound
transition, B is the Einstein B coefficient,hn i j is the line
center energy,f is the line profile,T is the thermodynamic
temperature,f is the line absorption oscillator strength,x0 is
the line center absorption coefficient,ni14 is the neutral level
density in units of 1014cm23, and DE is the full-width at
half maximum~FWHM! of the line shape in units of eV. In
Eqs.~31a! and~31b!, the terms in curly brackets represent
effective cross section for photon absorption. The latter eq
tion demonstrates the inverse proportionality betweenDE
andx0. As a line becomes broader, the oscillator strength
distributed over a greater frequency range. Withx0 given by
Eq. ~31b!, the optical depth can be estimated with a suita
choice ofL.

The effect of an external magnetic field on opacity can
quantified by usingTOTALB. As an example, Fig. 2 depicts
typical hydrogenLya line shape for an HDLT plasma (ne
51015 cm23 andTe51 eV), with (B56 T, solid line! and
without (B50 T, dashed line! an external magnetic field. As
the magnetic field increases fromB50 T to 6 T, the FWHM
increases fromDE50.0009 eV to 0.0011 eV. SettingL
51 cm and choosing a ground state density ofn1
51014 cm23 yields values without~with! magnetic effects:
absorption coefficient of 5.1 cm21 (4.2 cm21); effective
photon mean free path of 0.20 cm~0.24 cm!; and optical
depth of 5.1~4.2!. Thus, magnetic line broadening reduc
the optical depth by'18%.
3-6
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COMPLEX ATOMIC SPECTRAL LINE SHAPES IN THE . . . PHYSICAL REVIEW E 66, 066413 ~2002!
While magnetic line broadening significantly affects t
spectral line shape, the signature feature of the Zeeman
fect, namely the Lorentz triplet present in Fig. 1~a! does not
appear. AtT51 eV, the Doppler width is approximatel
DED;831024 eV, which is comparable to the Zeema
splitting DEZ.2mBB;731024 eV and thus masks th
Lorentz triplet.

B. Magnetic field diagnostic

Equation~25! has three terms on the RHS:H0 pertains to
the energy of a state;HS leads to the Stark effect and
proportional to the plasma density as well as the princi
quantum number~which scales approximately asn2) @24#;
andHZ leads to the Zeeman effect and is proportional toB.
Thus, the shift and intensity of a spectral line shape com
nent are dependent on the relative contributions of both
Stark effect and the Zeeman effect. Furthermore, the in
sity of a component will vary with the angle of observatio
relative to the magnetic axis due to the polarization prop
ties of the Zeeman effect. From these line shape propertie
the Zeeman effect dominates the Stark effect then both
magnetic field strength and the angle of the magnetic fi
relative to the direction of observation can be accurately
termined usingTOTALB.

For HDLT plasmas in theALCATOR C-MOD tokamak,Ha
is a prime magnetic field diagnostic candidate. Hig
resolution,Ha measurements are made routinely inALCATOR

C-MOD @29# and the data clearly exhibit the Zeeman effe
signature@3#. While these measurements were intended
study the hydrogen to deuterium ratio and plasma fluct
tions, they are ideally suited for magnetic field diagnos
purposes.

To demonstrate the magnetic field diagnostic procedu
we first determine the magnetic field strength. Figure
shows the sensitivity ofHa to changes in the magnetic fiel
strength for conditions typical of an HDLT plasma; noti
how the energy of as component moves further from th
centralp component as the magnetic field strength increa
Given the electron density and electron temperature~and ion
temperature if it is different!, the magnetic field strength i
determined by numerically matching the energy differen
between the centralp component and as component. This

FIG. 2. HydrogenLya line shape with an external magnet
field (B56 T, solid line! and without (B50 T, dashed line!.
Plasma conditions are:ne51015 cm23 andTe51 eV. The direction
of observation is perpendicular to the magnetic axis (b5p/2).
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is not the same as inferring the magnetic field from the fir
order Zeeman effect alone (DE1/25mBB), since this would
be valid only in the absence of plasma broadening. To qu
tify the error made by neglecting plasma broadening,
magnetic field strength calculated using only the first-or
Zeeman formula withDE1/2 taken from theB58 T curve in
Fig. 3 would be 8.21 T. In this case, the result is an over
timate of the magnetic field strength by 0.21 T, which wou
lead to a significant difference in the inferred emission
gion in a tokamak.

At this point, it is interesting to quantify the validity con
ditions of Sec. III A. In order to neglect ion dynamics, w
requireDv1/2@vLH;vpi . From Fig. 3 and various defini
tions of the HWHM Dv1/2;22931011 s21, using B
56 T, we havevLH;231010 s21 and vpi;431010 s21.
Thus,Dv1/2@vpi.vLH and the quasistatic electric ion m
crofield model is at least as valid as in the absence o
magnetic field. To ensure the validity of our binary collisio
relaxation model, we requireDv1/2!vpe<vUH and B(T)
,4.5Ane14. Using B56 T, we havevUH;2.131012 s21

and vpe;1.831012 s21, thus the first inequality, is valid
inserting the electron density into the second inequality,
find the following upper limit on the magnetic fieldB(T)
,14(T) and can safely say the second inequality is valid

Figure 4 shows the line shape from an angle of obser
tion along the magnetic axis, with the same plasma con
tions as in Fig. 3, and reveals a better candidate for de
mining magnetic field strength. The absence of the centrap
component allows the diagnostic to be applied to lower m

FIG. 3. Magnetic field strength variation fromB54 T ~dash-dot
line! to B58 T ~solid line!. Plasma conditions are:ne

51015 cm23 and Te51 eV. The angle of observation is perpe
dicular to the magnetic axis (b5p/2).

FIG. 4. Same plasma conditions as in Fig. 3 but now the an
of observation is along the magnetic axis (b50).
3-7
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ADAMS et al. PHYSICAL REVIEW E 66, 066413 ~2002!
netic field tokamaks at a fixed experimental resolution. F
ures 3 and 4 also illustrate the variation in intensity, but
shift, of the line profile components with an angle of obs
vation relative to the magnetic axis (b). For an arbitraryb,
the spectral line shape intensity is given by

f~v,b!5cos2~b!f i~v!1sin2~b!f'~v!. ~32!

This property can be used to determineb by numerically
matching the relative intensity of thep component to as
component.

C. Electron density diagnostic

In plasmas without an external magnetic field, the spec
line width is commonly used to determine plasma densit
For instance, Griem recommendsHb as an excellent candi
date for determining the electron density in plasmas wh
ne.1014 cm23 @19#. In this density regime, the linear Star
effect dominates over other broadening mechanisms and
FWHM scales asne

2/3. Below an electron density o
1014 cm23, fine structure effects begin to enter and the dom
nant FWHM dependence makes a transition from the lin
Stark effect to the quadratic ion impact@30#.

In plasmas with an external magnetic field, the Stark
fect competes with the Zeeman effect. Gu¨nter-Könies @18#
investigated the feasibility ofHb as a density diagnostic fo
low magnetic field tokamaks (B;2 T) and found it to be
useful, providedne.231014 cm23. We comment that this
result is sensitive to the plasma average and their valid d
sity range is decreased when ion dynamics is neglec
Figure 5, which was calculated for conditions typical
ALCATOR C-MOD (B56 T) and uses a more appropria
plasma average, indicates thatHb is not useful as an electro
density diagnostic unlessne.231015 cm23 or thene

2/3 scal-
ing is abandoned for a numerical fit. Future interpretations
Hb data can rely onTOTALB to predict electron density, how
ever current interpretations that neglect magnetic field effe
should rely on higher-n Balmer lines to take advantage of th
n2 Stark scaling, e.g.,H8→2.

FIG. 5. A plot of theHb HWHM including the ne
2/3 scaling

(Da5Dl1/2/ne
2/3) as a function of electron density. The curve a

ymptotes when the linear Stark effect dominates other broade
mechanisms. Plasma properties are:B56 T, Te52 eV, and b
5p/2.
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D. Finite plasma slab

HDLT tokamak edge plasmas strongly interact with h
drogen line radiation. Thus, in HDLT plasmas, the details
spectral line shapes will determine the spatial and freque
variation of opacity, which in turn influences the spat
variation in level populations and ultimately the transport
energy. Through full integration ofTOTALB into a coupled
nonlocal thermodynamic equilibrium~NLTE! atomic kinetics
and radiation transfer codeCRETIN @31#, the effects of mag-
netically broadened line shapes can be quantified.

We consider a one-dimensional plasma slab in thex-y
plane with a thickness ofL51 cm and plasma properties
B56x̂ T, Te51.0 eV, ne51015 cm23, andn151014 cm23

~ground state neutral hydrogen density!. Figure 6 demon-
strates theLya emissivity variation with angle relative to th
magnetic axis. Figure 7 shows the variation in optical de
of the plasma slab with~solid line! and without~dotted line!
magnetic field effects. Figure 8 plots the spectral radiat
intensity escaping the plasma slab with~solid line! and with-
out ~dotted line! magnetic field effects. The intensity inte
grated over energy increased by'10%—this difference in-
creases with optical depth. Magnetic field effects will n
directly affect the integrated intensity of optically thin line
since all the emitted photons in an optically thin line esca
and their distribution relative to line center is irrelevan
However, optically thick lines can affect the excited sta

ng

FIG. 6. Lya emissivity at the center of the plasma slab. T
solid curve (b5p/2) and the dashed curve (b50) are magneti-
cally broadened lines shapes; the dotted line is without magn
field effects included.

FIG. 7. Lya optical depth of the finite plasma slab with~solid
line! and without~dotted line! magnetic field effects.
3-8
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COMPLEX ATOMIC SPECTRAL LINE SHAPES IN THE . . . PHYSICAL REVIEW E 66, 066413 ~2002!
population distribution, leading to changes in emission fr
optically thick lines, as well as ionization, recombinatio
and energy loss rates@32#.

V. DISCUSSION

The effects of an external magnetic field have been ad
to the spectral line broadening modelTOTAL @4# and the goal
of producing an atomic line shape model that includes m
netic effects and can be included into larger transport co
has been reached; the resulting model isTOTALB. However,
while the atomic Hamiltonian modification is complete a
the conditions for the modification of the plasma avera
have been obtained, future work on incorporating magn
effects into the plasma average is needed for a more ro
model.

Since the region of validity of the quasistatic ion m
crofield is restricted by anisotropic ion dynamics, future
search is needed to determine the role ofP(Ei ,E'), the
conditional probability, in regimes where ion dynamics m
become important. Since the SLP approximation is out of
region of validity, research is needed to look at anisotro
electron collision dynamics. Also, development of a test
evaluate the detailed role of electron impact models is w
ranted, especially since this may lead to further reduction
computational cost.

While these areas of future research limit the general
plicability of TOTALB, there still exist numerous application
to tokamak edge plasmas, as well as other systems in pla
physics, condensed matter physics, and astrophysics. Fo
kamak applications, simulation of atomic spectral lines, s
as carbon and boron, is now possible and can potentially
to numerous new direct diagnostic techniques. More inter
ing for the design and optimization of next generation fus
experiments and burning plasmas is the possibility of qu
tifying radiation effects on edge plasma transport.
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APPENDIX A: ELECTRON COLLISION OPERATOR

The electron collision operator represents the effect of
electron field on the radiator and is usually calculated wit
the framework of a binary collision relaxation theory. Th
main difference from the standard impact approximation is
take into account the change of the electron collision ope
tor with respect to the increase of the frequency separa
from the line center@for example,G(Dv)ÞG(0)].

The electron collision operator (G), traditionally obtained
by invoking the impact theory, corrected for a frequency d
pendent impact parameter cutoff~the Lewis cutoff@33#! is
modified to give the following expression of the frequen
dependent collisional operator@34,35#:

G~Dv!5
1

3p
A2me

pT
neS h

me
D 2

d•dS Cn1
1

2Ey(Dv)

`

e2x
dx

x D ,

~A1!

whered is the electric dipole operator,me is the perturber
mass,Cn is a strong collision term that depends on the pr
cipal quantum numbern, andy(Dv) is given by

y~Dv!;S \n2

2 D 2vpe
2 1Dv2

EIT
, ~A2!

where vpe is the electron plasma frequency andEI is the
ionization energy of hydrogen. Note that in these appendi
cgs units are in use with the exception of temperature
energy units.

The final line shape has the following form:

f~Dv!}H G

Dv21G2
0<Dv<vWF ,

~Dv!25/2 Dv>vWF ,

~A3!

wherevWF is the Weisskopf frequency, and forDv>vWF
the electrons are supposed to be static and the correspon
line shape is well described by the Holtsmark theory@36#.

Here, it is important to point out that this frequency d
pendent collision operator is used in post processing a
consequently, no extra computational time is needed.
calculated transitions are dressed, not with a Lorentzian
usual, but with the appropriate frequency dependent fu
tion.

APPENDIX B: ELECTRIC-ION MICROFIELD

The method of generating the electric ion microfield f
use in the line shape formalism is discussed by Iglesiaset al.
@37#, and we include a description here for completene
The electric microfield distribution gives the probability de
sity of finding an electric field« at an ion of chargeZ0e
located at the origin due to an ionic mixture where ions
3-9
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ADAMS et al. PHYSICAL REVIEW E 66, 066413 ~2002!
speciess carry chargeZse. Here,e is the magnitude of the
elementary charge and theZ’s are positive and zero for a
neutral radiator. As usual, the electron screening is descr
by the Debye-Hu¨ckel formula@38#. This is justified only for
weak electron-electron and electron-ion coupling and non
generate electrons. The system is therefore described by
sical equilibrium statistical mechanics with a radiator plusN
ions at temperatureTi .

In the thermodynamic limit, whereN→` in such a way
that the ion number densityni is constant, the system i
isotropic and setting«5u«u yields the following distribution
of the electric field magnitude@39,40#:

P~«!54p«2^d~«2E!& ~B1a!

5
2«

p E
0

`

l sin~l«!T~l!dl, ~B1b!

with characteristic function given by

T~l!5^exp$ i l•E%&, ~B2!

where the bracketŝ . . . & denote an equilibrium ensemb
average over the ions.

The potential energy is given by a sum of pairwise ad
tive electron-screened ion-ion interactions,

V5(
j 51

N

u0s j
~r s j

!1 (
1< i , j <N

us is j
~ urs j

2rs i
u!, ~B3!

where the first term describes the interaction of the radia
with the N perturbing ions and the second, the interact
among theN perturbers. The assumed interaction has
form,

ui j 5ZiZje
2

e2ker

r
, ~B4!

whereke
254pnee

2/Te is the inverse Debye length, withne

and Te as the electron number density and temperature,
spectively. The total electric field is given by the sum
electron-screened single-ion contributions,

E5(
j 51

N

«s j
~r ! ~B5a!

52
1

Z0e (
j 51

N

“s j
u0s j

~r s j
! ~B5b!

5(
j 51

N

Zs j
e r̂s j

f ~r s j
!, ~B5c!

where r̂ is the unit vector in the direction ofr and

f ~r !5
~11ker !

r 2
e2ker . ~B6!
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An important quantity is the second moment of the distrib
tion @41#

^E•E&5
4pniTi

Z0
ke

2(
s

ZscsE
0

`

re2kergs~r !dr, ~B7!

where gs(r ) and cs denote the radial distribution~RDF!
around the radiator and relative abundance of speciess, re-
spectively.

The APEX approximation@41,42# can be derived from a
renormalized cluster expansion, which maximizes
independent-particle contribution relative to the Barang
Mozer series@43#. TheAPEX method has been described pr
viously and only the main results are quoted. The initial s
is to introduce effective single particles with adjustable p
rameters$as%,

«s* ~r !5Zser̂
11asr

r 2
e2asr ~B8a!

5Zser̂Fs~r !, ~B8b!

an equation which definesFs(r ). Then the characteristic
function for the effective independent particles becomes

TAPEX~l!5expH 4pni(
s

csE
0

`

r 2gs~r !
f ~r !

Fs~r !

3~ j 0@lZseFs~r !#21!drJ ~B9!

making theAPEX result the first term in a renormalized clu
ter expansion@43#. The adjustable parameters$as% are cho-
sen to satisfy the second moment rule@41#,

E
0

`

r 2gs~r ! f ~r !Fs~r !dr5
Ti

Z0Zse2
ke

2E
0

`

re2kergs~r !dr.

~B10!

Hence, the RDF’s provide a scheme for evaluating the
crofield distribution.

Spectral line broadening calculations require large fi
values of the microfield distribution. While large fields a
not encountered in HDLT plasma hydrogenic spectral l
shapes, for a complete description of the microfield,
briefly comment on our treatment. The large field limit
given by the nearest neighbor~NN! result; that is, for large
fields the distribution is dominated by a single particle a
short distance from the radiator@44#. Therefore,

P~«!u«→`→PNN~«!54p«2ni(
s

cs

3E gs,NN~r !d@«2«s~r !#dr , ~B11!

wherePNN(«) and gs,NN(r ) are the microfield distribution
and RDF for the nearest neighbor to the radiator, resp
tively. Unfortunately, the evaluation ofgs,NN(r ) is difficult
3-10
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COMPLEX ATOMIC SPECTRAL LINE SHAPES IN THE . . . PHYSICAL REVIEW E 66, 066413 ~2002!
@45#, except within the framework of simplifying approxima
tions. For example, the case of independent ions yie
@46,47#

gs,NN~r !.expH 2
u0s~r !

Ti
J expH 4pni(

s8
cs8

3E
0

r s
y2expF2

u0s8~y!

Ti
GdyJ . ~B12!

The first exponential factor gives the probability of findin
an ion of speciess at a distancer; the second exponentia
factor is the probability that no other ion is within the radi
r. To account for perturber correlations, it is common pr
tice to replace exp$2u(r)/Ti% by g(r ). Thus,

PNN~«!.4pni(
s

csr s
2gs~r s!expH 4pni(

s8
cs8

3E
0

r s
y2gs8~r !dyJ Ud«s~r !

dr U
r 5r s

21

, ~B13!

where«5Zs f (r s) defines the nearest neighbor radii$r s%.
Finally, we note that the microfield distribution involve

the sine transform in Eq.~B1b!. Unfortunately, this integra
becomes numerically unstable for large fields. The prob
is partially alleviated by using the asymptotic nearest nei
bor microfield distribution result, Eq.~B13!. However, under
certain conditions, the numerical difficulties begin before
asymptotic limit is reached.

To evaluate the sine transform, the new version of
APEX program used a method developed to compute the
tegrals of oscillatory functions. The integral in Eq.~B1b! is
evaluated over half cycles of the sine function. The Levint
transform@48,49# then provides a computationally efficien
method for evaluating the resulting alternating series.

As indicated above, the RDF’s are a central ingredien
the APEX formulation of the microfield. For Coulomb an
screened Coulomb systems, the hypernetted chain~HNC! in-
F

r,
nt

e,

sc

nt
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tegral equation approach provides reasonably accurate re
@50#. While HNC calculations are not needed for HDLT pla
mas, for a complete description of the microfield, we brie
comment on our treatment. The HNC approximation cons
of dropping the so-called bridge diagrams in the RDF e
pression, that is,

gi j ~r !5expH 2
ui j ~r !

Ti
1hi j ~r !2ci j ~r !1Bi j ~r !J ,

~B14!

where the HNC approximation assumesB(r )50. Here,h(r )
is the total correlation function,

hi j 5gi j ~r !21 ~B15!

and c(r ) the direct correlation function defined by th
Ornstein-Zernike equation,

hs is j
~r i j !5cs is j

~r i j !

1ni(
sk

csk
E

0

`

cs isk
~r ik!hsks j

~r k j!drk .

~B16!

The method of solution is to setB(r )50 and iterate be-
tween Eqs.~B14!, ~B15!, and ~B16!. The initialization is
achieved by first estimatingc(r ) using the analytic fits of
Pingolet-Held@51#. This provides an improved starting poin
it reduces the number of iterations, compared to other sim
choices such as the Debye-Hu¨ckle result. More importantly,
it provides robust solutions for the cases of interest he
spectroscopically observable bound-bound transitions.

After initialization, the iteration proceeds toward conve
gence, which is assumed when the root mean square o
deviations of two successive iterations ofc(r ) is small.
However, the convergence can be extremely slow. The ac
eration technique due to Ng@52# has proven very successfu
It is found empirically that the Ng acceleration is most robu
when employed only after every tenth iteration. This det
of course, depends on the nature of the potential.
.
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