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On-off intermittency and intermingledlike basins in a granular medium
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Molecular dynamic simulations of a medium consisting of disks in a periodically tilted box yield two
dynamic modes differing considerably in the total potential and kinetic energies of the disks. Depending on
parameters, these modes display the following featuigbhysteresigcoexistence of the two modes in phase
space; (i) intermingledlike basins of attractiouncertainty exponent indistinguishable from 2e(i) two-
state on-off intermittency; an@v) bimodal velocity distributions. Bifurcations are defined by a cross-shaped
phase diagram.
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I. INTRODUCTION In the present work we investigate a system such as that
presented in Ref.14], but with a much larger number of
Granular media are of great technological and scientifigarticles, so that we can consider it as a granular medium.
interest, most of their peculiar collective behavior not occur-Furthermore, we will loosen our restriction of a fixed value
ring in liquids or solids(For reviews, see Ref§1—4].) of b and will thus look at the influence of the size of the box
A number of researchers have found hysteresis, and thi& @ fixed number of particles.
coexisting attractors in granular media—13. In a recent
work, where we considered four or less disks in a two-
dimensional periodically tilting box, we reported on hyster-
esis involving the coexistence of an ordered and a disordered We consider a two-dimensional square box oscillating
state[14]. We showed in that work that there exist param-around a pivoP, as illustrated in Fig. (B). This oscillation is
eters for which the system hops aperiodically between thesgescribed byp = A cos(2rt/7), where is the angle between
two states(on-off intermittency; for other parameters, we the vertical line passing through (shown as a continuous
found that any neighborhood of an initial condition leadingline) and the straight line connectirgywith the tip T (shown
to one state contains initial conditions leading to the othedasheyl »=105 disks are placed inside this box, and simu-
state. We demonstrated that this latter phenomenon occurégtions are performed using molecular dynan{i2g]. Each
in our case due to the fact that initial inaccuradiesisting  gisk is described by its position , its velocity v; and the

both in simulations and in experimeht&re amplified during agnitude of its angular velocityv;|. For the disk-disk and

highly disordered transients, so as to become as large as tFL]e . . ;
L i . the disk-edge interactions we use the same parameters and
whole system within a time smaller than the transiesge

also Ref[15]); the basins of attraction thus behave as if theyforce laws as in Ref.14], where we had motivated the mod-

were intermingled16—19 because of the unavoidable limi- els’s assumptions in accordance with optimizations and ex-
i ; 9 periments given in Ref$21,27. We setR=5x10 % m, the
tations in accuracy.

; -3 _
Our previous work with the tilting boX14] had two densityp to 2.5¢10° kgm™* and =0.25 s. If the overlap

strong restrictions(i) We considered onlw=1, 2, 3, or 4 {=2R~=[ri=rj|>0, then the disks repel each other with a

disks, so that we excluded the collective behavior emergingiormal force equal to FE,')=[Y§3’2— yn\/Z(vi—vj)n]n

in granular media; andi) we hold the lengtb of the edge  (Hertz theory with viscoelastic dissipatiof23]). n=(r,

of the_ square box tb=2R(v+_1), whereR is the radius of _r*j)/m_ Fj|, Y=10° kgm Y2572, 5, =30 kgm Y251,

the disks. The reason for this latter restriction was that al'h h f L bE() = _ 7 . INI=0)

smaller box considerably restricts the movement of the disks, ¢ Sh€ar force I1s given Fs'= avS'En'Q(XS|US|”’E| n L)

while a larger box diminishes the number of collisions anawhere vs=vs/|vg|. vs=vi—v;~[(vi—vj)n]n+Rnx (o,

thus reduces the disordering that is necessary for intermint ;) is perpendicular to. The first argument of the shear

gling. force describes the viscous flow and the second one the Cou-
lomb sliding friction. ys=20 kg s *; v<=0.45. The interac-
tion with an edge was computed as an interaction with a

Il. METHODS

*Electronic address: schmick@mpi-dortmund.mpg.de symmetrically placed disk. The integration time step was set
"Electronic address: egoles@dim.uchile.cl to 10 ° s using a Gear predictor-corrector algorith2g].
*Electronic address: markus@mpi-dortmund.mpg.de For the characterization of the basins of attraction, we
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FIG. 1. (a) Scheme of the mechanical device. TheTipf a square box oscillates around the piPptp= A cos(2rt/7). (b) “Ping-pong”

mode. (¢) “Quasiconfined” mode.(b),(c) A=26.5°, b=80R. From left to right: »=0,A,0,—A,0; the last pictures show the probability
density for the position of the particles.

checked the scaling laW( €)= e®, wherea is the so-called concentration of particles increases the energy loss due to
uncertainty exponensee, e.g., Ref$14,15,17,19. f(¢) is  collisions, which in turn favors their concentration. In the
the probability that two initial points in phase space lead toQC mode, a cluste(sliding along the edges arour®) is
different attractorse quantifies the distance between thesepresent at all times, while a fraction of the particles accom-
points. An indication for intermingling of basins is thatis ~ panies it in a gaslike stafsee Fig. {c)]. Contrarily, for the
close to zero. PP mode a gaslike state occurs for all particles wheh
The initial conditions here were set by placing the diskschanges fromA to zero[right after the second and fourth
inside the box in a hexagonal grid within an equilateral tri- pictures in Fig. 1b)] and alternates with clustering. Cluster-
angle. Each side of this triangle consisted of 14 disks. For aling is strongest fos=0 [vertical PT; first, third, and fifth
initializations, one side of the triangle was parallel to thepictures in Fig. 1b)] because then cooling is most strongly
lower right edge of the box. The box starts its tilting motion supported by inelastic collisions with the edgédd/dt| is
at ¢=A. In order to quantify the initial conditions, we used maximum.
the Cartesian coordinate syst€hwith origin atP andx axis Figure 2 illustrates the time dependence of the granular
corresponding to the lower right edge of the box. For thetemperatureTgran, which is defined as the kinetic energy
evaluation off (¢) we consideredin C) N initial positions)zk (averaged over all disksconsidering the disk velocities rela-
and §k+ Er(k=1,2, ... N) of the disk at the lowest corner tive to_th_e center of mas?égran for the two attractors_are low
of the triangle. Note that the initial conditions are contained@nd similar[~1-2X10"" J] when most of the disks are
in the phase subspace in which all disks are within the equiconfined in a comer of the box. In the QC mottashed
lateral triangle and all velocities, relative to the box, are zero€Urve in Fig. 2 there is slight increase oFya, for ¢=0,
We placed thezk equidistantly on the considered region of since then gravity minimizes the lever arm of the box edges;

) N this minimizes the energy loses by collisions with the edges
the plane. For each, and a givene, e, was chosen ran- 4nq causes @slight) increase of the number of disks that go

domly, such thate,| was uniformly distributed within ]@&]. into the hotter, gaslike state. In the PP maddentinuous
curve in Fig. 2 there is a much largetnearly threefold
Ill. RESULTS increase ofT,4,; this occurs when all disks are detached

from the edges of the box and go into a gaslike state

In the parameter domain investigated her&<(45°, preceding paragraph

50R<=b=<130R), we found two dynamic modes. In one of
them, which we call “pingpong{PP mode, the particles are T ' T T
launched back and forth between the right and the left corner 30°
of the box, as illustrated in Fig.(h). In the other one, which
we call “quasiconfined’(QC) mode, the particles stay in the A
neighborhood of the piva®, as illustrated in Fig. ().

For both modes we obtain clustering due to inelastic col-

lapse, as in other granular medisee, e.g., Ref[24]): a 25°

= 10 ¢

o

o 75

‘:\' 5 200 1 1 1 1

s.g” 25 60R 80R 100k 3 120R

14.8 14.9 - 15 15.1 15.2 t[s] FIG. 3. Regions in parameter spac4, (osgillation amplitude;.
b, length of the edge of the bgxXThe arrow indicates the change in

FIG. 2. Granular temperaturgy,,, vs timet for the “ping- conditions corresponding to Fig. 5. QC: the “quasiconfined” mode

pong” mode(continuous curveand for the “quasiconfined” mode is the only attractor. PP: the “ping-pong” mode is the only attractor.
(dashed curve Upper horizontal scale: anglg. [Parameters as in  B: the two attractors coexist. S: there is intermittent switching be-
Figs. 4b) and 1c).] tween the two modes.
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FIG. 4. (a) Basins of attraction for the “quasiconfined” mode
(black) and for the “ping-pong” mode(white). R: radius of the
disks;A=24° b=60R. (b) Enlargement showing the intermingling
of the basins(c) Probability f (evaluated withN=1000) that two
initial conditions in(b) lead to different attractors vs the maximum

distancee between these points.
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to the PP modgwhite region at the upper right of Fig(a].
As illustrated in Fig. 4a) and in the enlargement in Fig(l),
we found a region between the black and the white domains
in which we could not detect white or black open sets. In
other words, in any neighborhood of an initial configuration
leading to the PP mode there exists an initial configuration
leading to the QC mode, and vice versa. This is a behavior
also found for intermingled basif46—-18. A quantification
is given in Fig. 4c); here, we show that the probabilifyis
independent of, i.e., the uncertainty exponeant is indis-
tinguishable from zero. This means that any increase in the
accuracy of the initial conditions is of no help for improving
predictability of the attracting mode. Closer inspection re-
vealed that this behavior is caused here by the same reasons
as in Refs[14,15 (see Sec.)l In fact, disk-disk collisions
amplify initial inaccuracies to sizes as large as the whole
system within times much shorter than the transients taking
place before the PP or QC modes are reached.

Choosing the situation in Fig. 1 to compare the coexisting
attractors from the energetic point of view, we found that
there the total energie&@veraged over timeof the two

The appearance of the PP and of the QC mode, dependingodes differ by a factor of 4.0. In particular, the total poten-
on A and b, is shown in Fig. 3. In the regioB there is
birhythmicity, i.e., both modes coexist as attractors. In theenergies by a factor of 5.3. We set the potential to zero at the
region S both modes are repellers and there are no othefinimum obtained by starting from 1000 random distribu-
modes; in this region the system switches in an aperiodigions of the disks in the box and settirifpr A=26.5° and

way between the PP and the QC mode, i.e., the so-calleg=80R) the period equal ta=2 s, which is long enough to
two-state on-off intermittency takes plagE7].

Basins of attraction in phase space, occurring in re@on
of Fig. 3, are illustrated in Fig. 4. Figure$al and 4b) show

the fates of the system after setting the initial conditiﬁp'm
the displayed regions of the plaifine coordinate system is
C, as defined in Sec.)ll Figure 4a) shows that placing the
initial triangle close tdP leads to the QC modélack region
at the lower left of Fig. 4a)], while placing it farther up leads

(@) (b)

©

tial energies differ by a factor of 2.4 and the total kinetic

prevent the gaslike behavior.

Figure 5 illustrates the changes of the system’s behavior
as regionSis crossed by holding constant and increasinfy
along the arrow shown in Fig. 3. The upper pictures show
typical time series for the center of mass, the pictures in the
middle are stroboscopic plots of phase variables of the center
of mass, and the lower pictures are the corresponding veloc-
ity distributions. In Fig. 5a) (lowestA) only the QC mode is

(d)
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M W‘WM iz [0 ‘meﬁ FIG. 5. Modes for increasing
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an attractor. In Figs.(®) and 5c) the system hops aperiodi- springs[19], optical systemg30], one-dimensional maps
cally between the QC and the PP mode; it spends most of tH81] and dynamo models of stellar activifg2], discharge
time in the QC mode in the case of Fighh and most of the plasmas[33], and electrical circuit§34]. It is remarkable
time in the PP mode in the case of Figch (Note the cor-  that intermittency occurs in the present system for an interval
responding changes in the bimodal velocity distributipits.  of the oscillation amplitudd that is 20 times larger than for
Fig. 5(d) (largestA), only the PP mode is an attractor. the system investigated previously with four disks or less
[14].

As a final note, we remark that the diagram in Fig. 3 can
be associated with the cross-shaped phase diagrams that are

Some of the features of our system have been reported fQ[seq for the design of chemical oscillat¢85,36. In those
other granular media. These features are: hyster@&ie cases, only two phase variables are involved, so that chaos is
Refs.[5-13]), bimodal velocity distributiongas in Ref[25])  not possible. Instead, there exist two steady states displaying
and simultaneous existence of clustered and gaslike paftm'@ﬁ/steresis. However, in these chemical systems phase dia-
(see Refs[6,26]). Note that simultaneous appearance of low-grams show two crossing curves similar to Fig. 3; coexist-
speed and high-speed particles does not always imply a bence of the steady states occurs on one side of the crossing
modal velocity distribution, but may be observable as a depgint and oscillations on the other side. We leave it open to
formation of the tails of a one-peaked Maxwell-distribution relate(within a generalized theoretical framewditkis low-

(see, e.g., Ref[27]). Note also that the existence of two gimensional phenomenon to our cross-shaped diagram in a
granular temperatures may be associated with differentlyigh-dimensional system.

sized patrticles, the temperature of the larger particles being
higher than that of the smaller ong23].

In addition, we found features which have—to our
knowledge—not been reported so far in conjunction with
granular media. These are intermingledlike basins and two- This work was financially supported by the Deutsche
state on-off intermittency. On-off intermittency has been re-Forschungsgemeinschdférant No. Ma 629/6-1L M.S. and
ported in a number of contexts involving nongranular sys-M.M. thank the Center for Mathematical Modeling
tems; examples are: single particles in particular potential§Santiago, Chilgfor their hospitality and additional financial
[17,18, coupled map$29], a mechanical system involving support.

IV. DISCUSSION
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