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Critical temperature estimates for higher-spin Ising and Potts models
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We present estimates of the critical temperature of both higher-spin Ising and Potts models on the square and
simple cubic lattices based on a Husimi tree, dynamical systems approach. For the square lattice, exact results
are available for the Potts model but we can refine and improve some previous estimates based on series
expansions for the higher-spin Ising model. For the simple cubic lattice, based on the systematics of this
approach, we are able to present accurate estimates for the critical temperature of spin systems with spin
values, where estimates by other methods are unavailable or much less accurate. The same is true for the Potts
model. All our estimates can be obtained using a personal computer.
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[. INTRODUCTION mation beyond the standard Bethe lattice approximation, as
the value of the spin variable is increased when one has

Exact results regarding the phase diagram of lattice spigither an Ising spin system or a Potts spin system. In the
systems are very rare. For this reason and others there higllowing, we will be able to establish a method that will
been an immense effort over the last several decades devéllow one to rather easily make accurate estimates of the
oping and implementing approximation methods for deter_Critical temperature f0r highel’-spin Va|UES based on the SyS-
mining the properties of the phase diagram of these systemt&matics we find regarding our approximation method, and
One of the approaches where much of this effort has gone &€ present critical temperature values beyond what is cur-
in the production of |engthy high_temperature and low- rently a.Va||ab|e. We W|” f|nd apprOXImatlonS fOI‘ the Cr|t|Ca|
temperature series expansions, from which estimates of tHéMmperature for both square lattice systems and simple cubic
critical temperature and critical exponents can be maddattice systems.

Since the early papers in the 1960s such as the paper Of In the fO”OWing section we outline the method, referring
Domb and Sykeil] there has been a continual stream oftO Ref. [4] for any details. Section Il S.hOWS the SyStematiCS
papers, which continues today, see the very recent paper éhqat result from our approach along with the observed results
Butera and Com[2] which contains in its Introduction an @long with some refinements of previous results and for
excellent review of some of the work in this area. There havdlgher-spin Ising systems. Section IV contains similar results
also been a number of closed form approximation methodg-,or Potts model SyStemS. We finish with some brief conclud-
see the review by Burlef3]. One of the best known of the Ing remarks.

closed form methods is the Bethe approximation method,

which approximates the lattice system for which an exact Il. BASIC METHOD AND SYSTEMATICS

result is not obtainable with a Cayley tree where the behavior
of the interior sites can be rather easily found.

Recently this author has generalized this apprddcH.
The generalization can be thought of as having two majo
aspects. The first centers on replacing the pair of sites and t
interaction between them, which is the basic building block
of the Cayley tree, with a more extensive basic building
block consisting of a larger collection of sites and interac- H= —JE Sisj_hE s, )
tions. One example of this is that when approximating a (5 i
square lattice one can use a square consisting of four sites as ) ) ) )

a basic building block in constructing a tree made up of thes#/here the first sum is over all nearest-neighbor pairs; the
squares. A tree of this type is known as Husimi tree. StillSecond is over all sites; argirepresents the spin variable on
connections between one basic building block and anothdhe ith site and can take on the valugss—2, s—4,...,
occur at a single site. The second major aspect of the gener=S*+2, —s. Actually by the Lee-Yang circle theorem, one
alization is that with still larger basic building blocks than kKnows that, for these systems with ferromagnetic interac-
the four-site square, when one is approximating square laions, there is a phase transition only whier0. For the
tice systems, one may wish to make a connection betwedRotts model systerf6] the Hamiltonian is

two building blocks, which involves more than one site. Ba-

§ic bujlding blog:ks with as many as BQ sites and connections H= —JZ 5(s1.5)) — hE 8(s 1), )
involving five sites where considered in RE4). i) ' i ’

Our emphasis in this paper is not to look at Husimi tree
systems made up of larger and larger basic building blocksayheres=1,2,3 ... ,g; the first sum is over nearest-neighbor
but rather to look at the systematics of the simplest approxipairs; the second sum is over all sites; af(k,y) is the

As stated above, we wish to approximate the higher-spin
Ising model and Potts model systems on the square and
§imple cubic latticegother lattice systems could be approxi-

ated by this approach as welllThe Hamiltonian for the
sing system is
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TABLE I. Critical temperature approximations for Ising spin systems on the simple cubic lattice using the
Husimi tree approackoptions 3 and Y and high-temperature series expansi@i¥SE) approximation of
Ref.[2]. The percentage difference is that between one of the Husimi tree estimates and the HTSE estimates.

s T, (option No. 3 % difference T, (option No. 7 % difference T, HTSE[2]
1 2.79950 —37.946 4.83951 7.270 4.5113)
2 8.21694 —35.730 13.54628 5.955 12.7848p
3 15.86401 —35.018 25.76584 5.542 24.41293)
4 25.71291 —34.697 41.48412 5.357 39.3718y
5 37.75696 —34.525 60.69860 5.258 57.6689
6 51.99388 —34.421 83.40678 5.199 79.285Y

usual Kronecker delta equal to 1ty otherwise zero. To computer using standard software programs suckisasi-
approximate the two lattice systems, we will use the simplesemMATICA. For the Potts case, because of the nature of the
application of the method presented in R¢f§.and[5]. For  Kronecker delta function, one has a one-dimensional dy-
the square lattice we take as our basic building block aramical system regardless of the valuegof
square consisting of four sites, and for the simple cubic lat- In the Ising model case, what one finds for the behavior of
tice we take as our basic building block a cube consisting ofhe dynamical system is that for large temperatures there is a
eight sites. We then consider building an Husimi tree withsingle, attracting, physically relevant, fixed point correspond-
either of these basic building blocks by making connectionsng to zero magnetization; and as the temperature is lowered
at the corners of the square or cube. The construction of that some point, this fixed point bifurcates into two new at-
tree will be done in a step-by-step manner, emphasizing th#acting fixed points—one corresponding to positive and one
recursive method that is used to mathematically analyze theorresponding to negative magnetizations. The temperature
behavior of our final infinite tree, i.e., the systems are anaat which this bifurcation occurs is naturally the critical tem-
lyzed using a dynamical systems approach where a discrefeerature.
dynamical system of dimensiamis produced for each sys- For the Potts model case the behavior is different. Again
tem being approximated. We consider a single basic buildingt higher temperatures there is a single real valued attracting
block as the zeroth generation of our tree. We then attach dixed point corresponding to a disordered state. Then as the
the corners of either the square or the cube additional basiemperature is lowered, two new real valued fixed points are
building blocks resulting in a first generation tree. Typically created at some temperature—one attracting and one repel-
we would make attachments at either three of the corners ding. The system goes to the most stable fixed point. Specifi-
the square or seven of the corners of the cube leaving ongally, as the temperature is lowered, the stability of the fixed
site, which we denote as the root site, ready to be attached fwint corresponding to the disordered state decreases and the
the corner of a new basic building block when constructingstability of the fixed point corresponding to the ordered state
the second generation branch. But one need not make comcreases. The critical temperature is the temperature at
nections at all these corners. In the case of the square lattisehich the stabilities of the two fixed points are eqlial.
approximation, one could make connections at either one, We look at two cases for each system. For the square
two, or three corners. Making connections at only one cornelattice, we make connections at three corner sites as the tree
generates a quasi-one-dimensional system with critical temis built (we denote this as option 3 because of the connection
perature of zero, but for connections at either two or threet three sites or at two corner sitegdenoted as option)2
corners one gets a nonzero critical temperature. As we wiland in this case the two sites are diametrically opposite to
see, the square lattice connecting at only two sites results i@ach other. For the simple cubic lattice approximation we
a critical temperature smaller than the true critical temperamake connections at seven corner sitgstion 7) or at three
ture while connecting at three sites results in too large aorner sitegoption 3. Here in the latter case we make con-
value. nections at two diametrically opposite sites on one face of
The discrete maps that determine the behavior of the syshe cube and then on the opposite face on one of the sites not
tem can be constructed following the procedure given in Refa nearest neighbor to the original two sites. The root site is
[4]. For the Ising case, with either the square lattice or simplghen the diametrically opposite site on this face. Hence, by
cubic lattice approximation, the dimension of the dynamicalthe time the tree is completed there are four symmetrically
system is governed by the allowed values the spin variablplaced connections on each cube.
can take. For a spin variable having a possibilitypofalues,
the dimension _of the dynamical systemp's_ 1. H_ence f(_)r Il ISING MODEL RESULTS
the standard Ising model one has a one-dimensional discrete
dynamical system as seen in the level-1 approximation in We begin by presenting our results for the simple cubic
Ref.[4]. The construction of the exact rational functions in- lattice. These are given in Table I. Along with the critical
volved in the maps becomes more difficult as the allowedemperature approximations based on options 3 and 7 using
values ofs increase, but even f@=8, the largest value we the Husimi tree approach, there is listed the very recent es-
look at, it can be done in less thd h on atypical personal timate of Butera and Conii2] of T, based on using high-
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TABLE II. Critical temperature approximations for Ising spin systems on the simple cubic lattice using
the Husimi tree approadioptions 3 and Yalong with a projected percentage difference and our best estimate
of the critical temperature. The values of the percentage differences are set based on the systematic increases
and decreases shown in Table | where HTSE estimates are available.

s T, (option No. 3 % difference T, (option No. 7 % difference Predicted .
7 68.42269 —34.353 109.6097 5.161 104.229
8 87.04294 —34.306 139.3068 5.135 132.5@D

temperature series expansiofh$TSE). These are the most distinctly different behavior than for the simple cubic lattice
accurate estimates we are aware of. In addition, we havease. For spin values sf=1,2,3, and 4 there is a systematic
calculated the percentage difference between each of our egercentage difference between the Husimi tree results and
timates using the Husimi tree approach and the HTSE apthe estimates based on the low-temperature expansions.
proach. What one sees is a very systematic progressiadowever, when going t&=5 and 6 there is a break with
where the percentage difference decreases as the spin valiis systematics. For this reason we believe the estimates
increases. Based on the very systematic changes in the pdyased on the low-temperature expansions for the cases
centage differences seen in Table | one can then make a5 ands=6 are too low. Our own estimates, continuing the
rather accurate estimate of the percentage differences feystematics one sees for the lower value spins, givesfor
even higher values of spin than have been looked at by=5 a critical temperature value of 31.4Zé)land fors=6 a
Butera and Comi or others. For example, from Table | thevalue of 43.318). These values were based on estimated
percentage difference fer=5 and option 7 is 5.258 and this percentage differences given in Table IV which are in line
drops to 5.199 fois=6, a difference of 0.059. Now when with what one has for the lower-spin cases. Both of our
going tos=7 we expect a percentage difference less thamritical temperature estimates in Table IV are within the error
5.199 but greater than 5.140 which is 5.399.059. Further- bars of Ref.[8]. Unfortunately we have no rigorous proof
more the systematics shown in Table | tells us that the perthat the percentage difference between the true critical tem-
centage difference should be closer to the lower figure 5.14@erature and our estimates either for the simple cubic lattice
than the higher 5.199. Hence we have estimated a percentage for the square lattice should monotonically increase or
difference of 5.16 for the case a&f=7. Similar consider- decrease depending on the lattice and the option being used;
ations were made fos=7 and option 3 as well as fos  however we believe this makes greater intuitive sense than
=8. Hence based on these estimated percentage differencéise reversals seen in Table Ill. Furthermore, the results of the
we estimate the critical temperature for both options and thefollowing section involving the Potts model on the square
as our final critical temperature approximation average théattice, where an exact value of the critical temperature is
two values, one for each option. The error indicated in Tablé&known, show a very systematic change in the percentage
Il for these estimates is given as 1/2 the difference betweedifference between the exact values and the Husimi tree es-
the estimate based on option 3 and option 7 and shows dimates; therefore supporting our view that the same should
accuracy similar to the accuracy of tig values of Butera occur with the Ising systems.
and Comi[2] for their somewhat lower-spin values.

In the case of the square lattice system, recently Jensen IV. POTTS MODEL RESULTS
et al.[8] have presented an extensive study of these systems
for s>1 Ising spins using low-temperature series expan- Here we begin with the square lattice case. An exact value
sions. They have presented results for cases up=t6. for the critical temperatur@, is given by[6]
Their results along with our own for both option 2 and option
3, as described above, are given in Table Ill. Here we see a exd /T ]=1+q. (3

TABLE llI. Critical temperature approximations for Ising spin systems on the square lattice using the
Husimi tree approactoptions 2 and Band low-temperature series expansidigSE) approximation of Ref.
[8]. The percentage difference is that between one of the Husimi tree estimates and the LTSE estimates
except for the case, whese=1, where we have used the exact value.

s T, (option No. 2 % difference T, (option No. 3 % difference T, LTSE[8]
1 2.14332 —5.547 2.77078 22.105 2.2698. .
2 6.36694 —6.012 7.98894 17.931 6.7442
3 12.34026 —6.158 15.33908 16.647 13.1514
4 20.03668 —6.239 24.80104 16.055 21.3706
5 29.44974 —5.458 36.37012 16.758 31.1522
6 40.57723 —5.414 50.04472 16.654 42,9127
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TABLE V. Critical temperature approximations for Ising spin systems on the square lattice using esti-
mated percentage differences based on the systematics shown in Table Il for the casds2¢8, and 4.

S T, (option No. 2 % difference T (option No. 3 % difference Predicted .
5 29.44974 —6.287 36.37012 15.730 31.426
6 40.57723 —6.319 50.04472 15.530 43.32%

Our approximation off; using options 2 and 3 are given in 7.270%, while for the square lattice the percentage difference
Table V along with the exact results and the percentage difbetween our estimate and the exact value is 22.105%. Hence
ferences. One sees very clearly the extremely systematibe percentage error in going from the two-dimensional to
change in the percentage differencesgancreases. In par- the three-dimensional lattice is reduced by approximately a
ticular, using option 3, which is the standard option giving afactor of 3. In theq=3 case, we use the value ©f for the
coordination number of 4 for all sites except those on thesimple cubic lattice system of 1.816 found by Wilson and
boundary, the percentage difference between our approxima/use [10] using a multilattice microcanonical simulation
tion and the exact value decreases significantlyqais- method and also found by Gavai, Karsch, and Petelsbh
creases, going from=22.1% to only 2.4% whem is in-  using aMETROPOLIS Monte Carlo simulation method. We
creased fromq=2 to q=9. With option 2 the opposite then have a percentage difference of 2.48% with these re-
occurs; the approximation gets poorercpsicreases. sults, which is less than 1/4 the percentage error we have for
When approximating the simple cubic lattice system, wethe square lattice system. Hence, based on this and the fact
saw in the case of the Ising model that the approximation fothat for the square lattice system where the exact values are
this system was more accurate than that of the square lattideown, we know forg=6 that our estimate is withir-4%
approximation. This should be true in the Potts model case ase expect for these cases whee 6 that our error is less
well. This, along with the increase in accuracygaacreases, than 1%. Our results differ from the results of REd] by
means that fog values of 8 and 9 we may expect our option less than 1% for both thg=6 andq=7 cases, the two
7 results to have less than a 1% error. highestq values which they consider. They obtain 1.347 and
No results exist for the Potts model on the simple cubicl.274 as their estimates fai, for theq=6 andq=7 cases,
lattice having near the accuracy as for the correspondingespectively. Furthermore, as they remark, their estimates are
Ising model systems. In fact, as with the Ising model, in-typically too low and ours are too high; so between the two,
creasing the value of the spin greatly increases the amount @he has a rather good bound on the actual critical tempera-
work necessary to obtain accurate estimates. This is true tre values. Finally if the improvement in our error matches
some extent with our method as well, but again all our reeven somewhat the improvement in going from te2 to
sults were obtained on a personal computer withgke®  the g=3 case for the largeq values, our error in thg=6
case, the highest we found, taking several hours to determinange may be considerably less than 1%.
T.. The majority of the results for the simple cubic lattice
have been obtained for tteg=3 case. The largest values

V. CONCLUSION
that we are aware of, apart from our results, are those of

Chen, Lee, and Kaf®] which go up toq=7. Estimates of the critical temperature of lattice spin sys-
Our results forT . of theg-state Potts model on the simple tems have been of interest for several decades. Vast amounts
cubic lattice forq=2,3, ... ,9 aregiven in Table VI. For the of time and energy have gone into their calculation. One of

g=2 case the Potts model and Ising model are identical anthe methods resulting in some of the most accurate estimates
we have for the simple cubic lattice a percentage differencéas been the series expansion method. Here computation of
between our estimate af. and the very accurate estimate an additional term in the series may take more time than the

based on the high-temperature series expan$@®nof  computation of the entire preceding series. The most recent

TABLE V. Critical temperature approximations for Potts spin systems on the square lattice using the
Husimi tree approackoptions 2 and Band exacfT; values from Eq(3).

q T, (option No. 2 % difference T, (option No. 3 % difference Exact;

2 1.07166 —5.543 1.38539 22.105 1.134592. .
3 0.87829 -11.718 1.10652 11.222 0.994872. .
4 0.78447 —13.817 0.97657 7.287 0.910289. .
5 0.72544 —14.807 0.89666 5.300 0.851528. .
6 0.68357 —15.358 0.84083 4.126 0.8076®6. .
7 0.65172 —15.696 0.79883 3.333 0.7730%B8. .
8 0.62633 —15.918 0.76564 2.784 0.744904. .
9 0.60543 —16.069 0.73851 2.379 0.721FH7. .
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TABLE VI. Critical temperature approximations for Potts spin It should be pointed out that what has been done here uses
systems on the simple cubic lattice using the Husimi tree approachnly a part of the power of the dynamical systems, Husimi
and option 7. tree approach. As was done for the standard Ising model in
Ref. [4] and for the Blume-Capel model in Rgf5], one
could generate a series of increasingly accurate approxima-

T, forq=2 T, forg=3 T. forg=4 T. forg=5

2.419753 1.861418 1.612691 1.463613 tions for the critical temperature for a given valuebr s,
which could then be extrapolated for a final estimate of the
T.for q=6 T, forq=7 T, for q=8 T, for q=9 critical temperature. In the case of the standard Ising spin

variable on the square lattice, we obtained a series of five
estimates that led to an extrapolated value within 0.003% of
the exact Onsager value. Here we run into the same problem
as with the series expansions, in that each new term in the
extension for higher-spin Ising models on the simple cubicyeneral series of approximations takes significantly more

lattice[2] emphasizes this point by noting that in one specifictime and effort to calculate, as well as increasing the values
case it took only minutes to get the first 21 terms but to gellowed to be taken by the spin value results in a larger

the next four terms took several days of computer time.  dynamical system.

We have used an Husimi tree approach; a generalization Note added Recently the author came to know about a
of the Bethe lattice approach, which as used here by itseljreprint by Butera and Conjil2] where recently extended
cannot give results comparable to those obtained by the sgigh-temperature series expansions are combined with low-
ries expansion method. However because of the systematige@mperature expansions of R¢8] and have been used to
in particular the increasing accuracy of the estimates as thignprove various critical point estimates. One such improve-
spin value increases and the availability of accurate estimat@gent involves the estimation of the critical temperature of
for several lower-spin valuesS&6), we have for the simple  the higher-spin Ising model on the square lattice. In particu-
cubic lattice case been able to obtain accurate estimates f@§r, Butera and Comf12] obtain for s=5 an estimate of
higher-spin values. Furthermore, the method has allowed us; =31.430(1) and fos=6 an estimate off,=43.31§5).
in the case of the square lattice Ising model, to reduce fofence fors=6 this corresponds almost exactly to our own
several Iarger values of the Spin the amount of error aSSOCbstimate and foe=5 there is a difference in on|y the third

ated with the estimates obtained only recently for this systergecimal place or a difference of less than 0.01%.
[8]. For the square lattice Potts model exact results are

known, and show for our approximation of these systems

that_ one has_an increase in the accuracy of uapproxi- ACKNOWLEDGMENT
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