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Origin of the pattern of trabecular bone: An experiment and a model
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As a result of an experiment in which the development of a mineral phase in the rabbit embryo was
observed, a model is proposed to explain the mechanism that controls the place of precipitation of crystals in
mineralizing tissue. The reaction-diffusion equations for the specified compounds are formulated and solved.
Among a variety of compounds the concentrations of carbon dioxide, oxygen, HCO3

2 ions, H1 ions, calcium,
and inorganic phosphorus are evaluated. CO2 , HCO3

2 ions, and H1 ions, are distinguished due to their key
role in the maintenance of thepH value. The local concentration of oxygen is the pivot factor that controls the
metabolic rate, i.e., production of CO2 . Next the supersaturation was estimated on the basis of the calculated
values ofpH and the concentrations of calcium and inorganic phosphorus. It is assumed that the synthesis of
the organic matrix breaks the metastable equilibrium with respect to spontaneous precipitation and leads to the
deposition of minerals. It was found that the geometry of the vasculature determines the shape of primitive
trabecular bone~woven bone! while the value of the diffusion coefficient may be the key factor indicating the
possibility of mineralization under the control of a living organism.

DOI: 10.1103/PhysRevE.66.051906 PACS number~s!: 87.19.2j
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INTRODUCTION

Despite many years of intensive research a convinc
quantitative description of the mechanism of bone tissue
mation does not exist. Bone mineral metabolism has b
associated with a temporally and spatially self-organized s
tem, and it has been suggested that some spatiotempora
havior of a reaction-diffusion model related to this metab
lism could be responsible for the patterning of the trabecu
architecture of embryonic bone@1–3#. Studies of the forma-
tion of bone tissue are not progressing successfully, howe
mainly due to difficulties in thein situ approach. The major
ity of the results collected so far originate fromin vitro ex-
periments including cell cultures, from histochemical fin
ings ~at light and electron microscopic levels!, and from
biochemical analysis of body fluids. It is commonly accep
@4,5#, however, that the final stage of bone tissue format
comprises the precipitation of an inorganic phase on the s
fold of an organic matrix. In the embryonic skeleton, t
woven~primary! bone is formed first, followed by its remod
eling and formation of mature bone as the skeleton devel

The primary bone is always laid down as a network
trabeculae~primary spongiosa!. The processes that determin
the shape of woven bone and chemical composition of
minerals remain poorly understood.In vitro studies have
shown that, depending on the applied experimental co
tions ~degree of supersaturation,pH, duration of the reac-
tion, concentrations of other ions and biomolecules, chem
form of the seeds! different Ca-P compounds may be in
volved in woven bone mineralization@6–8#. Studies of the
internal architecture of woven bone are not so advanc
Probably the shape of woven bone is a result of comp
interactions between genetic and physicochemical fact
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On the basis of the data collected so far we are not a
however, to point out a pivot factor responsible for the dep
sition of minerals at given sites of primary spongiosa.

In the present paper the influence of the tissue vascu
ization on woven bone architecture is investigated. An
periment was performed in which the development of a m
eral phase in the rabbit embryo was observed and a mod
proposed to explain the mechanism that controls the plac
precipitation of crystals in mineralizing tissue. The results
the experiment are compared with the results of model
culations. Possible implications of the model are indicate

MODEL

The proposed model describes the initial ossification t
mostly occurs in the embryonic skeleton. A careful examin
tion of the published data@9,10# indicates that three param
eters play a key role in the formation of bone minerals. Th
are the concentrations of calcium and inorganic phospho
in the interstitial fluid and thepH value at the place of min-
eral precipitation. It should be clearly pointed out that the
of organic and inorganic factors that have been postulate
be involved in the mineralization process is very long@11–
13#. In many cases contradictory results are reported. H
ever, with the use of the above-mentioned parameters, t
ough control of the precipitation of different Ca-
compounds from the solution is possible.

Since the minerals are deposited extracellularly in clo
association with certain components of the organic ma
@14#, formation of the organic matrix has to precede t
deposition of minerals. In the model the primitive connecti
tissue is treated as the ‘‘organic matrix’’ which delivers
scaffold for mineral deposition.

The concentrationr(x,y,z,t) of each compound within
the primary ossification center~POC! has to satisfy the dif-
fusion equationpl
©2002 The American Physical Society06-1
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]r

]t
2D¹2r5production~ t !2consumption~ t !, ~1!

whereD is the coefficient of diffusion. Since the formatio
of bone minerals is much slower than the time required
diffusion of molecules over a distance equal to the separa
of two blood vessels in the POC~hours vs seconds!, station-
ary solutions~i.e., ]r/]t50) of Eq.~1! are considered in the
model. Additionally, the considerations are limited to tw
dimensional~2D! space since the verification of the calcul
tions will be performed for 2D, bone sections.

Among a variety of compounds whose concentrations
the POC are described by Eq.~1!, oxygen, carbon dioxide
HCO3

2, H1, calcium, and inorganic phosphorus concent
tions are considered. It is assumed that the concentratio
the boundaries surrounding the POC and the concentra
in the blood do not differ by more than 1%. To avoid pro
lems with unknown flows generated by the blood vess
present in the POC@i.e., an unknown production term in Eq
~1!#, boundaries are created around the blood vessels an
values of concentrations at these boundaries are set equ
the concentrations in blood. The concentrations of oxyg
carbon dioxide, HCO3

2, H1, calcium, and inorganic phos
phorus in blood are equal to 1.331024, 1.231023, 2.4
31022, 431028, 1.131023, and 0.931023 mol/l, respec-
tively @15#. Physically dissolved O2 and CO2 as well as ion-
ized calcium were considered.

Keeping in mind that oxygen is only consumed in t
body, Eq.~1! for the oxygen concentrationrO(x,y) reduces
to

2Do¹
2ro52F~ro!, ~2!

whereDO is the diffusion coefficient for O2 . The function
F(rO) describes the oxygen-consumption–oxyge
concentration curve. In the model only the gross feature
the curve are important. The intermediate details of oxyg
consumption are not considered. In agreement with repo
data @16#, it is assumed that at low O2 concentration the
consumption of O2 increases linearly with oxygen conce
tration, i.e., F(rO)5CrO, while above that concentratio
the rate of consumption remains constant, i.e.,F(rO)5C0 .
It can be estimated on the basis of total body oxygen c
sumption that the value ofC is in the range from 531025 to
531022 s21 @16#. C0 was found using thisC value and
assuming that the critical concentration of oxygen at wh
the consumption begins to drop amounts to 831025 mol/l
@16#.

Although the metabolic processes within the POC co
prise various biochemical reactions, which are interc
nected and affect one another, production of CO2 is consid-
ered only as the end product of oxygen consumption. E
disappearing mole of oxygen produces one mole of car
dioxide. CO2 is distinguished in the model due to its ke
role in the maintenance ofpH value. The buffering capacity
of interstitial fluid is lower than that of plasma as a result
lower protein content and depends mainly on its bicarbon
buffer system. Dissolved CO2 in the interstitial fluid is hy-
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drated to form carbonic acid while the carbonic acid, in tu
dissociates into hydrogen ions and bicarbonate ions acc
ing to

H2O1CO2 �
dHCO

dCO

H11HCO3
2, ~3!

wheredCO and dHCO are the reaction rates. The concentr
tions of CO2 @rCO(x,y)#, HCO3

2 @rHCO(x,y)#, and H1

@rH(x,y)# satisfy the three coupled equations

2DCO¹2rCO5F~rO!1dHCOrHCOrH2dCOrCO, ~4!

2DHCO¹2rHCO52dHCOrHCOrH1dCOrCO, ~5!

2DH¹2rH52dHCOrHCOrH1dCOrCO, ~6!

whereDCO, DHCO, andDH are the diffusion coefficients fo
CO2, HCO3

2, and H1, respectively. By taking the loga
rithm of rH the pH value is calculated:

pH52 log10~rH!. ~7!

The concentrations of calcium@rCa(x,y)# and inorganic
phosphorus Pi @rPi

(x,y)# are described by two equations:

2DCa¹
2rCa52FCa~rCa,...!, ~8!

2DPi
¹2rPi

52FPi
~rPi

,...!, ~9!

whereDCa andDPi
are the diffusion coefficients for Ca an

Pi , respectively. The functionsFCa andFPi
describe the con-

sumption of Ca and P ions as a result of the inorganic dep
formation in woven bone. In the model the concentrations
Ca and P before the onset of mineral precipitation are
scribed, i.e.,FCa50 andFPi

50.
To quantify the ability to precipitation, the supersaturati

~s! was defined as

s5
k2kE~pH!

kE~pH!
, ~10!

wherek is the ionic product ofrCa and rPi
and kE(pH) is

the solubility constant. To describe the influence of thepH
value onkE , the relationship of the product of total calcium
and phosphate concentrations andpH values of solutions
saturated with respect to hydroxyapatite@17# was approxi-
mated using the formula

log10@kE~pH!#'16.525.5~pH!10.28~pH!2. ~11!

The free parameters that the model depends on are
diffusion coefficient for oxygenDO ~it may depend on the
density inside the POC! and the reaction rates of the reactio
~3!, i.e., dCO anddHCO ~these parameters are controlled, f
example, by carbonic anhydrase, present in erythrocy
which speeds up the carbonic acid reaction by a factor
;104 @18#!. The diffusion coefficients for CO2, HCO3, H1,
Ca, and Pi are calculated with the use of DO and the Stokes-
Einstein relation@D;1/(molecular weight)1/3#.
6-2
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In the following a system with two blood vessels in th
POC was considered to examine the influence of the va
of the parameters on the solution of the model equations
this simple version of the model the following values of t
free parameters were tested: the value of DO ranges from 1 to
104 mm2/s @19#, while the parametersdCO and dHCO range
between 1027 and 1021 s21. The POC was selected as
3003300mm2 square. The blood vessels were placed on
diagonal~positionsx15y15100mm andx25y25200mm).

Depending on the values of the relative rates of the p
cesses involved in the reaction~3!, supersaturation may de
crease~Fig. 1, region I! or increase~Fig. 1, region II! outside
the blood vessels. These differents distributions are pre-
sented in Fig. 2. The increase of thes value radically
changes the precipitation and growth of Ca-P compoun
Generally, the supersaturation of body fluids with Ca-P co
pounds may be considered as the dominant variable con
ling the rate of mineral deposition@17,20–23#. This is true
both for spontaneous nucleation and for precipitation
duced by inoculating with seeds~heterogeneous nucleation!.
Therefore, it may be stated that, if growth of supersatura
is observed when moving away from the blood vessels,
most favorable conditions for mineral precipitation appea
the centerpoint between two blood vessels. This observa
is in agreement with reported data@5# concerning the local-
ization of minerals in woven bone. It must be noted, ho
ever, that body fluids contain a variety of substances that
known to impede crystal growth@24,25#. Thus the net pre-
cipitation probability may depend not only on supersatu
tion but also on the concentration of mineralization inhi
tors, not considered in the study.

Next the influence of the diffusion coefficients on th
properties of the model was examined. It should be no
that the POC is treated in the model as a homogeneous
ture of cells and organic substances. Bundles of colla
fibrils embedded in the gel-like extracellular matrix run in
directions. The regular parallel pattern of collagen fib
characteristic for mature bone is not observed in wov
bone. Moreover, the chemical interaction of the compou
under consideration with the POC matrix was not included
the calculations. Therefore the transport of the compound
approximated as an isotropic, concentration gradient dep

FIG. 1. The phase diagram for the solutions of a simplifi
version of the model. In region I a minimum and in region II a
maximum of the supersaturation appears between the blood ves
The input parameters areDO5102 mm2 s21 andC50.01 s21. For
abbreviations see text.
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dent process. In a dense material like the collagen ma
which constitutes a considerable barrier to diffusion, sm
values of the diffusion coefficients are expected. In contr
in aqueous solution or in soft materials diffusion is facilitat
and the diffusion coefficients are bigger. The results of sim
lations confirmed that small values of the diffusion coef
cients correspond to maxima ofs outside the blood vessels
while an increase ofDO by a factor of ;102 causes the
positions of blood vessels and maximums to correlate~Fig.
3!. A large value of the diffusion coefficient probably repr
sents a physiological situation that takes place in the
tissues. Therefore, the above results may give an answe
the question, ‘‘Why do not most tissue calcify under norm
physiological conditions?’’

EXPERIMENT

It is very difficult, if not impossible, to verify the mode
by direct measurements of the compound concentrationin
vivo in woven bone. Therefore, verification of the model c
culations was performed using micrographs of rabbit emb
bone sections.

In the experiment two female rabbits at 21 days of pre
nancy were deeply anesthetized with anesthetic drug adm
istrated intraperitoneally and afterward bled out by cutti
the aorta. The fetuses were removed, killed under anesth

els.

FIG. 2. The values of the supersaturation~s! across the diagona
of the POC. The two blood vessels are placed at positions;140 and
280 mm. The input parameters areDO5102 mm2 s21, C
50.01 s21, dCO51026 ~a! and 1025 s21 ~b!, and dHCO

51022 s21. For abbreviations see text.
6-3
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by cutting off the heart apex, and perfused through the
cending aorta with heparine supplemented saline to wash
the blood. Next, black ink with 5% gelatin was injected un
the mucous membranes~conjunctiva! turned black. Alto-
gether ten fetuses were investigated. The lower limbs w
dissected, fixed in 7% formalin, then washed, paraffin e
bedded in the routine way, cut into 10mm thin sections, and
stained with hematoxilin-eosin. From all the samples 13 s
tions were cut~depending on the material size! and selected
for further analysis. The places of active bone formation
the head parts of the femurs were investigated. In all ca
the blood vessels showed up black and were easily identi
For each section 3–4 two-dimensional images were
quired, using a microscope connected to a digital camer
typical image of mineralizing tissue is presented in Fig.
An excellent presentation of techniques developed for v
alization and quantification of vessels in bone was publis
recently by Barouet al. @26#.

Digital images of the mineralizing tissue specimens
able the precise determination of the woven bone and bl
vessel architecture. The positions of the blood vessels
tracted from the micrograph were used to determine

FIG. 3. The precipitation blockage induced by an increase of
value of the diffusion coefficients in the POC. The input parame
are DO5102 ~squares! and 104 mm2 s21 ~crosses!, C50.01 s21,
dCO51026 s21, and dHCO51022 s21. The two blood vessels ar
placed at positions;140 and 280mm. For abbreviations see text

FIG. 4. Section of the rabbit embryo bone. Black arrows in
cate blood vessels. ‘‘B’’ denotes the deposits of minerals.
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boundary conditions in a POC selected as a 3003300mm2

square. The model equations were solved using stan
techniques for elliptic equations@27# and the distribution of
the supersaturation was evaluated according to Eq.~10!. An
example of a supersaturation calculation based on the b
vessel geometry depicted in Fig. 4 is presented in Fig. 5.
values of the model parameters used in the calculations
listed in the figure caption. This is a set of values of t
parameters for which an increase of supersaturation is
served when moving away from the blood vessels~as was
discussed in the previous section!.

From a comparison of Figs. 4 and 5 it follows that for th
proper choice of values of the model parameters the dis
bution of the supersaturation evaluated from the model eq
tions reproduces the distribution of the mineral deposits.
have found that the Turing mechanism of pattern genera
is not necessary to explain the origin of the structure of t
becular bone. It should be pointed out that the obser
agreement between the supersaturation and mineral de
distributions is only indirect proof of the correctness of t
model. In fact, the experiment tests the connection betw
the geometry of the vasculature and the calculated distr
tion of supersaturation. The results of the comparison se
to be encouraging. Other results that follow from the mo
~i.e., the role of reaction rates and diffusion coefficients! re-
main experimentally unchecked. However, the observed
tribution of minerals as well as the fact that they are dep
ited extracellularly strongly suggests that the geometry
woven bone is determined by a diffusion-involving proce
Then, based on the accepted physicochemical knowle
concerning the precipitation of bone minerals the choice
supersaturation as the quantity steering mineral depositio
natural. From the comparison of micrographs and model
culations it also seems that this choice could be the pro
one.

When comparing measured and simulated distribution
should be kept in mind that the micrograph is a section of
3D structure. Therefore the vessels that run in close vicin

e
s

-

FIG. 5. The distribution of the degree of supersaturation. Th
is a good correlation between the mineralized trabeculae depicte
Fig. 4 and the value of supersaturation. Close to the blood ves
the values are lowest. The input parameters areDO5102 mm2 s21,
C50.01 s21, dCO5231026 s21, anddHCO51022 s21. For abbre-
viations see text.
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but parallel to the section plane are not included in the c
culation but could in fact change the bone geometry.

DISCUSSION

The mechanism responsible for woven bone mineral
tion may work as follows. Carbon dioxide is produced in t
POC as it is in other tissues. However, removal of the car
dioxide is more difficult from the POC than it is from so
tissues due to the low coefficients of diffusion in the PO
@19#. By this mechanism the body keeps thepH within the
POC higher than that of the other body compartments. T
is a purely physicochemical process. Moreover, the const
that control the reaction~3! amount to values from region I
of the phase diagram~it is in general possible that the value
of these constants are, as in blood, cell metabolism de
dent!. Therefore, the concentrations of oxygen, HCO3, H1,
Ca, and Pi decrease while the concentration of carbon dio
ide and thepH increase if the distance from the blood ves
grows. Comparison of the distributions of the Ca and Pi con-
centrations with thekE distribution confirms unequivocally
that changes of thekE value compensate, in excess, the d
crease of the concentrations of Ca and Pi ions. This means
that the interstitial fluid in the POC becomes supersatura
and the precipitation of Ca-P minerals is facilitated. It sho
be noted that the supersaturation correlates with the dist
from the vessel. Changes of thepH value in the POC tha
correspond to an increase ofs by approximately 100% do
not surpass;0.5 units. Such changes are well tolerated
living organisms@15#.
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The above-tested model is based on some simplifying
sumptions. First, the precipitation of minerals in the bo
was treated as a purely physicochemical process, contro
entirely by concentrations of Ca and P ions andpH value.
During the deposition of inorganic substances within the
ganic matrix, the inorganic and organic components can
teract and can set up special relationships. The organic
trix induced processes are not included in the mod
Secondly, we were not able to calculate precisely the in
ence ofpH on the precipitation of a Ca-P compound fro
the interstitial fluid. The estimation was performed using t
solubility diagrams for anin vitro system that simulates th
physiological conditions@17#. It should be pointed out tha
the model describes the initial physicochemical conditio
inside the POC, before ossification begins. The appeara
of mineralization centers destroys the homogeneity of
tissue and the model equations have to be modified.

CONCLUSIONS

On the basis of the model calculations it was shown t
blocking the diffusional pathways in bone tissue could reg
late inorganic phase formation. Then the most favora
physicochemical conditions for woven bone formation a
pear outside the blood vessels. Thus the pattern of prim
bone reflects the architecture of the blood vessel networ
mechanism for the physicochemical control of the prima
bone formation process based on a reaction-diffusion mo
was proposed.
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