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Conformational instability of rodlike polyelectrolytes due to counterion fluctuations
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The effective elasticity of highly charged stiff polyelectrolytes is studied in the presence of counterions, with
and without added salt. The rigid polymer conformations may become unstable due to an effective attraction
induced by counterion density fluctuations. Instabilities at the longest, or intermediate length scales, may signal
collapse to globule, or necklace states, respectively. In the presence of added salt, a generalized electrostatic
persistence length is obtained, which has a nontrivial dependence on the Debye screening length. It is also
found that the onset of conformational instability is a reentrant phenomenon as a function of polyelectrolyte
length for the unscreened case, and the Debye length or salt concentration for the screened case. This may be
relevant in understanding the experimentally observed reentrant condensation of DNA.

DOI: 10.1103/PhysReVvE.66.051802 PACS nunider61.25.Hg, 61.20.Qg, 87.15.La

I. INTRODUCTION AND SUMMARY crystal on the charged substrate, which leads to an attractive
interaction with a range set by the lattice spadi2g—25.

A polyelectrolyte (PE) is an ionic polymer which when (ii) Specific binding of counterions to the substrate is an-
dissolved in polar solvents dissociates into a long polymeother mechanism for charge separati@f]. In this case the
chain(macroior), and small mobileeounterions Because of periodicity, and hence the range of the attraction, is dictated
the electrostatic repulsion of the uncompensated charges doy the underlying structure of the substrate, such as the
the polymer, the chain is stretched out to rodlike conformadouble helical structure of DNA along which the charged
tions. Naively, one may expect that the higher charges on thphosphate groups are located.
polyelectrolyte lead to more rodlike configurations. This is  (iii) Thermal fluctuations can also induce instantaneous
not the case, as the tendency towards extended shapescisarge separations, which intercorrelate on the two objects,
opposed by stronger attraction to the counterions. The lattdeading to an attraction similar to the van der Waals interac-
may condense on a highly charged polyelectrolyte, giving ition. Since the dominant fluctuations have wavelengths of
a much lower apparent charffe 2], and resulting in a lower the order of the separation of the objects, the range of the
stiffness. Nonetheless, in a mean-fi€Rbisson-Boltzmann  attraction is set by the distance between them; i.e., the inter-
treatment of the counterions, the conformation of the poly-action is long rangefi2,3,22,27-29
electrolyte is stretchefB,4]. (iv) Finally, it has been proposed that the macroions can

On the other hand, it is now well known from experi- be overcharged by the condensing counterions due to the
ments[5,6], simulations[7], and analytical theorieg8—10]  gain in correlation energy30]. Consequently, when two
that highly charged flexible polyelectrolytésuch as poly- such macroions are brought close to each other in a neutral-
styrene sulfhonajecan collapse in the presence of multiva- izing solution, the distribution of the counterions can be
lent counterions to highly compact states. Stiff polyelectro-asymmetric leading, at each instant, to one overcharged and
lytes (such as DNA could also collaps¢11], and rodlike one undercharged macroid1,32. This mechanism will
polyelectrolytes may form bundlgd2-14], under similar lead to an instantaneous ordinary long-ranged Coulomb at-
conditions. To account for these effects, an attractive intertraction between the two decorated macroions, and is remi-
action capable of competing with the residual coulomb reniscent of covalent bonding in atomic systems where the
pulsion (of the polyelectrolyte backbones with compensatedmacroions are effectively sharing a fraction of their con-
charge densitigsis needed. Note that the situation is more densed counterior82].
subtle for stiff polyelectrolytes due to their intrinsic rigidity ~ As thermal fluctuations clearly set the energy scale for the
[15,16,18-20 relevance of these different attractive interactions, one may

To understand the origin of the attractive interaction, con-naturally ask the following questiof83,34): Is room tem-
sider two like-charged substrates on which counterions arperature “high” or “low” for DNA or actin condensation, or
condensed. As the two objects approach each other, the coubundle formation? In regards to this question, one should
terions may rearrange their positions. Aogrrelated sepa- note that although an actual Wigner crystal may appear far
ration of chargesnow leads to arattraction whose range is fetched on the surface of DNA or actin at room temperature,
of the order of the “correlation hole” of the counterions on remnants of such a structure may survive for multivalent
each substrate. Several different mechanisms may lead tmunterions.
correlated charge separation: Since it is just the local charge separation that is needed

(i) At low temperatures, the counterions form a Wignerfor the “zero-temperature” mechanism, and not the long-
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range order of the global structure, a liquid phase should still p/a
lead to an attraction provided that some short-range orde 0 |
persists. Consequently, it seems that both types of interac
tions are in effect at room temperature, and the dominani

z=4

! EXTENDED
mechanism should be determined by comparing the range Gjyfafz=4) t-----==---- s
the interaction and the distance between the macroions & / \E
While the short-ranged interactions seem to play a dominan —
role in bundle formation21-26,28, there seems to be a 5| ri i
consensus that they are not capable of actually collapsing / \NECKIAEE
single DNA or actin chairf16,17], and thus the long-ranged = f; D \
interaction caused by thermal fluctuations may be respon: | ‘-m
sible for the observed condensatidri, 18 _

In this paper, we focus on the long wavelength behavior !
of polyelectrolytes. Our approach is complementary to that . Y
of the “Wigner liquid” theories[16,17], whose local formu- o 1000 2000 0% Lia
lation corresponds to examination of short wavelength be- La
havior. They find that the softening contribution to the per- £ 1. phase diagram for the salt-free casezfo#. The pa-
sistence length, due to the Wigner liquid correlations, is N0tametersa=1.7 A andk,=10"3#/L are used.
large enough to fully compensate the mechanical stiffness
and render a null persistence length which would trigger For a low concentration of added salt, we find an effective

chain collapse. We also find that the softening contribution tgyersistence length of
the rigidity, due to charge fluctuations, at the smallest length

scales is never strong enough to completely negate the bare a(allp)? c,
bending rigidity and obtain collapsat these scalesbut Lp=tp+ > — ,
i " : a 1 1
rather the “collapse” occurs at higher length scales due to 1624 1— —| (ka)2In?|—| 2kIn|—
longer wavelength charge fluctuations. Additional correla- zlg Ka Ka
tions at short length scales, as might be obtained with a @)

Wr'?”rff Imuu?j, ShO.UIdant ?hffect the large-scale ber]"’“"orwhere;(1 is the Debye screening length, related to the salt
whie 'hs € domain o Iour er?(y. | h (numbel densityn via k?=4m{gn, andc, is a numerical
To this end, we employ pat '|ntegra.1 met c[_dQ,SE'ﬂ to onstant given below. The above expression, whichrisra
stuldylthe elnerg_y CﬁSt of deformlr];lgha st|ff”<';1nfc|j hlghly charge rivial generalization of the Odijk-Skolnick-FixmafOSH
Feor%is[cfg]) 31tne Ig:tifulljarresceonr::sei doertaeéﬂq;nyofﬂg;u;ﬂrﬁtﬁoun’electrostatic persistence lengitB6], is a sum of repulsive
. - N parti¢ ’ ' (+) and attractive ) electrostatic contributions. It can
a microscopic persistence length and the average separa-

tion a between the char N its backbone. in a neutr IiZintherefore be negative under certain conditions, which we
on a between the charges on Its backbone, In a Neulralizing,, » 45 an indication of a conformational instability of the
solution of counterions of valence The polyelectrolyte is

. . . . rodlike polyelectrolytgtendency to collapgeThis occurs in
considered highly charged whenis less than the Bjerrum . . L i
length¢s— 62/ ekg T, wheree is the dielectric constant of the the regions of the phase diagram indicated in Fig. 2, and only

for persistence lengths less than a critical value given by Eq.
solvent. (For water at room temperaturég=7.1 A.) We P 9 9 y =4

(1) above. A similar “softening” contribution to the rigidity

calculate the effective free energy of a fluctuating pOIyGIeC'and an associated conformational instability, can also be ob-

trolyte as a perturbative expansion in the deformations
around an average rodlike structure. The linear stability of p/a

this structure is controlled by a spectrufitk) as a function 2 R SRR /1 (.~
of the deformation wave vectde A negative value of(k) 400}
signals an instability at the corresponding wavelength, lead- | EXTENDED
ing to the phase diagrams as in Figs. 1 and 2. In particular, [
both in the presence of salt and in salt-free condititsese 300} s R
Figs. 1 and 2 we find that counterion fluctuatiorsannot -
trigger collapse of a stiff polyelectrolyteinlessit has a mi- J z=3
croscopic persistence length less than a critical value of 2007 O
3 2
¢ =Ajaz’ Ay PR (1) 100l
a zlg bl z=2

The indexi refers to either added-salas or salt-free(sf) '@,DLMPSED
conditions, with corresponding numerical constahis and L ﬂ" Er— : e 1/Ka
Ag¢ which are given later. Fof ,<¢§, there is a finite do- 20000 10000 BA00Y 80000 1DUDOOL20000L 40008
main of intermediate polyelectrolyte lengths for which a FIG. 2. Phase diagram for the added-salt case, for different val-
collapsed conformation is favored. ues of the counterion valenze
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and a fluctuating electrostatic self-energy. The fluctuating
linear charge distribution on the PE is characterized by a
Gaussian distribution, with the medoorresponding to the
average renormalized charge density and read off from the
exact Fuoss-Katchalsky-Lifson solution for an infinitely long
uniformly charged rod41]) given by qp=a/zfg and the
variance given by §q)2=z(1—a/z(g) [28,42. It should be
noted that we have included the effect of a low density of

) ~added salt in the above equation by adding a screening term
FIG. 3. Schematic of the extended polyelectrolyte parametnzeoﬂ43]_ The salt-free case corresponds«te 0.
by R(x) = (x,r(x)).

Ill. EFFECTIVE ELASTICITY OF THE

tained for charged membrang37]. There are related insta- POLYELECTROLYTE
bilities caused by surface-fluctuation-induced interactions
between the stiff polymers on membrari&s]. We next use the methods of Ref&9,35 to calculate an

We also find that the onset of conformational instability is effective Hamiltonian from the above Gaussian path integral,
a reentrant phenomenon as a function of polyelectrolytderturbatively in the deformation field(x). We can rewrite
length for the unscreened case, and the Debye length or sdlte expression in Eq3) above as
concentration for the screened case. This may be relevant in
understanding the reentrant condensation of DNA that has  z[R]=e A% p[Ii]—[LqS/Za(ﬁq)zlf Dy(x)
been observed experimentall§9], but note that the alterna-

tive explanations for this phenomenon also exist in the lit- 1 [ dx dx’
erature[40]. X exp[ - Ef ’y ?Q(X)M(X.X’)Q(X')
do dx
Il. THE MODEL + (5q)2f - 909, )

We consider a polyelectrolyte oriented along thexis,
and parametrize its transverse deviations from a straight lin@here
by a two-component vectai(x). By assuming a single val-

ued functionr(x), we implicitly neglect overhangs and M(x,x') = a 5(X_X,)+€BefklR(x)7R(x ) ©)
knots, as sketched in Fig. 3. The embedding of the polyelec- ’ (89)? |§(x)— ﬁ(xf)| '
trolyte in space is thus described by the three-component _ _ _ _
vector R(x) = (x,r(x)). For each conformation of the poly- Functional integration oveq(x) then yields
electrolyte, we would like to calculate a constrained partition 2 1
function Z[R] by integrating over all possible configurations BH=BHP[R]+ —02 + =zIndefM(x,x")}
of the counterions in the solution. We do this by using a 2a(6q)” 2
phenomenological model, which generalizes the previous 1 o dx dx’
work by Ha and Liu[28] (and is referred to as the Ha-Liu - = —°4f — —M Y(x,x"). (7)
model henceforth within which the restricted partition func- 2 (0) a a
tion is written as Now we can write
Z[R]=e AR M(X,X")=Mo(Xx=x")+ M(x,x"), (8)
) or alternatively in Fourier space
_ —,BHp[}i] D 1 dX[Q(X)_QO] , , ,
=e q(x)ex ) W M(k,k")=2m8(k+k')Mo(k)+ M (k, k"), 9
dx dx’ q(x)q(x’)e"‘“i(")‘ﬁ(x/)' , in which
T2 T e T R— o)) 9 Mo(K)=a(8a)2~ (g IN[(K2+ xD)a?], (10

and expand Eq(7) in powers of SM. To the leading order,

In this equation, the energy cost for the deformations of thhis yields
polyelectrolyte is characterized by an intrinsic bending en- 1
ergy described by the Hamiltonian BH = BHP+ BF+ Etr(MSl&V')

¢ N 1 g
,BHF’[R]z?pJ dx(#2R)?, (4) ts (5:)4

(11

5M(k=0,k’=0))
[Mo(k=0)]% |
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In the above equation, the trace term is an attractiveand Joanny3,44], and has a nonanalytickldependence for
fluctuation-induced effective free energy, and the term pro«=0. [In fact, one can simply recover their formula by set-
portional toq3 is a repulsive electrostatiself-) free energy.  ting (69)%=0.]
The constant ternBF, is independent of the deformations, (i) A fluctuation-induced attractive term that competes
and thus plays no role in the effective elasticity of the chainwith the previous two contributions and tends to soften the
It will be neglected henceforth. polyelectrolyte.
Using the definition ofM [Eq. (6)], and the expansion (iv) A term corresponding to line tension renormalization
about the rodlike configuration, we find to the leading orderwith a k? dependence. In general, one can show that such a
term should be absent since the rotational symmetry of the
dp a original Hamiltonian for a polyelectrolyte requirekk)/k?
M (K, —k)= f 2—|r(p)|2[—2p2—€3p2 —0 in the limitk—0 [45]. Since the other terms in E(L4)
T 2(6q) P .
above have a nonvanishing limit &s-0, one can simply

P -, tune 7 in such a way that the overall line tension vanishes in
XIn[(k*+ k@] — - (k*+ &%) that limit [46].
We now examine two limiting cases of the above result in

4 more detail.
XIn[ (k24 k?)a?]+ 22 [(p+K)>+ k2]

A. Salt-free solution

¢
XIn[(p+k)?a®+ (ka)?]+ ZB[(p—k)2+ K?] The salt-free case is relevant to situations in which the
screening length is much larger than the length of the poly-
electrolyte, i.e., forx ~!>L. Also, in this limit the deforma-
: (12 tion energy is a nonanalytic function &f and taking thec
=0 limit of Eq. (14) requires some care:

XIn[(p—k)%a?+ (ka)?]

We can then use the expressions Kbg(k) [Eq. (10)], and 92 K\ 2
oM (k,—Kk) [Eg. (12)] and put them into Eq.11) to find the (a—g €gk?In (k_ +1
effective Hamiltonian. We find &(k)= €BO 5 —BylK|3+ €K%,
2l 2 _
2| 1+2(569) ( a In a

1 dk
ﬁHeﬁ[r(X)]=§fEf(k)lf(k)lzﬂLO(r“), 13

with ko< /L being a cutoff, which in the absence of screen-

where ing is required for a polyelectrolytd47]. Note that
a4 32&(K)|_o=0 to ensure the rotational symmetry, and that
k) =€k Eq. (15) is not just the first few terms in a low-expansion.
9205 [ (K2+ k?)I[(K2+ k?)a2]— k2 In[ (ka)?] The constan8 is
2a® (g 2 )
1+2| —1(89)?In| — ) X2 x+1
a ka : _fL/adx (1+x )In|m| 2x|n|—X_1|+3
e, >2f dp(  (PP+RP)IN[(p*+ k%)@’ Yo 4w (altg)  [Lla
2a 27 {g ; s o o 2(5q)?
1-{ 5 |67 In[(p™+ x)a] (16)

5 The integralB; very slowly depends ondg)?(€g/a) for
{g + k" typical values, and can be best approximated Es
1- (;)(M)Z In[(p?+ x?)a?] ~c, /In¥(L/a) with c;~0.101.
The spectrum of the deformation modes in Etp) con-
(14)  sists of an electrostatic repulsion tefthat yields the famil-
iar spectrum of a flexible polyelectrolyte in the limisdg)?
The above expression for the elastic kernel consists of=0 [45,48]. The fluctuation-induced attraction reduces the
four different contributions: energy cost, and could even lead to an instability at shorter
(i) The intrinsic rigidity of the polyelectrolyte, which has length scale§49]. The rigidity term{?pk4 is the largest power
a regulark* dependence corresponding to curvature elasticof k included in Eq.(15) and ensures stability at the shortest
ity. scales. A negative value ¢{k) for anyk indicates a linear
(i) A repulsive contribution corresponding to electrostaticinstability; the onset of which can be tracked by finding the
stiffening of the polyelectrolyte. This is a generalization of point when the minimum of the spectrum, determined from
the wave-vector-dependent rigidity first introduced by Barratd£(k)/dk=0, hits the line &(k)=0. This corresponds

 [(k+p)*+<*In[(k+p)®a®+(ka)’]
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FIG. 4. The energy spectruéi{k) for the salt-free regime show-
ing the unstable modes.

to the criteriont,= (8,‘3, where the critical persistence length
€ is given by Eq.(1) above, with

Ag= é
sf— L C]_ (17)
In?| = |In| 55—
a 2€ ko In“(L/a) |

For €p<€g, there is domain of unstable modes far<<k
<k, , where

_ C1 _ c
kt—%pln (L/a)[li\/l NI} (18)

The spectrum of modes given by E@5) is plotted in Fig. 4.

PHYSICAL REVIEW E 66, 051802 (2002

L L | T
6, \a a) " Cko Lo
a - ) L Cl €B 3 a 2| ( )
mIn?| — 4z = |1— —
a a zlp

and has a nearly parabolic shape, leading to the reentrant
extended statg$0].

B. Added-salt solution

The addition of salt leads to a finite screening lengtt,
and fork1<L, the spectrun€(k) given by Eq.(13) is an
analytic function ofk with a well-defined power expansion.
The lowest-order term in the expansion is proportiona&d*to
whose coefficient can be regarded as the ‘effective rigidity’
of the polyelectrolyte, and given by

1 2¢ B,2
Lp=€p+ > €q° = —
2| ©B i 2
1+2(46q) ( a)ln a (ka)
(20)
in which
5 fl/Kadx 1Ix*+2x%—1
2= 4 alt 1/ka)?+1]) "
0 AT o g @) | [k
(49) x“+1
(21

Again, the integralB, has a very slow dependence on
(89)%(€g/a) for typical values, and can be best approxi-
mated asB,=c,/In(1/ka) with c¢,=0.288, leading to the
effective persistence length given in H@). It is interesting

to note that a similar result has been predicted for stiff
polyampholyteg51].

Interestingly, Eq.(20) reproduces the OSF electrostatic
persistence length in the limisg)2=0 [36], with a reduced
charge densityqy. Upon including the counterion fluctua-
tions (69)?#0, there is a reduction of the repulsive term, as
well as the appearance of an attractive term. As a result, the
polyelectrolyte “rigidity” (effective persistence lengtlktan
become very low and even have negative values, which we

To determine the effect of the unstable modes on the confotake as an indication of a conformational instabiliol-
mation of the polyelectrolyte, we should compare the wavdapsg. Using this criterion (,=0), we obtain the phase

vectors withw/L. There are three possibilities:

diagram shown in Fig. 4 which like the salt-free case has a

(i) Fork, . </L, the unstable modes cannot be accessedearly parabolic shape, with a maximum that yields the criti-

and the polyelectrolyte has axtendedstructure.

cal persistence length given in Edl) with A,~c3

(i) For k_<m/L<k,, long wavelength modes have ~0.0829. Once more, its shape suggests that the instability
negative energy. Their unstable growth is likely to lead to thes a reentrant effect. Note that the critical persistence length

collapse of the whole chain.
(iii) For w/L<k_, the longest wavelength~(#/L) are

stable, but there is a range of unstable wavelengths. While

for the case with added salt is larger than the salt-free case.

IV. DISCUSSION

the linear stability cannot determine the eventual state of the
polyelectrolyte, the presence of a finite length scale could The above results can be related to some experimental

well be the precursor of aecklacestructure.

findings concerning polyelectrolyte elasticity in the presence

The corresponding phase diagram is depicted in Fig. 1. Af multivalent counterions. In a direct single DNA manipu-
suggested boundary between the collapsed and other phadaetion experiment, Baumanat al. used a force-measuring

is obtained fromk. = #/L, as

optical tweezer to determine the elastic properties of
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\-bacteriophage DNA in the presence of multivalent counte€ontinuum formulation should hold for a large portion of
rions[52]. They observed that the apparent persistent lengtthese phase diagrarfis3].
of the DNA (extracted from force-extension curves using the  Another potential concern is the choice of the charge vari-
wormlike chain modeélgoes down to as low as 250-300 A, ance (q)2. While our approach ignores the finite size of the
which is well below the fully saturated high salt value 450—counterions and allows for a large number of them to be
500 A (denoted ag, above in the presence of multivalent condensed in the vicinity of a single charged group on the
ions[52]. This is in agreement with the generalized effectivepolyelectrolyte, there are other models that have restricted
persistence length given in E). There may be, of course, this number to 18,25]. Given the relatively large radius of
other contributions to the effective persistence length comindgPNA and actin as compared to the size of typical counteri-
from the other types of charge correlations. ons, the restriction of this number to 1 seems to be artificial,
Flexible polyelectrolytes have also been shown to col-as it leads erroneously to zero charge fluctuations at com-
lapse in the presence of divalent idi§. Interestingly, there plete condensation. Nonetheless, we believe that considering
is an evidence that for sodium polyacrylate chains the colthe finite size of the counterions in a realistic way will cer-
lapsed states are not always compact spherical shapes tainly be a worthwhile improvement of our approach. Fi-
lower salt concentration$6], and may have cigarlike or nally, the instability analysis performed here only provides
pearl-necklace shapes. This is in agreement with the resultss with information concerning the onset of a conformational
we obtained in the salt-free regime. change. The final structure of the collapsed chain is naturally
We now conclude with a qualitative summary of the na-beyond this linear stability analysi41,54].
ture of the results, and the range of their validity. From di- It is known experimentally that different counterions with
mensional analysis, it is easy to show thascreenedCou- the same valence may behave differently as collapsing
lomb interactions make a contribution éf(k/a)? to the  agents. The difference is usually attributed to the modifica-
rigidity spectrumé&(k). In the PB solution, due to charge tions in the microscopic structure of the polyelectrolyte that
condensation, the strength of this term is reduced by a factdeke place upon binding of the counteriofid]. It is thus
of g3=(alz{)?. If the charge density on the polyelectrolyte plausible that the microscopic features that distinguish be-
is allowed to fluctuate, it is further reduced, and the Coulomiween different counterions with the same electrostatic prop-
rigidity goes down by a factor of 4g)*(¢g/a)?In*(L/a), erties can be encoded in a single paraméter microscopic
with (89)?=z(1—q). However, these reductions do not Persistence lengjtwhich normally depends only on the local
change the overall sign which still prefers a rodlike structuremicroscopic structure of the polyelectrolyte backbone.
An attractive (destabilizing contribution is generated by
fluctuation-induced interactions which are typically indepen-
dent of microscopic parameters, and hence make a contribu-
tion of —k3 to £(k). In comparison to the leading Coulomb  We have benefited from many helpful discussions with A.
contribution, the latter corrections become importargtairt ~ Yu. Grosberg, K. Kremer, and C.R. Safinya. We would like
scalesof order of a?/¢g. We thus may well question the to express our gratitude to M. Kardar for a critical reading of
applicability of continuum formulations to describe such athe manuscript and many useful comments. Financial sup-
short-distance instability. In hindsight, the phase diagrams oport from the Royal Society and the European Union under
Figs. 2 and Fig. 3 indicate that the prefactors involved inMarie Curie Research Grant No. FMBICT97260BB.L.)
softening of the residual repulsion conspire to make the acand the Max-Planck-Gesellschaft is also gratefully acknowl-
tual instability lengths quite large~(z*¢3/a®), and thus the edged.
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