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1Õf a noise from correlations between avalanches in self-organized criticality
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We show that large, slowly driven systems can evolve to a self-organized critical state where long-range
temporal correlations between bursts or avalanches produce low-frequency 1/f a noise. The avalanches can
occur instantaneously in the external time scale of the slow drive, and their event statistics are described by
power-law distributions. A specific example of this behavior is provided by numerical simulations of a deter-
ministic ‘‘sandpile’’ model, where a scaling relation linksa with the avalanche power-law exponent.
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The ubiquity of 1/f a noise in nature is one of the olde
problems in contemporary physics still lacking a genera
accepted explanation, despite much effort. The phenome
is characterized by a 1/f a decay with a nontriviala found in
the power spectrumS( f ) of a given time signal at low fre-
quenciesf; i.e., aÞ2n for all integersn. In many cases, the
time signal describes a transport process. Then 1/f a noise is
an indication of anomalous behavior compared to conv
tional transport, as for instance, equilibrium diffusio
Flicker noise has been observed in a huge number of div
systems, many of which are far from equilibrium and show
bursty, avalanche dynamics. Examples include earthqu
@1,2#, combustion fronts@3#, chemical reactions@4#, flux mo-
tion in superconductors@5#, and Barkhausen noise@6#, to
name only a few.

In the search for a general dynamical mechanism for 1f a

noise in processes far from equilibrium, Bak, Tang, and W
senfeld proposed the concept of self-organized critica
~SOC! @7,8#. This refers to the tendency of spatially e
tended, slowly driven systems to organize into a state w
fractal, spatial, and temporal properties that is also charac
ized by self-similar distributions of event~avalanche! sizes.
Although the original ‘‘sandpile’’ model, which was intro
duced to exemplify the SOC concept, exhibits a scale-f
distribution of avalanches, its noise spectrum is of the fo
1/f 2 @9#. Variants of the original sandpile model do inde
exhibit nontrivial 1/f a noise, but in these cases@10# the ava-
lanche event distributions are not critical, implying, possib
mutual exclusivity between a SOC mechanism and mec
nisms giving long-range temporal correlations such as 1f a

noise. In fact, it has recently been argued in the contex
solar flares, transport dynamics in magnetic confinement
vices, and other areas, that the presence of temporal cor
tions between events excludes SOC as an underlying me
nism @11,12#. The argument entails a narrowing of SOC
the phenomenology of certain, specific ‘‘sandpile’’ mode
which is in sharp contrast to the original idea@7,8#, and is
erroneous as we show here.

In order to demonstrate explicitly that SOC can provide
dynamical mechanism which gives correlations betwe
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bursts leading to 1/f a noise, we study a slowly driven, dete
ministic sandpile model. It exhibits a power-law distributio
of avalanches, as well as 1/f a fluctuations in the pattern o
dissipation over the slow temporal domain of the exter
drive. Despite the fact that the time scales of the driving a
of the avalanche events are completely separated, the cr
behavior of the power spectrum is solely determined by
critical properties of the avalanche size distribution. They
linked by a scaling relation. In addition, the results we fi
are robust with respect to changes in the definition of
time scale associated with the driving. These observati
constitute a proof that a SOC mechanism can give lo
frequency 1/f a noise due to correlations between power-la
distributed avalanches, without imposing temporal corre
tions in the external drive.

Actually several different models of SOC, describing e.
traffic @13# and evolution@8,14# do exhibit nontrivial 1/f a

noise over the temporal domain of individual avalanches
this context, it is important to distinguish between tempo
correlations within the time span of individual avalanc
events, and low-frequency noise observed over a m
longer temporal regime of an arbitrarily slow external driv
Measured in this external time scale, the individual av
lanches can occur almost instantaneously. This is a situa
often encountered in Nature. In this case 1/f a noise must
arise from correlations between avalanches. These cor
tions can either be induced by long-range temporal corr
tions in the external drive, or be an intrinsic part of the se
organization process itself. Sanchezet al. have found long-
range temporal correlations in SOC when the sandpile
driven by an external source of low-frequency noise@12#.

However, it is important to clarify if SOC itself can spon
taneously generate both critical avalanche statistics and lo
range temporal correlations between avalanches, in the p
ence of a temporally uniform, slow external driv
Surprisingly, this question has not yet been decided, des
the fact that, as in the case of earthquakes, a scale-free
lanche event dynamics~e.g., the Gutenberg-Richter law! can
be observed in many far from equilibrium phenomena wh
exhibit 1/f a noise ~and non-Poissonian interevent statisti
@1,15#! at vastly longer time scales~e.g., days to years! com-
pared to the individual events~e.g., seconds!.

The ‘‘sandpile’’ model we discuss was introduced by
Sousa Vieira to describe avalanches in stick-slip phenom
©2002 The American Physical Society01-1
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@16#. It is close to the original array of connected pendu
first discussed by Bak, Tang, and Wiesenfeld. In detail,
model is defined as follows: Consider a one-dimensional s
tem of sizeL where a continuous variablef n>0 is associated
with each siten ~representing the force on that site!. Initially,
all f n have the same value which is below a thresholdf th .
The basic time step of the driving force consists in chang
the value of the force on the first site according tof 15 f th
1d f with a fixed d f . This can be considered as a slo
external driving and leads to a fast relaxation process~ava-
lanche! within the system. This relaxation consists of a co
servative redistribution of the force at sites withf n> f th ~top-
pling sites! according to f n5F( f n2 f th) and f n615 f n61
1D f n/2. Here,D f n is the change of force at the overcritic
site andF a periodic, nonlinear function. The relaxation co
tinues until all sites are stable again, i.e.,f n, f th for all n.
Then, the driving at the first site sets in again. This definit
is complemented by open boundary conditions, i.e., forc
lost at both boundaries. Without loss of generality, we us
sequential update and setf th51, d f 50.1, F(x)512a@x#
where @x# denotesx modulo 1/a, i.e., a sawtooth function
anda54. It was shown that the model evolves into a state
SOC where the avalanche distributions are scale free, lim
only by the overall system size@16#. Note that like other
sandpile models, the toppling rules are conservative, and
total amount of force in the system can only be changed
the boundaries.

An appropriate choice of a time signal to detect 1/f a

noise, which takes the time scale separation between
slow external driving and the individual avalanches into
count, is the total force in the system after each avalanc

X~ i !5 (
n51

L

f n~ i !, ~1!

where i is the avalanche number. This signal is shown
Fig. 1 and directly reveals the stick-slip character of t
dynamics.

Analyzing the power spectrum ofX( i ), we find a clear
1/f a decay with a cutoff at low frequencies that shifts to ev

FIG. 1. Fluctuations of the total force in the self-organized cr
cal state for a system of sizeL51024.
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lower frequencies with increasing system size~see Fig. 2!. In
particular, a data collapse, shown in the inset, reveals
following scaling behavior:

S~ f !;
1

f a
gS 1

f LbD , ~2!

with a51.38 andb51.2. Here,g is a scaling function that
is constant for small arguments and decays asx2a for large
arguments. These results are somewhat dependent on th
tails of the definition of the model@17#. This does not change
our main conclusion regarding SOC as a possible mechan
for 1/f a noise, although a more robust and general mo
would be desirable.

To understand how the long-range temporal correlati
arise in this model, we have analyzed the fluctuations in
force at a single site, i.e.,Xn( i )5 f n( i ). The local power
spectra are simple Lorentzians with a characteristic
quency that decreases with increasing distance from the d
ing site. Thus, different time signals of the same system, s
as the local and the total force signal, behave in a tota
different manner. This has been found for a variety of oth
noises due to transport of conserved quantities@18#. Al-
though the presence of many Lorentzian contributions w
different characteristic time scalestc is reminiscent of many
systems in which 1/f noise comes from the distribution o
tc’s @18#, in this case the overall spectrum is dominated n
by the sum of the local spectra from independent differ
sites but rather by the cross spectra between the linked s
The sum of the local spectra and the spectrum of the s
have very differenta ’s here @19#. Consequently, the long
range temporal correlations, implied by the occurrence
1/f a noise, are stored in the spatial correlations embedde
the whole system.

This is further confirmed by the fact that scaling relatio
connecta and b to the critical exponent characterizing th
avalanche distributions. The quantityLb in Eq. ~2! describes
the scaling of the temporal cutoff and, hence, the scaling

FIG. 2. Power spectrum of the fluctuations in the total force
different system sizes. Note that the cutoff moves to lower frequ
cies for larger system sizes. Inset: Data collapse witha51.38 and
b51.2.
1-2
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the number of avalanches before events become unc
lated. Thus, it can be related to the avalanche distribut
The distribution of avalanche sizes~the number of toppling
events in the avalanche! is distributed as P(s)
;s2tG(s/LD), wheret.1.54 is the so-called histogram ex
ponent, and the avalanche dimensionD.2.20 gives the cut-
off for the largest avalanche in a system of sizeL @16#. Ava-
lanches in the power-law regime do not extend through
entire system; therefore some sites do not topple and
system retains memory of its previous force. However, a
lanches larger than the cutoff, which are those that enti
span the chain, decorrelate the system because all sites t
and get a new force. The frequency of the large system w
events that decorrelate the force in the system scale
L2D(t21). Thus,b5D(t21). Also, a scaling relation̂s&
;L was found numerically in Ref.@16#, and is a genera
result for many boundary driven SOC systems@20#, giving
the result thatD(22t)51. Combining the two equations
b5D215(t21)/(22t), which agrees very well with nu
merical results.

Using scaling relations together with some previously o
tained results concerning universality classes, we can re
the exponenta to the exponentt or D via the variance in the
total force in the system

E S~ f !d f5s25K S (
n51

L

f n~ i !2K (
n51

L

f n~ i !L D 2L , ~3!

where the integral is over all frequencies. Since the expon
a.1, the power in the signal diverges asL→` asLb(a21).
As argued and supported numerically in Ref.@16#, the sand-
pile model is in the same universality class as the origi
Burridge-Knopoff train model. This latter model has be
conjectured to be in the universality class of interface dep
ning with the interface pulled at one end@20#—a result
which is also supported by numerical simulations. Thus,
fluctuations in the force in the system have the dimension
fluctuations of force in the interface depinning problem, e
@*0

Ldx¹2H(x)#2 ~see Ref.@20# for more explanation!. Since
in that case, the height of the interfaceH has the dimension
of LD21, thens2;L2(D22). Using the previous relation fo
b, we get a5(3D25)/(D21)5(5t27)/(t21). This
again agrees very well with our numerical simulation resu
and is consistent with the results in Ref.@21#. The existence
of these scaling relations makes it clear without ambigu
that, in this model, the critical avalanche dynamics a
the long-range temporal correlations belong insepara
together.

Instead of using the avalanche number, we can cho
different definitions for the slow time scale of the mod
Since the force on the first site is set tof th1d f to induce a
new avalanche, one can choose to identify the amoun
force added to the first site with the temporal interval b
tween avalanches. This corresponds to a uniform driv
Such a choice leads to nonuniform time intervals betw
successive relaxation events which could in principle a
the behavior. The time signal defined in Eq.~1! is modified
and becomes a sawtooth function
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X~ t !5 (
n51

L

f n~ t !5t2t i1 (
n51

L

f n~ t i !, ~4!

where t i<t denotes the time of occurrence of the last av
lanche. The power spectrum of this time signal shows
actly the same 1/f a decay as the signal defined in Eq.~1! as
can be deduced from Fig. 3. There, we show the power sp
trum of the differentiated signalX8(t)—called a dissipation
signal for obvious reasons—which follows a power law w
S( f )} f 22a. In particular, the cutoff to white noise behavio
(a50) for very low-frequencies occurs almost at the sa
frequency as before and the scaling withL is also unchanged
Note that white noise,@S( f ); f 0# in X(t) in Fig. 2, corre-
sponds toS( f )} f 2 in X8(t) in Fig. 3.

The dissipation signal resembles the form of a pulse tra
i.e.,

X8~ t !5(
i

hid~ t2t i !, ~5!

wherehi is the dissipation in the total force due to thei th
avalanche. This form of the signal is especially well suited
clarify the source of the long time correlations. For instan
substitutinghi by a constant should reveal the correlatio
induced solely by the fluctuations in the time intervals b
tween dissipation events. As shown in Refs.@1,22#, correla-
tions between subsequent time intervals can, indeed, lea
1/f a noise. However, here we find that this ‘‘return signal’’
uncorrelated~see Fig. 3!. The absence of correlations in th
time intervals together with the existence of a finite seco
moment of their distribution due to the boundedness of
intervals by f th1d f implies that the power spectrum is th
same as before for frequencies below a certain, fixedf h .
Hence, the long time scales are not affected by the fluc
tions in the time intervals. In particular, this is true for an
distribution of time intervals with finite second moment
the time intervals are independent of one another~central
limit theorem!. Thus, the 1/f a noise is due solely to the fluc
tuations in hi . We conclude that the long-range tempor

FIG. 3. Power spectrum of the different, differentiated, tim
signals forL5256 ~see text!. Note that in the avalanche and diss
pation signal, an increase withf 2 as observed for the lowest fre
quencies corresponds to white noise in the integrated signal.
avalanche signal is shifted down by 8 decades.
1-3
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correlations in the model are exclusively encoded in the s
of the whole system and are not destroyed by the fluctuat
due to changes in the definition of the time scale of
external driving.

The fact that the occurrence of 1/f a noise in the model
cannot be attributed to a low-dimensional dynamics sho
that the SOC mechanism is totally different and can be w
distinguished from other deterministic mechanisms which
tempt to explain flicker noise as a chaotic phenomenon~see,
e.g., Ref.@23#!. Unlike those mechanisms, the dynamics d
cussed here cannot be reduced to a renewal process w
power-law distribution of waiting times or step sizes.

Finally, the temporal variations in the sizes of the av
lanches show only trivial long time correlations. Fig.
shows the power spectrum of the avalanche signal, define
Eq. ~5! wherehi is now the number of topplings in thei th
avalanche. Clearly, a flat spectrum can be observed wi
change tof 2 behavior at low frequencies due to the fini
s
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E
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e
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system size. In terms of the integrated signalX(t), this cor-
responds to a trivial 1/f 2 decay crossing over to white nois
( f 0) behavior at low frequencies. Hence, the underlying p
cess can be considered as a random walk confined by
system size.

The mechanism for flicker noise found here is in contr
to the ~almost! equilibrium mechanisms thought to be r
sponsible for 1/f noise in, for example, electrical curren
measurements in solids@18#. Those mechanisms are clear
not applicable to far from equilibrium, avalanching system
Our results explicitly demonstrate that a SOC mechani
with a power-law distribution of avalanches, can lead to lo
time correlations between avalanches giving low-freque
1/f a noise in slowly driven, far from equilibrium systems.
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thank the DAAD for financial support and the Imperial Co
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