
PHYSICAL REVIEW E 66, 046402 ~2002!
Ion-acoustic compressive and rarefactive double layers in a warm multicomponent plasma
with negative ions
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Department of Physics, University of Rajasthan, Jaipur 302004, India

~Received 17 April 2002; published 9 October 2002!

Propagation of ion-acoustic double layers has been studied in plasma consisting of warm positive- and
negative-ion species with different masses, concentrations, and charge states along with electrons with two-
electron temperature distributions. It is found that there exist two critical concentrations of negative ions,aR

andaQ . One of them (aR) generally decides the existence of the double layer, whereas the other one (aQ)
decides the nature of the double layer. It is found that the system supports ion-acoustic double layers only when
the negative-ion concentration~a! is greater than the critical concentrationaR . It is also found that below the
critical concentrationaQ , compressive double layers exist and above it rarefactive double layers exist. For
some values of cold-electron concentrations~m! it is found that if the temperature of the negative-ion species
is higher than the positive-ion species, then the system supports compressive double layers for all values ofa
lying in the range 0,a,aQ . The dependence of the critical concentrations on the temperatures of the two-ion
species and on the concentration of cold electrons has also been investigated.

DOI: 10.1103/PhysRevE.66.046402 PACS number~s!: 52.35.2g
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I. INTRODUCTION

In the past few years, the double layer has been a topi
significant interest because of its relevance in cosmic ap
cations@1–4#, confinement of plasma in tandem mirror d
vices@5#, for ion heating in linear turbulence heating devic
@6#, etc. The ion-acoustic double layers in plasmas have b
extensively studied theoretically@7–14# as well as experi-
mentally @15–20#. The experimental observation of a stron
double layer in a plasma consisting of positive ions, nega
ions and electrons, has been reported by Merlino and Loo
@18#. Ion-acoustic double layers have also been observe
auroral and magnetospheric plasmas@2,21#. Using the
reductive-perturbation method, several authors@9,10,13,14#
have studied weak ion-acoustic double layers in differ
plasma systems.

In the past few years there has been considerable inte
in understanding the behavior of plasmas containing posi
ions, electrons, and a significant concentration of nega
ions. Negative-ion plasmas are found in theD region of the
ionosphere@22#, plasma processing reactors@23#, and neutral
beam sources@24#. With recent technology, it is possible t
produce plasmas in which the negative-ion density is m
higher than the electron density. Negative ions are produ
by electron attachment to neutral particles when an e
tronegative gas, i.e., a gas with a large electron-attachm
cross section,~e.g., halogens and hexafluorides! is introduced
into electrical gas discharges. Wong, Mamas, and Arn
@25# have described a method for producing plasmas w
nearly all electrons replaced by negative ions. In their exp
ment they made use of SF6 , a gas of great electron affinit
especially for Te<0.2 eV and obtained a negative-io
plasma with 12a<1023 at a neutral gas pressure of
31024 Torr; wherea5n2 /n1'12(ne /n1). Later, Her-
shkowitz and Intrator@26# also obtained a negative-io
plasma with 12a<1023 at a neutral pressure less tha
1024 Torr. Sato@27# has reported that it is possible to obta
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negative-ion plasmas containing K1 and SF6
2 ions, in which

the electron fraction becomes as small as 12a<1024 at a
SF6 gas pressure>531024 Torr.

Two-electron temperature distributions are very comm
in the laboratory@17–20,28#, as well as in space plasmas@2#.
The ion-acoustic double layers in the two-electron tempe
ture plasma have been investigated extensively, theoretic
@13,14# as well as experimentally@19,20#. Ion-acoustic
double layers have also been observed in the auroral
magnetosphere plasmas, where the two-electron species
@2,21#. Therefore, it is interesting to investigate the io
acoustic double layer in a plasma, with negative-ion spec
and two-electron temperature distribution present simu
neously.

The aim of this paper is to study the ion-acoustic dou
layers in a multicomponent plasma consisting of wa
positive- and negative-ion species along with hot electr
with two-electron temperature distributions. The salient fe
ture is to demonstrate the existence of compressive and
efactive ion-acoustic double layers in a plasma with two-
species having different masses, concentrations, ch
states, and temperatures. Using the reductive-perturba
method, we have derived a modified KdV~m-KdV! equation
that admits a double-layer solution. We have investigated
effect of mass, concentration, and temperature of differ
ion species on the characteristics of ion-acoustic double
ers in detail. Furthermore, for numerical illustrations, w
take some realistic examples of plasmas containing the
species (Ar1,SF6

2), (Ar1,F2), (H1,O2
2), and (H1,H2).

The (Ar1,F2) plasma composition has been frequently us
in experimental investigations of ion-acoustic wave propa
tion by Doucet@29#, Wong, Mamas, and Arnush@25#, and in
ion-acoustic solitons by Nakamura and Tsukabayashi@30#
and Nakamura@31#. The (Ar1,SF6

2) plasma composition
has been used in the experimental investigation of str
double layers by Merlino and Loomis@18#. The (H1,O2

2)
and (H1,H2) plasma compositions are expected to occur
©2002 The American Physical Society02-1
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the D region of the ionosphere and have also been con
ered by Tagare@32#, Tagare and Reddy@33#, Mishra,
Chhabra, and Sharma@34#, and Mishra and Chhabra@35#
among others.

The main finding of our investigation is that double laye
exist in plasmas with negative ions provided the negative-
to positive-ion concentration ratio~a! exceeds a critica
valueaR and the nature of the double layer~compressive or
rarefactive! is determined by another critical concentrati
ratio aQ . The system supports ion-acoustic double lay
only for the values ofa.aR . It is also found that there exis
ranges of negative-ion concentration below and above
critical concentrationaQ , in which the system support
compressive and rarefactive double layers, respectively
has also been found that for some values of cold-elec
concentration~m!, the critical concentrationaR is zero. For
these values ofm, if the temperature of the negative-ion sp
cies is higher than the positive-ion species, compres
double layers exist for all the values ofa lying in the range
0,a,aQ . Our investigation shows that the amplitude
the compressive~rarefactive! double layer decreases~in-
creases! with increasing negative-ion concentration~a!,
whereas, the width of the compressive~rarefactive! double
layer increases~decreases! with increasing negative-ion con
centration.

The paper has been organized as follows: In Sec. II,
normalized fluid equations for the system have been p
sented. Using the reductive-perturbation method, m-K
equation has been derived in Sec. III and in Sec. IV
double layer solution of the m-KdV equation has been
tained. A discussion is given in Sec. V and the main conc
sions have been summarized in Sec. VI.

II. BASIC EQUATIONS

We consider a plasma consisting of warm positive- a
negative-ion species and isothermal electrons, which are
vided into two groups: a hot component with densitynh and
temperatureTh and a cold component with densitync and
temperatureTc . The nonlinear behavior of ion-acoust
waves may be described by the following set of normaliz
fluid equations:

]N1

]t
1

]

]x
~N1V1!50, ~1!

]V1

]t
1V1

]V1

]x
52

1

d

]f

]x
2

s1

dZ1

1

N1

]N1

]x
, ~2!

]N2

]t
1

]

]x
~N2V2!50, ~3!

]V2

]t
1V2

]V2

]x
5S «z

dh D ]f

]x
2

s2

dhZ1

1

N2

]N2

]x
, ~4!

]2f

]x2 5nh1nc2
N1

~12a«z!
1

a«z

~12a«z!
N2 , ~5!
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nh5n expH b

~m1nb!
fJ , ~6!

nc5m expH 1

~m1nb!
fJ . ~7!

For smallf, from Eqs.~6! and ~7!, we have

ne5nh1nc511f1
1

2

~m1nb2!

~m1nb!2 f21
1

6

~m1nb3!

~m1nb!3 f3

1¯ , ~8!

where

d5
~h1a«z

2!

h~12a«z!
, a5

N2
~0!

N1
~0! , «z5

Z2

Z1
, h5

M2

M1
,

b5
Tc

Th
, m5

nc0

n0
, n5

nh0

n0
, s15

Ti1

Teff
,

s25
Ti2

Teff
and Teff5

n0ThTc

~nc0Th1nh0Tc!
.

In the above equations,N1 , V1 andN2 , V2 are the den-
sities and fluid velocities of the positive- and negative-i
species, respectively,nc0 , nh0 andN1

(0) , N2
(0) , are the equi-

librium densities of two-electron components and of the tw
ion components, respectively,f is the electrostatic potential
h is the mass ratio of the negative-ion species to the posit
ion species,a is the equilibrium density ratio of the negative
ion- to the positive-ion species, and«z is the charge multi-
plicity ratio of the negative-ion species to the positive-i
species.

In Eqs. ~6! and ~7!, the electron density distributions ar
considered to be of the Maxwell-Boltzmann type. In Eq
~1!–~7! above, velocities (V1 ,V2), potential ~f!, time (t),
and space coordinate~x! have been normalized with respe
to the ion-acoustic speed in the mixtureCs , thermal poten-
tial Teff /e, inverse of the ion-plasma frequency in the mixtu
vpi

21, and Debye lengthlD , respectively. Ion densitiesN1

andN2 are normalized with their corresponding equilibriu
values. Whereas, electron densitiesnh andnc are normalized
by n0 . In the mixture, the ion-acoustic speedCs , the ion
plasma frequencyvpi , and the Debye lengthlD are given by

Cs5FTeffdZ1

M1
G1/2

, vpi5F4pn~0!e2Z1d

M1
G1/2

,

and lD5F Teff

4pne
~0!e2G1/2

.

The charge-neutrality condition is expressed asm1n51.
2-2



a
-

:

o

r-

ti

he

ol-

r

n.
,
ing

ION-ACOUSTIC COMPRESSIVE AND RAREFACTIVE . . . PHYSICAL REVIEW E 66, 046402 ~2002!
III. DERIVATION OF THE MODIFIED-KdV EQUATION

To derive the m-KdV equation from the basic set of equ
tions, viz., Eqs.~1!–~7!, we introduce the following stretch
ing of coordinates~j! and ~t!:

j5«~x2St! ~9a!

and

t5«3t, ~9b!

where« is a smallness parameter andS is the phase velocity
of the wave, to be determined later.

Now we expand the field quantities in the following form

F N1

N2

V1

V2

f

G5F 1
1
0
0
0

G1«F N1
~1!

N2
~1!

V1
~1!

V2
~1!

f~1!

G1«2F N1
~2!

N2
~2!

V1
~2!

V2
~2!

f~2!

G1«3F N1
~3!

N2
~3!

V1
~3!

V2
~3!

f~3!

G
1¯ . ~10!

On substituting the expansion~10! into Eqs.~1!–~7!, using
Eqs.~8! and~9!, and equating terms with the same powers
«, we obtain a set of equations for each order in«. The set of
equations~1!–~4! at the lowest order, i.e.,O(«2), gives the
following first-order solutions:

N1
~1!5

Z1

~dZ1S22s1!
f~1!, ~11!

N2
~1!52

Z2

~dhZ1S22s2!
f~1!, ~12!

V1
~1!5

Z1S

~dZ1S22s1!
f~1!, ~13!

V2
~1!52

Z2S

~dhZ1S22s2!
f~1!. ~14!

On using Eqs.~11! and ~12! in Poisson equation~5! to the
lowest order, i.e.,O(«), one gets the following linear dispe
sion relation:

Z1

~12a«Z!
F 1

~dZ1S22s1!
1

a«Z
2

~dhZ1S22s2!
G51. ~15!

The above equation is quadratic inS2, therefore the inclu-
sion of a finite-ion temperature gives rise to two ion-acous
modes propagating with phase velocities
04640
-

f

c

S25S 1

2
1

~s21hs1!

2dhZ1
D6F S 1

2
1

~s21hs1!2

2dhZ1
D

2
1

hd2Z1
S s1s2

Z1
1

~s21s1a«Z
3!

~12a«Z!
D G1/2

. ~16!

The positive~negative! sign in Eq.~16! is for the fast~slow!
wave mode. For the further study we will consider only t
fast wave mode.

Now taking the next-higher order, i.e.,O(«3), of Eqs.
~1!–~4!, and using the first-order solutions, we get the f
lowing second-order solutions:

N1
~2!5

Z1

~dZ1S22s1! FZ1

2

~3dZ1S22s1!

~dZ1S22s1!2 f~1!2
1f~2!G ,

~17!

N2
~2!5

Z2

~dhZ1S22s2! FZ2

2

~3dhZ1S22s2!

~dhZ1S22s2!2 f~1!2
2f~2!G ,

~18!

V1
~2!5

Z1

2dS

1

~dZ1S22s1! F11s1

~3dZ1S22s1!

~dZ1S22s1!2 Gf~1!2

1
1

dSF11
s1

~dZ1S22s1!Gf~2!, ~19!

V2
~2!5

«Z

2dhS

Z2

~dhZ1S22s2! F11s2

~3dhZ1S22s2!

~dhZ1S22s2!2 Gf~1!2

2
«Z

dhSF11
s2

~dhZ1S22s2!Gf~2!. ~20!

The Poisson equation~5! at O(«2) gives

Qf~1!2
50, ~21!

where

Q5
Z1

2

2~12a«Z! F ~3dZ1S22s1!

~dZ1S22s1!32a«Z
3 ~3dhZ1S22s2!

~dhZ1S22s2!3 G
2

1

2

~m1nb2!

~m1nb!2 . ~22!

Sincef (1)Þ0, therefore ‘‘Q’’ should be at least of the orde
of « and now ‘‘Qf (1)2’’ becomes of the order of«3; so it
should be included in the next order of Poisson’s equatio

The next higher order, i.e.,O(«3) of the Poisson equation
on using first and second-order solutions, gives the follow
m-KdV equation

P
]f

]t
1Q

]f2

]j
1R

]f3

]j
1

]3f

]j3 50, ~23!

where
2-3
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P5
2dSZ1

2

~12a«Z! F 1

~dZ1S22s1!2 1a«Z
2 h

~dhZ1S22s2!2G
~24!

and

R5
1

~12a«Z!
F Z1

3

~dZ1S22s1!3 H 11
1

2

~3dZ1S22s1!

~dZ1S22s1!2

3~dZ1S21s1!1
1

3

s1

~dZ1S22s1!J
1a«Z

Z2
3

~dhZ1S22s2!3

3H 11
1

2

~3dhZ1S22s2!

~dhZ1S22s2!2 ~dhZ1S21s2!

1
1

3

s2

~dhZ1S22s2!J G2
1

6

~m1nb3!

~m1nb!3 . ~25!

In Eq. ~23!, f is used in place off (1) for brevity.

IV. DOUBLE-LAYER SOLUTION

For the steady-state solution of the m-KdV equation~23!,
we use the transformation

z5j2ut, ~26!

whereu is a constant velocity. Using Eq.~26! in Eq. ~23! and
integrating with respect toz, we get

1

2 S df

dz D 2

1V~f!50, ~27!

whereV(f) is the Sagdeev potential, given by

V~f!52 1
2 Puf21 1

3 Qf31 1
4 Rf4. ~28!

In the derivation of Eq.~27!, we have used the following
boundary conditions: Asf→0,

df

dz
,

d2f

dz2 →0.

However, for the double-layer solution, the Sagdeev pot
tial should be negative betweenf50 andfm , wherefm is
some extremum value of the potential.

In order that the Sagdeev potentialV(f) give rise to a
double-layer solution, it should satisfy the following cond
tions:

V~f!50 at f50 and f5fm , ~29a!

V8~f!50 at f50 and f5fm , ~29b!

V9~f!,0 at f50 and f5fm . ~29c!

Applying the boundary conditions~29a! and ~29b! in Eq.
~28!, we obtain
04640
-

u5S 2
R

2PDfm
2 ~30!

and

fm52
2

3

Q

R
. ~31!

Using Eqs.~30! and ~31! in the Eq.~28!, we get

V~f!5
Rf2

4
~fm2f!2. ~32!

The double-layer solution of Eq.~27!, with Eq. ~32!, is
given by

f5
fm

2 F12tanhH S 2
R

8 D 1/2

fm~j2ut!J G . ~33!

It may be noted from the above equation that for the ex
tence of a double layer, the coefficient of cubic nonline
term of the m-KdV equation, i.e.,R, should be negative. I
may also be noted from Eq.~31! that the nature of the doubl
layer, i.e., whether the system will support a compressive
a rarefactive double layer, depends on the sign ofQ. If Q is

FIG. 1. Variation of the amplitudeufmu ~shown by solid curve!
and widthd ~dashed curve! of the ion-acoustic double layer with
negative-ion concentration~a! for an (Ar1,SF6

2) plasma withZ1

51, Z251, «Z51, h51.9, b50.1, andm50.01, for different val-
ues ofs1 ands2 . CurvesA andB refer toufmu andd for two sets
of values of (s1 ,s2)5(0.01,0.001) and~0.001, 0.01!, respectively.
The subscriptsC and R with A and B correspond to compressiv
and rarefactive double layers, respectively.
2-4
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positive, a compressive double layer exists whereas for n
tive Q, a rarefactive double layer exists.

The thicknessd of the double layer is given by

d5

2S 2
8

RD 1/2

ufmu
. ~34!

V. DISCUSSION

We have done numerical calculations to investigate
existence regions and nature of the ion-acoustic double
ers for four different plasma systems:~i! an Ar1 plasma with
SF6

2 negative ions,~ii ! an Ar1 plasma with F2 negative
ions,~iii ! a H1 plasma with O2

2 negative ions, and~iv! a H1

plasma with H2 negative ions. Our investigations show th
the presence of negative-ion species drastically affects
existence regions and nature of the ion-acoustic double
ers. Equations~22! and~25! show that the coefficientsQ and
R are functions of the negative-ion concentrationa. For a
given set of parameters the coefficientR becomes negative a
a exceeds the critical concentrationaR , and hence the sys
tem may support ion-acoustic double layers. Moreover

FIG. 2. Variation of the amplitudeufmu ~shown by solid curve!
and widthd ~dashed curve! of the ion-acoustic double layer with
negative-ion concentration~a! for an (Ar1,SF6

2) plasma withZ1

51, Z251, «Z51, h51.9, b50.1, andm50.05, for different val-
ues ofs1 ands2 . CurvesA andB refer toufmu andd for two sets
of values of (s1 ,s2)5(0.01,0.05) and~0.05, 0.01!, respectively.
The subscriptsC andR correspond to compressive and rarefact
double layers, respectively.
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the existence of a weak double layer the coefficientQ must
be of the order of«.

We have calculated the amplitude and width of the io
acoustic double layer using Eqs.~31! and ~34!, respectively.
In Fig. 1 curvesA show the variation of the amplitud
~shown by full line! and the width~shown by dashed line! of
the ion-acoustic double layer with the negative-ion conc
tration ~a! in an (Ar1,SF6

2) plasma for a set of values o
(s1 ,s2)5(0.01,0.001) amounting toTi1 /Ti2510; curvesB
show similar variations for parameter set (s1 ,s2)
5(0.001,0.01). CurvesAC andBC represent the variation o
the amplitude~shown by solid line! and the width~shown by
dashed line! of the compressive double layers. For the valu
of the negative-ion concentrationa.aR , as we increase the
negative-ion concentration, the amplitude of the compress
double layer decreases tilla approachesaQ . If we further
increase the value ofa, such thata.aQ , then the system
supports rarefactive double layers whose amplitude~shown
by solid curvesAR andBR! increases by increasinga. On the
other hand, the width of the compressive double la
~shown by dashed curvesAC andBC! increases by increasin
a and asa approaches the valueaQ its value increases rap
idly. Whereas, the width of the rarefactive double lay
~shown by dashed curvesAR andBR! decreases rapidly with
increasinga and then becomes nearly constant. For a giv
set of parameters witha.aR , there exist ranges

FIG. 3. Variation of the amplitudeufmu ~shown by solid curve!
and widthd ~dashed curve! of the ion-acoustic double layer with
negative-ion concentration~a! for an (Ar1,F2) plasma withZ1

51, Z251, «Z51, h50.476, b50.1, andm50.05, for different
values ofs1 ands2 . CurvesA andB refer to ufmu andd for two
sets of values of (s1 ,s2)5(0.01,0.05) and~0.05, 0.01!, respec-
tively. The subscriptsC andR correspond to compressive and ra
efactive double layers, respectively.
2-5



ca
ve
e
ve

id
e

he
l

s
o

e
is

n

e
la

at

is

rts

tic
gs.
an

t

om-
s. 3

cal

er,

tic
tra-

ive ve

M. K. MISHRA, A. K. ARORA, AND R. S. CHHABRA PHYSICAL REVIEW E66, 046402 ~2002!
of negative-ion concentration below and above the criti
concentrationaQ , in which the system supports compressi
and rarefactive double layers, respectively. Outside th
ranges~below aQ for compressive double layer and abo
aQ for rarefactive double layer!, we find thatufmu>1 and
hence the theory for weak double layers is no longer val

It is also found that for fixed values of parameters, if w
increase the cold-electron concentrationm, the critical con-
centrationaR decreases and approaches zero. Thus, t
exist some values ofm for which there is no lower critica
negative-ion concentration (aR). For these values ofm, it is
found that if the temperature of the negative-ion specie
higher than the positive-ion species, the system supp
compressive double layers for all the values ofa lying in the
range 0,a,aQ . The condition for the rarefactive doubl
layer (a.aQ) still remains the same. We have shown th
case in Fig. 2 for an (Ar1,SF6

2) plasma. In Fig. 2, fors1
50.01 ands250.05, the curveAC represents the variatio
of the amplitude~shown by a solid line! and width~shown
by dashed line! of the compressive double layer. It may b
noted here that the system supports compressive double
ers for all the values ofa lying in the range 0,a,0.025.
For the values ofa.0.025, the curveAR shows the variation
of the amplitude~shown by solid line! and width~shown by
dashed line! of the rarefactive double layer, predicting th
rarefactive double layers exist only for a range ofa above
the critical concentrationaQ . With the values ofs1 ands2

FIG. 4. Variation of the amplitudeufmu ~shown by solid curve!
and widthd ~dashed curve! of the ion-acoustic double layer with
negative-ion concentration~a! for a (H1,O2

2) plasma withZ1

51, Z251, «Z51, h532, b50.1, andm50.05, for different val-
ues ofs1 ands2 . CurvesA andB refer toufmu andd for two sets
of values of (s1 ,s2)5(0.01,0.05) and~0.05, 0.01!, respectively.
The subscriptsC andR correspond to compressive and rarefact
double layers, respectively.
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interchanged, the variation of the amplitude and width
shown by the curvesBC and BR . In this case havings1
.s2 , it can be seen from Fig. 2 that the system suppo
compressive double layers~shown byBC! only for a range of
a below the critical concentrationaQ . We have shown the
variation of the amplitude and width of the ion-acous
double layers with the negative-ion concentration in Fi
3–5 for three different plasma compositions, i.e.,
(Ar1,F2), a (H1,O2

2) and a (H1,H2) plasmas, choosing
the parameters for whichaR50. We see that for a given se
of parameters, if we decrease the mass ratioh, the value of
aQ decreases due to which the existence range of the c
pressive double layer decreases, as may be noted in Fig
and 5 and on the contrary, if we increase the value ofh, this
range increases as shown in Fig. 4.

VI. CONCLUSIONS

Our main conclusions are as follows.
~i! For a given set of parameters, there exist two criti

concentrations of negative ions, i.e.,aR and aQ , such that
aR generally decides the existence of the double lay
whereasaQ decides the nature of the double layer.

~ii ! It is found that the system supports ion-acous
double layers only for the values of negative-ion concen
tion a.aR .

FIG. 5. Variation of the amplitudeufmu ~shown by solid curve!
and widthd ~dashed curve! of the ion-acoustic double layer with
negative-ion concentration~a! for an (H1,H2) plasma withZ1

51, Z251, «Z51, h51, b50.1, andm50.05, for different values
of s1 ands2 . CurvesA andB refer to ufmu andd for two sets of
values of (s1 ,s2)5(0.01,0.05) and~0.05, 0.01!, respectively. The
subscriptsC and R correspond to compressive and rarefacti
double layers, respectively.
2-6
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~iii ! There exist ranges of negative-ion concentrations
low and above the critical concentrationaQ in which the
system support compressive and rarefactive double lay
respectively.

~iv! For some values of cold-electron concentrations~m!,
if the temperature of the negative-ion species is higher t
the positive-ion species, then compressive double layers
v

sio

o-

04640
-

rs,

n
x-

ist for all the values ofa lying in the range 0,a,aQ .
~v! For a given set of parameters, it is found that t

amplitude of the compressive~rarefactive! double layer de-
creases~increases! with increasing negative-ion concentra
tion ~a!, whereas, the width of the compressive~rarefactive!
double layer increases~decreases! with increasing negative-
ion concentration~a!.
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