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Liquid-liquid and liquid-solid phase separation and flocculation for a charged colloidal dispersion
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We model the intercolloidal interaction by a hard-sphere Yukawa repulsion to which is added the long-range
van der Waals attraction. In comparison with the Derjaguin-Landau-Verwey-Overbeek repulsion, the Yukawa
repulsion explicitly incorporates the spatial correlations between colloids and small ions. As a result, the
repulsive part can be expressed analytically and has a coupling strength depending on the colloidal volume
fraction. By use of this two-body potential of mean force and in conjunction with a second-order thermody-
namic perturbation theory, we construct the colloidal Helmholtz free energy and use it to calculate the ther-
modynamic quantities, pressure and chemical potential, needed in the determination of the liquid-liquid and
liquid-solid phase diagrams. We examine, in an agueous charged colloidal dispersion, the effects of the Ha-
maker constant and particle size on the conformation of a stable liquid-liquid phase transition calculated with
respect to the liquid-solid coexistence phases. We find that there exists a threshold Hamaker constant or particle
size whose value demarcates the stable liquid-liquid coexistence phases from their metastable counterparts.
Applying the same technique and using the energetic criterion, we extend our calculations to study the floc-
culation phenomenon in aqueous charged colloids. Here, we pay due attention to determining the loci of a
stability curve stipulated for a given temperatdig and obtain the parametric phase diagram of the Hamaker
constant vs the coupling strength or, at given surface potential, the particle size. By impgsiode the
critical temperaturel ., i.e., settingkgTy (=kgT.) equal to a reasonable potential barrier, we arrive at the
stability curve that marks the irreversible reversible phase transition. The interesting result is that there
occurs a minimum size for the colloidal particles bel@bove which the colloidal dispersion is driven to an
irreversible(reversiblg phase transition.
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[. INTRODUCTION statistical mechanics and in colloidal science. In recent years,
the rapid development of the liquid-state theories in under-
Destabilization of charged colloidal dispersions is anstanding the structure and thermodynamics of the simple and
ubiquitous phenomenon. Depending on the physical parancomplex liquids has greatly facilitated an elegant use of the
eters of colloids(charge, size, surface potential, gtor the  same techniques to charged colloidal liquids. In this connec-
external conditiongtemperature, pressure, electrolyte con-tion we would like to draw attention to the works indepen-
centration etg.a charged colloidal dispersion can be drivendently proposed by Beresford-Smith, Chan, and Mitcf|l
to flocculation either reversibly or irreversibly. To understandBelloni [2], and Khan, Morton, and Ronig3]. Beginning
this scenario and the possible mechanisms behind, is a greaith the multicomponent Ornstein-Zernik©Zz) equations,
challenge to theoreticians as well as experimentalists. Let udese authors applied elegant strategies such as the contrac-
recall how a homogeneous charge-stabilized colloidal fluidion of the coupled OZ equatiorig] or the multistep reduc-
can be induced to undergo a phase separation. At a molecultion of components in the coupled OZ equatipBkto derive
level, a charge-stabilized colloidal dispersion consists ofan effective repulsive potential functiop(r) ([5], referred
macroions which, in a dispersive medium such as water, ar® as Belloni model beloyfor macroions subject to the ap-
capable of releasing counterions that carry opposite chargegroximation of modeling small ions as pointlike. A salient
For such a de-ionized system, the basic interactions betwedaature of these models is that the deriv&a) is an analytic
colloids and counterions are purely Coulombic and manyfunction of the salt concentration as well as the colloidal
body in nature. Since the charge of any macroion is generallyolume fraction. In the limit of low colloid densityg(r)
large (typically of the order of several thousands of elec-reduces to the well-known Derjaguin-Landau-Verwey-
tronic charges the counterions feel a strong electrostaticOverbeek DLVO) [6] repulsion that can be calculated on the
attraction superimposed by the self-repulsion among parbasis of the Poisson-Boltzmann equation.
ticles of each of these Coulombic species. The response of The ¢(r) above has been critically assessed in several
counterions to the charged colloids is in the form of ionicrecent applications which include the calculation of the
screening and is rather complicated statistical mechanicallyiquid-glass transition phase boundary for cases in general
This electrostatic complexity is further enhanced if electro-{7-9] and for the realistic case of the polystyrene particles in
lytes are present. The latter contributes to the screening & water-methanol medium in the presence of electrolytes
small ions that now comprise the counterions and co-iond.10], and the interpretation of the static structure factor for a
Thus, a first-principles theoretical study of the colloidal so-micellar solution[11,12. Also, the same repulsivé(r) has
lutions is to develop a means of describing the interactions itbeen combined with the long-range van der Waals attraction
this inherently multicomponent system. Such a problem haand applied to study the liquid-liquid phase transition in an
in fact posed a great challenge to researchers working iaqueous charged colloidal dispersidj. In the latter work,
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an attempt was made to locate the stability curve that differsmall ions as pointlike, one can “eliminate” the latter and
entiates the liquid-liquid phase separatiGssumed to be construct a two-body repulsive colloid-colloid potential of
driven by the appearance of a second potential minimum imean forcg7] that reads

the intercolloidal particle interactiorfrom the irreversible 5

coagulation. Comparison of the predicted minimum particle (ZoX)“Lg exp(—kpr) (1)

@

J+u

size deduced from the stability curve with the measured data ¢(r)= r » =0
for a mixture of polystyrene latices and waf&8] shows that
our calculated results are reasonable. Since our precedifgereZ, andoy are the nominal charge and hard-sphere di-
work is confined to a first-order perturbation theory, we shallameter of the colloid ky'=1/(=;_,a?)Y? is the Debye
in this work, extend the calculation to include the second-Hiickel screening length in which?=47Lgp;Z?, Lg andz;
order correction. Technically, the present calculation followsare the Bjerrum length and the charge of a colloid or a small
closely the one previously used by Gast, Hall, and Russdbn (we denote by subscript=0 for macroion andi
[14] in their studies of the polymer-induced separation. Simi-=1,2,... otherwisg respectively, and the coupling strength
lar first- and second-order calculations have been reporteds
respectively, by Victor and Hansefl5], and Kaldasch,
Laven, and Steifnl16] employing the DLVO potential func- X=cos)‘(£ fcosl‘(f —sint‘(f)
tion. 2 2 2 2/

The format of this work is as follows. In Sec. Il we give
the total two-body colloid-colloid potential to be used in the Note that Eq.(2) accounts for the spatial correlations be-
numerical work. Expressions for the thermodynamic quantitween the macroions and the small ions and it depends not
ties are given up to the second order and they are organizezhly on k=kpoy, but also onzn= wpoag/G through U
in a form suitable for numerical computation. To reduce nu-=(8¢/x%—2v/k) in which (=375/(1—7), v=(T,
merical errors, we have tried to derive exact analytical results-2/)/[2(1+ ¢)+T,] and
for some integrals. Then, in Sec. lll A, we check the accu-
racy and reliability of our numerical work against those of (Fi—xz)[2(1+ §)+FU]2=9677(Z§/00)LB. 3
others, such as the work of Gast, Hall, and Ru$%4| de-
voted to the problem of polymer-induced separation. In adit is readily seen that giveﬁé/ao, kx and n, Egs.(2) and(3)
dition, we have compared the present second-order theoigan be solved forX, and in the limit of pg—0, X
with our previous first-order resulf§] and with the work of —exp(/2)/(1+ «/2) which is the linearized DLVO result.
Kaldasch, Laven, and Steii6]. Possible reasons for the This implies that thep(r) given above is appropriate for the
disparity in the results obtained are analyzed. In Sec. Ill Bdescription of a suspension of charged colloids at any finite
we compare the phase diagrams calculated by the Bellor@oncentration.
and DLVO models and in Sec. llIC we present our careful The total potential energy of interaction between two
analysis of the effects of the Hamaker constant and particleharged colloidal particles is then
size on the conformation of stable liquid-liquid coexistence
phases calculated with respect to their metastable phases. V()= (1) +vyau(r), (4)
The problem of flocculation phenomenon is the main theme ) .
of Sec. 1l D. Here the investigation is based on examiningvhere, expressed in reduced distareer/ oy,
the T- » phase diagram, drawing attention to the connection AH(X)
between the energys T, (T, is the critical temperatujeand Uyan(X) = — (5)
the potential barrier, and imposing on them the energetic 12
criterion. Finally, in Sec. Il E, we give a summary and con-
clusion of our work.

is the van der Waals attractig6] with

1
1- 7) (6)

1 1
H(X)ZHJFPJFZ In

Il. PERTURBATION THEORY
In this section, we give essential equations needed in thg,4 A is the Hamaker constant. Note that the useof) as
present numerical study of the phase diagrams. Since th&r repulsive potential for the charged colloidal dispersion is
mathematics follows closely several recent woiké,15,3,  nysically more realistic than the DLVO counterpart since
the readers are referred to them for technical details. the coupling constarX is » dependent and is appropriate for
studying phase equilibrium properties such as the liquid-

A. Colloid-colloid potential function liquid coexistence phases whergs generally finite.

Consider a charged colloidal system comprising macro-
ions and small iongcounterions and other co-ions such as
electrolyte$. The potential energy for the charged colloids  Following Ref.[5], we rewrite Eq.(4) in the form
and small ions in a dispersive medium is electrostatic in
origin. As a whole, it is a multicomponent system. However, V(x)=A exg —«(x—1)] AH(x) )
within the mean spherical approximation and treating the X 12A )’

B. Week-Chandler-Andersen perturbation theory
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WhereAzzﬁLBXZe*" in the present model. Next, we split va(X)=0, x<S

V(x) into two parts, a repulsive, and an attractive ,; the

former constitutes a reference system while the latter is =V(Xy), S<X<Xp

treated as a perturbation. For the charged colloidal disper-

sion, the separation is done as follows. In the first place, we =V(X), X>Xq. (13)

note that the structure &f(x) for an excess salt constart
>1 changes asymptoticalljargex) from a negative/(x) to

a (second minimum V(x,,), continues further to a positive
maximum barrietV(xy,), and then crosses over to an infi-
nitely deep(first) minimum. The extrem&/(x,,) andV(xy)
can be determined by the conditidfi(x) =0, which leads to

Thus, at a given densityp, the volume fractionsy
= 70°pl6 andny= mogpl6 are related byy=S>7,. Now, it
was shown in Refl.20] that the reference free energy can be
calculated by carrying out a functional Taylor-series expan-
sion inA =exd — Bv,(X)]—exd — Bvg(X)]. Keeping to first or-
1+ xk 2 1 X der in A, Scan be determined by
Tha——e VAT o~ 5~ | /6=0,

X (x*=1)x x= (x*—=1)

8) S=xy+ jxm{l—exp{—ﬂvr(x)]}dx. (14)

whereT,=A/kg and T,=A/kg. The existence of the ex-

trema has been an experimental issue and has an immediaiée shall use this density-independent Barker-Henderson di-
consequence. It was observed by Kotera, Furusawa, argmeter in our calculation of the liquid-liquid and liquid-solid
Kubo[13] and other§17-19 that a charged colloidal solu- phase diagrams. On&is determined, the problem of mod-
tion would undergo a weak reversible flocculation if, at theeling v, by equivalent hard spheres has, so to speak, been
second minimum positioRr,,, the characteristic depth of the solved since reasonably accurate empirical formulas for the
potential well ranges from a fewgT to approximately 15 hard-sphere Helmholtz free enerys of both the liquid and
kgT and, in addition, the potential barrisi(x,,) atx, must the solid are available. The full second-order perturbation
be high. The second condition is set to prevent the energetigquation for the Helmholtz free energyis [21,22]

colloids thermally collided and fall into the primary mini-

mum at which place an irreversible coagulation occurs. Ex- * ]
perimental works on polystyrene charged latices in water BFIN=BFnd 77)/N+12710L dx 3 Bva(X)1gnd X/S; )
[17,13 indicate an order oV (xy)~15kgT to be sufficient

for observing less ambiguously the weak reversible floccula- ap .
tion. In view of this global structure of(x), it is natural to —(670/B) Ipnd 77)) L dx 3 Bva(x)]*
write
X ghd XIS; 7). (15
V(X)=v(X) +va(X), 9

Here x=r/oy is the reduced distance defined above,
OndX/S; 7) is the hard-sphere pair correlation function cal-
culated at the effective n, (1/8)(dp/dpnd=[1/(Zns

+ ndZnsl dn)] is the macroscopic compressibility in which
Zysis the hard-sphere equation of state that reads differently
for a liquid and a solid. It should be mentioned that the

and choose the repulsion
v (X)=00, X<Xy

=V(X)=V(Xm), Xpu<X<Xp

=0. x>x (10) repulsive condition given by Ed12) is reflected in the ef-
' m fective 5 for Fs, gndX/S;7), and @p/dpny. From Eq.
as the reference system and treat the attraction (15), we can calculate the chemical potenfialand then the

pressure as
va(X)=V(Xm), X<Xn

_ 9 [BeF 16

=V(X), X>Xn (11) Bu= | N (16)
as a perturbation. Since the charged colloidal particles are
characterized by strong Coulomb repulsion, it is reasonable Bp=Bpu— BPF)‘ (17)
to approximatey, in the rangexy, <x<Xn, in Eq. (10) by N

vg(X)=°, X<S These equations are numerically convenient for computation
once the Helmholtz free energi€ss andgs are known.
=0, x>S (12

and account for the softness of by a fluid of equivalent C. Hard-sphere reference system
hard spheres having a size= Soy, whereS>1 is a dimen- It is clear from Eq.(15) that we require the compressibil-
sionless constant. This approximation op, in turn, will ity factor Z,¢ (and hence thd-;) and the pair-correlation
lead us to rewrite Eq(11) as functiongys for an evaluation of the colloidal Helmholtz free
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energy. These quantities are available in literature. For the IIl. NUMERICAL PROCEDURE
liquid, we employ the Carnahan-Starling@3] empirical

: A. Input data
equation of stat&,,g pu

To apply the perturbation theory, we need first to set the

ﬂphs: 1+ n+9°—7° physical range of density separately for the liquid and for the

Zhs (liquid)= (1—-7)° (18) solid. For the liquid, the density falls in the rangecpo™
. . o =0.9492, the upper limit being the maximum density for
which can be integrated giving which a liquid is stable, whereas for the solid the density
spans 1.050ﬂpo35pcp03=f2, with the maximum density
('BFhS) (liquid) = 7(4=37) +Inp—1 (19) describing a stable face-centered-cubic solid phase. Now, the
N 2(1-7)? ' use of the Belloni model requires an input of the nominal

chargeZ, [see Eq.(1)] in addition to prescribing values for
The last two terms in E¢(19) constitute the ideal gas part. the parameters, «, andA. Considering the fact that it is
For the pair-correlation function, we use the Verlet-Weié]  mostly the surface potentiak of a charged particle that is
versiongps since its quality has been examined to be quiteexperimentally available, we have therefore employed the
accurate for most purposes. Turning to the solid pttage approximate formulaZ,= miegeay(2+ k) [6(a)] for the
we minir_nizg numerical_ errors by usin_g the analytical formu-gyajuation ofZ,. Given , Z, is hence a function ok and
las of Kincaid and Wei$25] and Choi, Ree, and R4@6]. . The 4 is thus an input in our calculation of phase dia-
The explicit equations fogys have been well documented in grams. In all of our numerical studies below, in order to
these works and othe{§7,14,2§. We refer the interested gnsyre the consistency of the constructéd), and to permit
readers to them for more details. As for the sdlig, we 3 direct comparison with experiments, we have maintained
need an accurate equation appropriate for the hlgh-den5|%arged colloids at temperaturE=293 K in water
limit. Such Z,s has been proposed by H4R9] on the basis  —7g5), stipulatedy=25 mV, and confined the Hamaker
of his fitting to Monte Carlo simulation data. In terms of the ;gnstantA to fall in the range 102'<A=<10"%°J (or 70
high-density small parametey=4(1—7/7¢) where p,  <T,<7500K). TheseA values lie in the experimentally
=(6r;cp/7-rag) is the close-packing density, the solf}s  zccessible regimgs2].
reads[29] Having specified the input parameters, we turn next to a
critical assessment on our numerical works. In this regard,
. ; we test our programs by applying Eq$5)—(17) to calculate
Zps (solid)= ;o 3y +[(12=3y)11y, (200 the Jiquid-solid coexistence curves for the case of a nonague-
ous colloidal suspension that Gast, Hall, and Ru$sél
wherea,=2.557 696,a,=0.125307 7,2,=0.176 2393a,  have previously shown to undergo a polymer-induced sepa-
=—1.053308, a,=2.818621, as=—2.921934, andag ration. Their results can be reproduced reasonably well with
=1.118413. In a later paper, Wdi30] in consultation with ~ our programs. Also, we have checked the convergence of the
the work of Hall[29] proposed an expression for the hard- second-order Week-Chandler-Anderd®¥CA) perturbation
sphere Helmholtz free energy within the Lennard-Jonestheory by comparing the contribution of the third term in Eq.
Devonshire cell theory. We cast it below in an analytic form (15 with the first two terms. In all of the cases studied here,

6

convenient for numerical work: the former is less than 5% of the latter. Such relative com-
parison of the various contributions to ensure the conver-
BFhs ) 2y gence of the low-order perturbation theory has been em-

( N ) (solid) = —sp+In 7,,—3 |”( m) ployed also by Gast, Hall, and Rus$&#], and by Rao and

Ruckensteirf28]. We should perhaps point out further that

[ 6 , there are a number of technical details in the present higher-
+[(ag=3)+ >, ad'|(In(4—y)/4) order calculation differing from those of our previous first-
- =1 order studies. One major difference is that we made no at-
[ 6 6 72 tempt as in Refs[15,5] in obtaining a full analytic free
+ > ad " y+ > ad'?|— energy since the present work intends to include calculations
Li=1 ] 1=2 2 of the liquid-solid phase diagrams. The significantly large
re 1 3 6 4 assumption used to obtain analytic formulas for a number of
+1> a3 LA > a4t x integrals in Refs[15,5 has been basically abandoned. In
=3 /3 i=4 4 most of our numerical calculations, we have carried out full
6 1 6 numerical computation. Thus, for those integréisr ex-
T 2 a4i—5 l+a e 1) ample, in the appendix of Victor and Hangerb]) in which
i 6 , ; ; ; ;
=5 I 6 the pair-correlation function appears, we have not approxi-

mated them by functions with approximate forfssich as
where sp=—0.24+0.04 is a numerical constant deducedg(x/S)—g(x)] or its contact valueg,(1). Extreme care has
from simulation datd31]. We are now ready to apply the been taken in their evaluation. We have avoided the math-
above equations to the study of liquid-liquid and liquid-solid ematical simplification arising fronx, as indicated in Sec.
phase diagrams. IIC, and have applied in this work the more accurate Verlet-
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FIG. 1. Reduced ionic concentratianvs effective volume frac- FIG. 2. Same as Fig. 1 but far,=6000 A.

tion 7 in both the Belloni(full curve) and DLVO (dashed curve

models calculated for colloids witlro=3000 A at various Ha- ) . ) .
maker constanta. pends on through the functionX, i.e., T, is an explicit

function of . Operating at the same surface potentjal
Weisg(r) in place of the Percus-Yevick version. This should =25 mV, the numerical procedure is repeated @&}
result in significant improvement in the spatial correlation=6000 A andT, is changed until a stable liquid-liquid co-
and hence in differences of the results. Considering all thesexistence curve emerges. In Figéa)22(d) we depict for the
remarks, it is not surprising that the present second-ordesameo,=6000 A the calculated results fdr, = 2000, 4000,
theory differs substantially from that of our previous work 5000, and 7000 K, respectively. In comparison, we carried
[5]. Our calculation is, however, of quite similar order of out the same calculations for the DLVO model and they are
magnitude as the recent DLVO calculation by Kaldaschdisplayed in the corresponding Figs(ai-1(d) and Za)—
Laven, and Steih16] using the same methodology. The re- 2(d). These figures illustrate a basic difference in the two
liability of our numerical results is thus established. In themodels that deserves emphasis. It is seen that the liquid-
following, we give details of our numerical computation ap- liquid coexistence phases, stable or metastable, predicted by

plied to the Belloni and DLVO models. the Belloni model generally fall into the lowet region,
although the positions of the critical valueg in the two
B. Liquid-liquid and liquid-solid phase diagrams: models do not differ very much. To understand this trend
Effects of T physically, we recall from our discussion of the intercolloidal

Since the stability of the liquid-liquid coexistence curves potential that the Belloni model has, explicitly dependent

is intimately connected with the whereabout structure of theorlj 7 wr:jeretas, mAthe DLV(I? t??r(])ry fo(; whm(l;;HO, T?h's
liquid-solid curves, it would be instructive to present these/Ndepencen ofy. As a result of these dependences the spa-

: P tial correlation of charged colloids in the Belloni model dif-
curves together. We display in Figs(al—1(d) the x vs 7 ) .
curves calculated in the Belloni model ab=3000 A and fers substantiately from that in the DLVO model. The rea-

y=25mV for the parameterg ,=2500, 4000, 5000, and sonableness and the quantitativeness of these two models in
- AT 3 i )

: ._correctly describing the structural properties of a charge-
6000 K, respectively. In other words, we vary the attraction , © 2 dispersion have been discussed at length in the

parameteﬂ_’A to reflect the increasing or decreasmg .Str?ngtqiterature[%]. Here we draw attention to the realistic calcu-

of V(r,) with T, and, for the same, determine the liquid- : R .

o i : - . ._lations of the static liquid structure factors reported previ-

liquid and liquid-solid coexistence curves. Note that in this .

case. since ously by Belloni[2], subsequently by Sheu, Wu, and Chen

’ [12], and more recently by ug7,9]. All these studies have
TA=(ZSX2LB/kB)exq—K], (22) pointeq to the fact that the DLVO model is generally more
repulsive(see also Fig. 4 in Ref7]). A higher value ofx is
the repulsive part of the charged colloidal interaction de-therefore not unexpected in the DLVO model in order to
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.FIG' 3. Comparison of the colloid-colloid potentlag functiofirs FIG. 4. Reduced ionic concentratiarvs effective volume frac-
units ofksT) vs x=r.c, calculated at the thresholEfA (see text tion z in the Belloni model calculated for various sizes Bt
between the Bellonifull curve) and the DLVO (dashed curve :46;70 K
models for(a) oo=3000 A and(b) oo=6000 A. :
. - . =25 mV and consider the aqueous charged colloids for vari-
simulate sufficient attraction for the van der Waa|g,(r) to q 9

be realized. This is in contrast to the Belloni model where the> > f'?(edTA' Given t_hese parametric yalues, the effec_:t O.f the
theoretical consideration of correlations betwépaintlike) c_:ou_phng strengtiT, n the conformatlon of a stable I|qU|d—
small ions and colloids has resulted in the finifedepen- I|qU|q phase separation can equn/_alently be examined by
dence ofT, . For k>1, such a correlation effect that buries varying oo [see Eq.(22) above. F'gﬂres 4a)-4(d) and
the interactions between small ions and macroiersX and 5(a)—5(d) show thex vs  curves forT,=4650 and 5800 K,
henceT ,) will lead to a reduction in strength with increasing r.espec.nvgly. Note that the protrudent structqres ofsiﬂab!e .
7. Thus, it is not unreasonable that lesser electrolytes ca||11qu.'d'“qu'gI phases are here_calcula_ted relatn_/e to the I|qU|qI-
drive a liquid-liquid phase transition in the Belloni model. It solid coexistence curves which are mclyded n thg_same fig-
should be stressed that &g increases both models approach ures. We note two general featurt_es. First, the Cm@bf
their respective threshold minimumy below which no = Ipt:o'_[s.deckr]eases. Wllth decreasing as goes th ﬁm'cal .
stable liquid-liquid phase separation is seen. To gain furthe?ycﬁl eﬁ Itlz cthaggle 'S ess consrﬁ)_lc#oEs. e||cqg I, there exists
insight into the basic difference between these two models, iy t resholdog Delow (above whic t. € colloida syst'em
is perhaps worthwhile comparing the two threshwld)’s. sustains a stablémetastapl)eIow-de?nsﬂy I_qu|d coexisting
For this purpose we show in Figs(@ and 3b) the V(r)’s yvlth a stable(metgstabl)ahlgh-den5|ty !qu|d. Both features
calculated at the threshol‘di1 corresponding tary=3000 imply that for a fl).(edTA a dgcrease iy has the conse-
and 6000 A, respectively. As the figures reveal, their secon gednv(\:/ZIIc}LftEZ??ggggthaett:gglg; arc?rong tgefucr?ﬁ er??g r:;)rleds.
.. . . A g0,
g;‘lr:fl]n;aE:/e(llr(;nr)liar;ec)szf?;téilxggfa?i?lgs Ibouvt/;?.e‘l?r?e:ggm; is in order. AIt_hough we can identify a s_table. liquid-liquid
values contain important pieces of information on Hhde- phase separation w!th respect to the |Iq.UI.C!-SO|Id counterpart,
one should be cautious as to the possibility of the colloidal
pendence off, . system being kinetically driven to become unstalfié)].
We believe that this may be the situation for tlg
=2000 A system afl ,=4650 K where it has a potential
barrier V(ry)=3.%gT and a potential second minimum
In view of the fact that the Belloni model is physically V(rn,)=—21.8kgT which is comparable in magnitude with all
more realistic, we shall from hereon apply this model toother systems having a largeg.
study the colloidal phase separation; the corresponding re- To recapitulate, we portray in Fig. 6 tﬁ'é{‘ S agh bound-
sults for the DLVO model are readily deduced from theary defining threshold values separating the stable liquid-
phase diagrams calculated in Sec. IlIB. We again et liquid from the metastable liquid-liquid; the indicated re-

C. Liquid-liquid and liquid-solid phase diagrams:
Effects of o
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42 T T I 39
X

. colloidal dispersion depends, in the former, on the presence
of a second minimum and, in the latter, on the possibility of
] charged colloids thermally collided and trapped into the first
deep minimum. The situation is best realized by focusing on
the thermal energy of colloidal particles in tflen phase
diagram and stipulating certain energy criteripsuch as
checking the thermal energy of collided particles for the
7 kgT. whether it is greater or smaller thaf(x,,)]. The sec-
1 ond factor is based on thkinetic criterion where one is
7 A N concerned with the rate of coagulation whose magnitude can
00 02 04 06 0.0 02 04 06 be estimated from knowledge W{x) [6(c)]. The two factors
N 1 are, however, closely related since both criteria depend on

39 IR 3 T V(x). In the following analysis, we study the onset of floc-
culation phenomenon by applying the energetic criterion.

Let us begin with Eq(8) obtained fromV’(x)=0. If xy,
is the solution that yieldd/(xy) for given valuesT, and
Ta, Eq.(7)

43
47

47

52 |
y 51

0;=9000 R

1 exd —k(xu—1)]  TaH(xw)

XM 12T,

Vixm)=A (23

51
0.0 012' : '014‘ : '016" 0.0 '012; : 014' : ‘of - |mpI|es_the existence of a maximum reduc_:ec_i small ions con-
n n centration, Kmax, for a reasonat?lg prescription 0A(Xy,).
The reason is that with the addition of electrolytes the Cou-
FIG. 5. Same as Fig. 4 but far,=5800 K. lomb repulsion between charged colloids decreases with
Thus, one can imagine starting from a charge-stabilized col-

gions of the stable and metastable liquid-liquid coexistencddidal dispersion, gradually increasing the salt concentration

phases are calculated with respect to the liquid-solid phasekhereV(xy) is seen to redudeand progressively adding in
more salt resulting inc approaching but less that,,. If a

second minimumV(x,,,) appears, the reversible phase sepa-

ration is expected. However, the system will be driven to
We now turn to a discussion of the colloidal stability. crossover into an irreversible coagulation in an excess salt

There are two key factors that generally determine the agegndition for K> Kmax. Accordingly, whenk attains may

glomeration state of charged colloids. The first factor isyg|ye, theV(x) will approach an optimized/°(x,,) below

based on thesnergy criterionthat is intimately connected \ynich (when k> k5, the irreversible coagulation sets in.

with the potential barrie(xy,). For this factor, the revers- The introduction of such a/°P(x)) (and the accompanied

ible flocculation or the irreversible coagulation in a chargedeaX) can thus be used to demarcate the reversible

flocculation=irreversible coagulation, although rigorously
6000 77— speaking there is still an arbitrariness in choosif§(x,,).

] In this work, we have choseW°(x,,)=15kzT, based on

. some recent experimenf43,19. The T, is at this point a

] temperature whose value we shall define below. Making ap-

stable fiquid-liguid * 1 propriate substitution fo°?(x,,) on the left-hand side of

Eq. (23), we obtain

54

D. Reversible flocculation vs irreversible coagulation

5500

N qu_K(XM_l)]_TAH(XM)
T - . - X 12T,

metastable liquid-liquid

. To proceed further, we should make an important remark.
5000 7 Since our interest is to study the reversible and irreversible
I 1 phenomena within the context of energetic criterion, it is
] natural to work on thd-» phase diagram. Keeping as above
T . =25 mV and given input valueg, , T, and, the deter-
* ] mination of the critical pointsT.,7.) requires solving the
400000 4000 6000 8000 10000 equations foxksT) *=0 and d[ (pox7keT) '1/dmo=0,
ot where y+ is the isothermal comprgssmlllty. There_|s, how—
ever, no guarantee that the predicféd should satisfy(i)
FIG. 6. Loci of the threshold poinfsT¥ (K), of' (A)] separat- T.=273 K and(ii) kgT,<V(xy). Condition(i) ensures the
ing the metastable liquid-liquid region from the stable counterpartspredictedT . be physically realistic since it always lies above

041403-7



S. K. LAIAND K. L. WU PHYSICAL REVIEW E 66, 041403 (2002

50000 ————1——— T T 6000 T T T
\ O - I
N P
45000 - e . .
B N -7 5000 - . .
40000 = .
Ta S 4000 |- : . .
35000 [ A .
3000 - B
30000 - )
25000 | Y SR F SO | " 2000 ) . | | PRI R |
500 2500 4500 6500 8500 20 21 22 23 24 25
Ta v
FIG. 7. Plot of the stability curve for the coupling strength FIG. 9. Variation of oy (A) vs ¢ (mV) calculated atT,
vs Hamaker constant temperatdig (K) at To=T.= 273 (bottom), =32775K,TA,=1000 K, andT.=293 K.

293, 303, and 45Qtop) K.

. . o means that a liquid-liquid phase transition can be observed
the freezing point of water, and conditi¢in) is meant toob-  only for an aqueous solution of colloidal particles witt
struct the thermally collided colloidal particles energeﬂcally;crg1in given that each particle is maintained jat 25 mV.

driven into the deep primary minimum and thus prevent thegyite generally, if we begin withy<25 mV, constraino,

irreversible coagulation. In view of this, we fik,=Tc, and =™ "and keep a sam®, , one would anticipate the re-
for given T, and o, find x5 @and hence the critica, .

) X < ) versible flocculatioa=irreversible coagulation to happen for
Recalling from Eq.(22) T, =X in which X depends ony,

, ; a larger sizery, a prediction readily deducible by resorting
oo, andk, the boundary for the parametric phase diagrams;, Eq.(22). In Fig. 9 we detail the connection af, and ¢

TA-Ta, as well asoy-Ty can then be obtained. It should be ¢4 gne suchr, . The stability curves given in Figs. 7 and 8
stressed that in the Belloni model becadse depends ex-  4re therefore boundaries demarcating charged colloidal dis-
plicitly on #, the whole numerical work has to be done self- hersions in the liquid-liquid phase transitions from those in
consistently(see Ref.[5] for details. We display, respec- ihe jrreversible coagulation. Each of the stability curves cor-

tively, in Figs. 7 and 8 the plots, vs Ty andoo VS Ta fOr  regponds tay=T,( ke and can be used to study the varia-
To=T=273, 293, 303, and 450 K. There are two interestingjsn of the critical points e, 7¢) With K< k;may. As an illus-

features that deserve emphasis. First, there exists a minimufiion we have plotted in Fig. 10 the change a% (7.)

Tnﬁzli: or og for each of the stability curves and g™ O with « for a given (o,Ta) point. Note thatx is bounded
oo increases with increasinfo="T.. Second, a monodis- pelow by axy, which is the valueT (kmn)=273 K. The
perse charged colloidal dispersion can undergo irreversible

coagulatior=reversible flocculation phase transition in a 305 B : 0515

dispersive medium either with a small€g and at a higher
7 Or with a largerT, and at a lowery.. The first feature
5500 T 305 4 0.465
Tc n,
4500 285 |- 4 0415
60
265 ' ' )
3500 175 185 195 20820
K
FIG. 10. The critical temperatur€, (K) (left ordinates, solid
circles and 7. (right ordinates, solid squaress reduced ionic

P 1 | | l .«
2500500 2500 4500 6500 8500 concentrationx calculated for the range,;;=178.08< k< kpax

T, =201.9 at o, TA)=(3300 A, 1000 K) with respect to the stability
curve To=T.=315.5 K. Thek,, is the minimum reduced ionic
FIG. 8. Plot of the stability curve for theq (A) vs T, (K) concentration such thal.(xmin)=273 K is the freezing point of
(Hamaker constant temperatyrat To=T.=273 (bottom), 293,  water. Note that folk i, <k<kmax aNd T.(x)>T, a lower density
303, and 45Qtop) K. liquid coexists with a higher density liquid.

041403-8



LIQUID-LIQUID AND LIQUID-SOLID PHASE SEPARATION AND . .. PHYSICAL REVIEW EG66, 041403 (2002

decrease i («) with « is seen to arise from the increasing at T=293 K in the experiment of Kotera, Furusawa, and
role played by the Coulomb repulsion between colloids thakubo appears to have fallen into the metastable liquid-liquid
considerably masks the strength of the van der Waals attragagion if the size of particles takes am,~7000-8000 A
tion. C_oming to the second feature, the point to be noted igng T,=942 K asproposedin their experimental analysis.
that this scenario for the aqueous monodisperse charged c@y, the other hand, for the stable liquid-liquid coexisting

loids only t:)ccurr]s inha restricted region df, . Figure.i . phases(defined with respect to the liquid-solid coexisting
shows further that the restricted region increases wit m'phase)s to oceur, theaO:7OOOA colloidal system at the

creasingTo- same temperature must have a Hamaker constant tempera-
ture ~5640 K or A=7.79x10?°J. To make clear this
E. Comparison with other works and discussion point, one should proceed to study the kinetics of floccula-

Several early and recent experimefiig,34—38,13have tion which is an issue we intend to addr_ess in our subsequent
work. It would certainly be helpful also if more careful mea-

been reported for understanding the stability of charged COIsurement o, can be performed. Nevertheless, we should

ids. [ agulation of col-". ) "
loids. These experimental works on the coag oint out that the colloidal conditions between the present

loids cover a wide range of dispersions such as ponstyrenB . A )
latex particles, paraffin wax particles, irgiil) hydroxide work and theirs are not exactly the safeeir « is consid-

particles, globules, etc. and were carried out to check thgrably larger than ours and thajrlies in the range 23-29

guantitativeness of the DLVO theory in explaining the col- ;;na\l/clrllafeodntraSt toht:see (zi(i);s:gmszaSremXOwesg: \(I)Vfﬁltrﬁ usrame
loidal state of flocculation. Many of these experiments, in u K VS 77 P 9 ' '

one way or another, have invoked the second potential minic_)rder of magnitude as the recent second-order calculation of

mum as a mechanism of flocculation. Strategically, in com—KaIdaSCh’ Laven, and Stej6] using the DLVO model.

paring experiments and theories, the colloidal parameters
oo, and « are taken as controlled parameters and their
changes are followed and analyzed in the light of the rate of The interparticle interaction for an aqueous charged col-
coagulation. The kinetic criterion in conjunction with the |oidal dispersion was modeled by an effective hard-sphere
DLVO model has often been used for this purpose. Of paryukawa repulsion to which is added the long-range van der
ticular relevance to the present work is the experiment rewaals attraction. Differing from the widely used DLVO re-
ported by Kotera, Furusawa, and Kufit3]. These authors pulsion, the coupling coefficient of the present Yukawa form
studied reversible flocculation of charged spherical particleglepends on the colloidal volume fraction whose origin arises
in water. The experimental conditions for the colloidal dis-from an explicit consideration of spatial correlations between
persion closely mimic the present study. In their colloid colloids and small ions. By use of this two-body colloid-
chemical studies for a series of “soap-free” polystyrene latexcolloid potential function and in conjunction with the
particles, Kotera, Furusawa, and Kubo applied both the opsecond-order WCA theory, we construct the colloidal Helm-
tical method and the microscopy to investigate the role oholtz free energy and calculate from it the pressure and
V(ry) on the colloidal stability. By monitoringry and ¢,  chemical potential needed in the determination of the liquid-
they determined the critical flocculation concentration ofliquid and liquid-solid coexistence curves. For an aqueous
KCI using the transmission coefficient of light as well ascharged colloidal dispersion with particles maintaining at
microscopy. Anomaly in the change of the critical floccula- surface potentialy=<25 mV, we study separately the effects
tion concentration was observed—the latter does not increassf the Hamaker constant and particle size on the liquid-liquid
with increasingo,. Upon further analysis, these authors phase transition calculated with respect to the liquid-solid
conjectured that the reversible flocculatieirreversible co-  coexistence curves. Confining to the phase diagtaus 7, it
agulation occurs atr,=7000—8000 A. We have previously is found that there occurs a threshold “point,” the Hamaker
made a comparison betweery predicted in our first-order constant(in which caseo is fixed or the particle sizein
thermodynamic perturbation calculation aog in this size  which caseA is fixed), whose value demarcates the occur-
range. We foundr,=5152 A at the Hamaker constant tem- rence of the stable liquid-liquid phase separation from that of
perature T,=942 K suggested by Kotera, Furusawa, andthe metastable counterpart. Generally, the Hamaker constant
Kubo on the basis of his experimental reqske Ref[5] for that simulates/(x,,) is more sensitive for the conformation
further comments Referring to Fig. 8, the present second- of liquid-liquid phase separation compared with varying par-
order theory yieldsro=3046 A which is considerably lower. ticle sizes. Extending the same numerical technique, we
We attribute this disparity iy value to two possible rea- study the conglomeration phenomenon by analyzingrths
sons. First, the numerical treatment of various contributions; phase diagram within the energetic criterion. Here, our
to the thermodynamic functions is done differently but quan-goal is to find a stability curve at a given temperatligeand
titatively. These include the exact evaluationSih Eq.(14),  to determine the parametric phase diagram for the coupling
the use of the analytic Verlet-Weggr) without further ap-  strength(or particle siz¢ vs the Hamaker constant given the
proximation in its argumenfappearing in the evaluation of surface potential aty=25 mV. On this stability curve, we
the integrals given by Eq15)], the derivation of analytical impose two criteria on the thermal energy of colloids. The
formulas for the referencgg, etc. all of which are calcu- first criterion is to set it equal to the potential barrier and the
lated at minimal numerical errors. Second, we judge fromsecond one is to stipulate the critical temperatiice of

Fig. 6 that the aqueous charged polystyrene latices dispersiaheT-» curve such that it is always at least equal to or above

F. Summary and conclusion
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