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We present an experimental investigation of the probability distribution of normal contact fexdek, at
the bottom boundary of static three-dimensional packings of compressible granular materials. We find that the
degree of deformation of individual grains plays a large role in determining the form of this distribution. For
small amounts of deformation we find a small pealPifF) below the mean force with an exponential tail for
forces larger than the mean force. As the degree of deformation is increased the peak at the mean force grows
in height and the slope of the exponential tail increases.
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It is known that forces within a granular material are dis-[11] and conflict with the measurements of Blat al. at
tributed in a highly inhomogeneous mani#t. The largest similar deformation$8] and with the work of Leoll et al. at
interparticle forces are arranged in a network of force chainsyery low amounts of deformatiof®].
while other particles are shielded from the external force We present an experimental investigation of the probabil-
[2—6]. One quantitative way of analyzing the inhomoge- ity distribution of normal forces at the boundaries of granular
naities of these force networks is to measure the probabilitpacks over a wide range of deformations. For average par-
distribution,P(F), of normal forcesF, between neighboring ticle deformations up to approximately 30% we find a form
particles. of P(F) similar to that found in previous experiments at low

Experiments have shown that under a wide range of parsdéformations as in Ref$7-9]. For large deformationgof
maters,P(F) at the boundaries of granular packs decayshe order of 40%we find thatP(F) shows a much more
exponentially for forces larger than the mean fore,and pronounced. peak aro_und the mean force, but mter_estmgly,

p ” we do not find Gaussian behavior for large deformations.
has a small peak near the mean fofbg “small” we mean

. . Rubber beads of three different hardne<d®s 50, and 60
that P(F) increases by less than a factor of two between SJurometer; hereafter referred to as soft, medium, and hard
minimum nearF=0 and the peak[6—11]. This form of ’ ' '

- ; ) _ respectively with diameters 3.12 0.05 mm were contained
P(F) has been found to be independent of interparticle fricyyiihin an acrylic cylinder of inner diameter 140 mm. Amor-

tion and the texturdgeometrical orderingof the granular hous packings approximately 72 mm in height were
pack. Based upon granular simulations and theoretical worgounded on the top and bottom by close fitting acrylic disks.
it is expected that the form d?(F) should depend strongly The packs of rubber beads were constructed with one layer
on the amount of deformation of the individual grajid—  of glass beads at the bottom surface in a crystalline arrange-
14], with a crossover to Gaussian behavior at high deformament. Rubber beads were added on top of the glass layer
tions. Furthermore, simulations of supercooled liquids.,  slowly so as not to disturb the underlying glass particles. The
frictionless particlesby O’Hernet al. suggest that the expo- normal forces of the individual glass beads at the bottom
nential tail in P(F) might arise from a self-averaging of surface were measured using the carbon paper method
configurations with different average forcgks,16. As the  [6-8,20. In this way the layer of glass beads acted as an
packing fraction is increased, corresponding to greater defoarray of force transducers which could be easily calibrated.
mations, they find that the relative fluctuations in the average The experiments were performed by applying a force of
force decrease, leading to a Gaussian fornrPOF) when  between 2500N and 7000N to the top piston of the cell with
using a Hooke’s law potential of interaction. a hydraulic press. The normal forces between individual
Simulations by Snoeijegt al. suggest that the form of the glass beads in the bottom layer and the bottom piston were
force distribution within a granular pack may be very sensi-measured by placing carbon paper and white pap&fr be-
tive to the number of contacts between grains with a largetween the pack and the bottom piston. The size and intensity
number of contacts leading to a large pealPiff) and stea- of the mark left on the white paper depended on the magni-
per exponential decay at large fordd$)]. It is expected that tude of the normal force on the corresponding glass bead.
this coordination number should increase substantially as the Following each experiment the white paper was carefully
deformation of the grains is increased, and thus any effect oremoved and digitized with a flat bed scanner. The images
the probability distribution of forces should be detected.  were then processed using image analysis software to find
Experimentally it has been difficult to measure the forcethe area and intensity of each mark. The intensities of the
distribution of compressible materials. In 2D shear experiinarks were converted to the force on the corresponding bead
ments Howellet al. find a transition to Gaussian behavior for using a fourth order polynomial interpolation of calibration
deformations of the order of 294.7,18. In 3D static pack- data as explained in Ref8]. An appropriate number was
ings Makseet al. have reported some experimental evidenceadded to the lowest bin to account for beads with forces to
for a transition from pure exponential to Gaussian. Howeversmall to leave a resolvable mark. Since the bottom layer was
their maximum deformations were only of the order of 0.4%crystalline, the total number of contacts was known and
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FIG. 1. Force versus deformation for soft rubber particles. The

applied compressional force versus percent deformation for indi-
vidual soft rubber particles compressed between two plates. ErroR-
bars represent the standard deviation of multiple measurements.
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agreed well with the number of observed contacts at high : F=24N ]

applied forces. All forces for a given experimental run were t 17% Deformation l M H

normalized to the average force for that run and the resulting 0.001 3 ' ' : E

probability distribution, P(f), of normalized forces,f Y

=F/F, was averaged over 4 to 11 independent experimenta 1.000 b ]

runs. Each run provided approximately 1500 imprints. This ) Eﬁ* -
- 33853

results in a noise floor of approximately 0.002 to 0.003 in
P(f) shown below. 0.100
The degree of deformation of individual grains was esti- £
mated by measuring the compression of individual grains in™ r
response to a known force between two plates. The percer 010 b Medium Rubber
change in size along the direction of the applied force was E F=24N
recorded as a function of force for the three different hard- [ 27% Deformation 1 l m mﬂ”
nesses of rubber beads and for the glass beads. Figure ~ 0.001 | " " . . . 4
shows the applied force versus percent of deformation for the g d E
soft rubber particles. L
In order to compare our results with the earlier work of 1.000 o
Mueth et al. and Blairet al. we examined amorphous pack- £ ot
ings of smooth spherical soda lime glass beads of diamete ZQ{f
3.06+0.04 mm. Figure @) shows the probability distribu- 0.100 j
tion of normal forcesP(f), at the bottom boundary aver- o :
aged over four experimental runs with an average force of -
3.0N per bead. This average force applied to an individual ~ 0:010 f Soft Rubber
glass bead results in a deformation of less than 2%. We finc E 13:7;3312 M
an exponential decay for large forces and a small peak inthe o o [ *"" eommaion
distribution near the mean force, consistent with previous '
experimental results7—9|. 0 1 2 3
Experiments were next done with amorphous packs of f
rubber beads. Figuregt 2(c), and 2d) show the probabil-
ity distributions of normal forces at the bottom boundary for g 2. p(f) with varying particle hardness. Probability distri-

three different hardnesses of beads with approximately thgytion of normal forces at the bottom boundary of amorphous pack-
same average force. The hard and medium rubber packingﬁg of (a) glass, (b) hard rubber,(c) medium rubber, andd) soft
show a distribution of forces below the mean force similar torupber beads. Each plot represents an average of 4 to 11 experimen-
that of the glass beads, and exhibit an exponential decay fqg) runs. The average force per be&d,and the deformation of an
forces larger than the mean force. The shape of the distribyngividual bead under this applied force are indicated. Error bars
tion did not change significantly, however the slopes of represent statistical deviations from multiple experimental realiza-
—1.6 and— 1.9 respectively are somewhat larger than thetions. The solid line is a fit to an exponential over the large force
slope of —1.1 for the glass bead packings. The soft rubberegion resulting in slopes listed in Table I.

i
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TABLE I. Exponential decay constants f&(f) at large forces 10.000€ T T T T T
and peak size as explained in the text for various types of beads at F a
various levels of forcing and deformation of individual beads. 4
1.000 -
Bead type F (N) Deformation(%) Slope Peak size ﬁiﬁ-ﬁ'ﬁ'm"*
Glass 3.0 <2 -1.1 1.9 0.100
Hard rubber 2.4 17 -16 1.8 2 i
Medium rubber 2.4 27 -1.9 2.0 -
Soft rubber 3.0 37 -28 6.0 0.010 | soft rubber §
t F=16N
Soft rubber 16 25 —24 18 000 [ 2% deformation l h ”
Soft rubber 2.0 30 —-26 2.0 TE ' '
Soft rubber 3.0 37 -2.8 6.0 . b
Soft rubber 4.4 45 -3.8 29 1.000 L
3 Qﬁn’”
[ $5000" ]
bead packings, which had a larger amount of deformation, 0.100 B -

show a significantly more pronounced peak and a steepe,
decay. The deformation reported is for a single bead with the

average forcé- applied to it. Using Fig. 1 one can estimate
the deformation of beads at different valuedf.ofhe region i )
near the peak remains exponential with a slope—&.8, 0.001 | 30% ‘{efmnaml’"
while abovef =2 the distribution begins to depart from ex- ) ' '
ponential behavior. Table | shows the exponential decay con F C
stants forP(f) at large forces and the size of the peaks as !
characterized by the maximum height of the peak divided by ’ 5
the minimum value of a smooth fit to the distribution be- ,i’ ]
tweenf=0.1 andf=0.7. o.100 B 1 A
Note that changes in the calculated peak height are a goo )
indicator for changes in the overall shape Bff). From A
Table | we see that significant changes in peak height occu
when the average deformation of individual particles exceeds
roughly 30%. [ 37% deformation
To check this trend more directly, we performed the same  0.001 L - -
experiments for a single type of beabft rubbey with vary-
ing amounts of pressure as shown in Fig. 3. As before, the - d
slope of P(f) remains essentially unchangdthe peak
height does not exceed a value ofudtil the average degree F
of deformation exceeds roughly 30%. Beyond this amount L
of deformation, the peak size increases sharply BRI 0.100 & {
evolves into a much more symmetric forfRigs. 3c) and  a, }
3(d)]. Remarkably this evolution in the shape Bff) does

0.010 |- soft rubber .

ol Hllhl (i

0.010 - soft rubber -
E F=30N E

1000 o

Probability

not seem to be connected with a transition to Gaussian be 0010 f soft rubber E
havior. Near the peak, the distribution is well fit to an expo- F=44N ]
nential decaysee fitted lines in Figs. 2 and.3Vith a larger 45% deformation

o L . . ; 0.001 L )
bin width it is possible to increase the accuracy of data in the 0 | ) 3 4 s p

high force regime at the sacrifice of data density. In this way
it has been determined that at the largest deformafises
Fig. 3(d)] the large force tail ofP(f) is even slower than
exponential. and shows the opposite trend to what would be ¢y 3 p(f) with varying applied force. Probability distribu-
F’_'XpeCted if the d'Str'bUt'on was to revert to a Gaussian PrO%ions of normal forces at the bottom boundary of amorphous pack-
file at _Iarge_ deforma'_[lon_s. .. ings of soft rubber beads. Each plot represents an average over 7 to
_ An intriging question is to what extent the force distribu- g experimental runs. Paft) is equivalent to Fig. @). The error

tion of the highly compressed rubber packings resembles thafars represent statistical variations among experimental runs. The
of a homogeneous block of rubber. The inset of Figd)3  solid lines are fit to exponentials over the large force region. The
compares data from the main panel to a fit to data from anset of(d) compares the data to the Gaussian form obtained from a
control experiment performed on a block of rubber on top offit to P(f) of a control experiment taken with a block of rubber on

a single layer of glass beads. The width of this fitted distri-top of a single layer of glass beads.
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bution is due to the resolution of the carbon paper techniquewith previous experimental investigatiof—11]. As the av-
Note that at large deformations the force distribution from aerage amount of deformation of individual beads increases
pack of rubber beads does not resemble that of a rubbdyeyond approximately 30%, the peak near the mean force
block, and in particular the distribution of forces from a packgrows more pronounced. This peaking behavior is in agree-
of rubber beads is significantly broader than that of a rubbefent with simulations, although at higher deformations than
block. Because of the limitations of the carbon paper techyould have been expectétil—15,19. For forces larger than
nique we are unable to rule out any residual influence of thene mean force, we do not see a Gaussian decay. The distri-
single layer of glass beads on the final shap@(f). How-  pion continues to decay exponentiallyr even slower at
ever, regardless of the effect on the exact form of the probrarge forces. The slope of the exponential decay does in-
ability distribution, any obseryed changes in this distributions esse with deformation in agreement with the predictions of
as the type of rubber bead is changed or as the amount @{creasing coordination number of Snoeifgral, but it is
deformation is increased must be connected to properties Qkij| not clear why this effect does not occur for smaller
the rubber packing itself. amounts of deformatiofiL9].

We find that the degree of deformation of individual par-
ticles does play a large role in determining the form of the We thank A. Bushmaker, E. Corwin, A. Marshall, M."Mo
probability distribution of forces within a granular pack. bius, and D. Mueth for their assistance with this project. This
When the degree of deformation is small, either with hardwork was supported by NSF under Grant No. CTS-9710991,
particles or with soft particles under a small force, we findby the MRSEC Program of the NSF under Grant No. DMR-
that P(f) has an exponential decay for forces larger than th®808595, and by the MRSEC REU program at The Univer-
mean force and a small peak near the mean force, consistesity of Chicago.
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