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Calculations and measurements of wire andÕor split-ring negative index media

F. J. Rachford, D. L. Smith, P. F. Loschialpo, and D. W. Forester
Naval Research Laboratory, Washington, DC 20375

~Received 19 October 2001; published 24 September 2002!

Broadband calculations~70 MHz–20 GHz! and measurements~2–15 GHz! were performed on planar stacks
of two-dimensional double-split rings arrays interspersed with arrays of thin wires. Recent work on similar
composite structures infers a negative index of refraction (n,0) over a narrow frequency range. We have
performed finite-difference time-domain~FDTD! calculations on various combinations of ring geometries,
wire arrays, and stack spacings. Excellent agreement was obtained between FDTD simulations and our mea-
sured transmission spectra. Examining the FDTD time progression of fields we find regions of both negative
and positive indices as well as an inverse Doppler effect.

DOI: 10.1103/PhysRevE.66.036613 PACS number~s!: 41.20.Jb, 42.70.Qs, 78.20.Ci, 77.22.Ch
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I. INTRODUCTION

Smithet al. @1–6# were the first to experimentally explor
the hypothesis of Veselago@7# that if a negative permeability
and negative permittivity material existed, one would hav
negative index of refraction and would observe unusual
havior, such as an inverse Snell’s law, an inverse Dop
effect, and backwardly propagating Cherenkov radiati
Smith et al. performed microwave transmission measu
ments combining two artificial media devised by Pendry
conducting wire array@8–10# to reduce the plasma fre
quency to the microwave region and a double-split-ring re
nator array@11# to provide a sharp narrow band negati
permeability at a frequency band above the resonator r
nance. The Pendry wire array plasma frequency is given

f p5
c

aA2p lnS a

r D , ~1!

wherea is the wire lattice spacing andr is the wire radius.
The double-split-ring resonance frequency is given by

f o5
c

2pA 3l

per 3lnS 2w

d D , ~2!

with l being the ring layer spacing,w the width of the rings,
d is the gap width between inner and outer rings,r is the
inner ring radius,e is the permittivity of the inter-ring gap
andc is the velocity of light. In Smith’s@1# first realization of
the wire/split-ring~WSR! medium the three-dimensional o
thogonally interpenetrating Pendry wire array is replaced
a monodirectional square lattice array of wires. As long
the microwave radiation transmitted through this wire asse
bly is confined to propagation in the plane normal to the w
axis with electric polarization along the wire axis there w
be a plasma resonance and the plasma frequency shou
given by Eq.~1!. Smith’s split-ring structures were first cre
ated as stacked planar square arrays and later as two orth
nal stacked arrays. The wire axes were structured to lie
allel to the split ring array plane. The combined WSR sta
1063-651X/2002/66~3!/036613~5!/$20.00 66 0366
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were confined in a parallel plate transmission line and m
surements were limited to a small portion of a wavegu
band. They reported negative index for a narrow transm
sion peak identified with the split-ring resonance in th
composite.

In the current work we have sought to extend these res
through broadband~2–15 GHz! measurements and broad
band ~70 MHz–20 GHz! finite-difference time-domain
~FDTD! simulations. We constructed and modeled physica
large WSR stacks. In addition, we simulated and measu
split-ring-only and wire-only arrays to further understand t
transmission properties of our ring/wire composites. Our
jective was to investigate sharp transmission peaks ass
ated with split-ring resonances for negative index behav
and to measure and compute transmission in these comp
structures over a wide range of wavelength scales above
below the reduced plasma and ring resonance frequen
Our broadband simulations and measurements show a c
plex, rich set of spectral features reminiscent of band gap
frequency selective surface phenomena. Noting good ag
ment of our measurements with the simulated transmiss
of our composite structures, we then studied the FDTD w
propagation in the WSR medium and then find negative
dex and inverse Doppler shift associated with some of
observed transmission peaks.

II. SIMULATIONS AND MEASUREMENTS

We synthesized, measured, and computer modeled
wire arrays, resonant ring structures, and the combinatio
these as WSR composites. The wire arrays were constru
using 36-mm-diameter copper wires spaced at an interval
0.32 cm and fixed to high-density polyethylene~HDPE! sub-
strates. The substrates are 0.16 cm thick and are stacke
achieve interlayer spacing of 0.32 cm from wire to wire
split ring to split ring with 0.16-cm spacing between wire
and rings for the WSR structure.

The square resonant ring structure modeled and syn
sized is shown in Fig. 1. The copper ring pattern is roug
1 mm thick on a 0.015-cm polyimide substrate. The ou
square side length is 0.99 cm while the inner square s
length is 0.55 cm. The width of the etched copper segme
is 0.10 cm. The gap spacing between inner and outer ring
©2002 The American Physical Society13-1
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d50.02 cm and square planar array lattice constant is 1
cm. Over 100 planar arrays with 9340 elements were
stacked, aligned, and spaced 0.32 cm apart by HDPE. M
surements were made with theHr f vector perpendicular to
the loops and theEr f vector aligned along the wire axes.

Although the individual planar ring arrays and planar w
arrays were accurately registered with each other from la
to layer, the wire array spacing and the ring array per
were incommensurate. In the FDTD simulations a comm
surate spacing was used. This was achieved by increasin
wire in-plane spacing by 3%. This small correction was co
sidered acceptable in light of other experimental uncerta
ties in the assembly. Subsequent analysis has shown tha
registration has little effect on the spectral features.

The sample stacks were measured in a microwave q
sioptical, focused beam apparatus. In the sample region
microwave energy is compressed to a diffraction limit
Gaussian profile. Both broadband and waveguide feeds w
used to launch and receive the transmitted microwave
ergy. The greatest dynamic range and accuracy occurred
the waveguide feeds since the stacks had a very large p
ization anisotropy and the waveguide allowed greater ac
racy in aligning the linearly polarized microwave radiatio
with the layered ring/wire structure.

III. RESULTS

Transmission through the HDPE alone without rings
wires resulted in a frequency independent measured per
tivity of e52.3510.014i in agreement with expectations fo
this material. Inverting the complex transmission coefficie
for the 0.32-cm wire array on HDPE with 0.32-cm lay
spacing we obtain the complex permittivity shown in Fig.
The details will be published elsewhere. The real part of
measured permittivity~bold solid curve! crosses the zero
axis at approximately 12 GHz. The bold dashed curve is
measured imaginary part of the permittivity. The fine so
and dashed curves are the calculated values of the rea
imaginary permittivities using the Pendry model. The re
permittivity is in excellent agreement with the simple Pend
model. The measured imaginary permittivity is greater th
expected below the effective plasma frequency.

In Fig. 3~a! we compare the FDTD computed transm
sion with the measured transmission in dB referenced to
space for a stack of square resonant rings only on HD

FIG. 1. Square double ring geometry. Lattice constanl
51.04 cm, ring’s outer dimensionsl o50.99 cm, etched linewidth
1 mm, inner ring’s outer dimensionsl i50.75 cm, inter-ring gap of
0.2 mm, and ring gapg50.04 cm.
03661
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The ring layers are spaced 0.32 cm apart and no wires
included in the stack. The measured data~red curve! were
taken in three waveguide frequency bands and closely m
the FDTD simulation~blue curve!. In Fig. 3~b! we have in-
serted the wires so that the wire arrays are spaced 0.16

FIG. 2. Measured permittivity of a 1.27-cm-thick wire array
HDPE. The square lattice of wires has lattice constant 0.32 cm.
bold solid curve is Re(e) and the bold dashed curve is Im(e). The
fine solid and dashed curves are the computed values using
Pendry model with the imaginary permittivity indistinguishab
from 0 in this plot.

FIG. 3. ~Color! Calculated~blue! and measured~red! transmis-
sion spectra for stacks of square Pendry ring arrays on HDPE~a!
and ring and wire arrays~b!. The ring arrays are stacked 0.32 c
apart, while the alternating ring and wire arrays are stacked 0.16
from each other. Frequency regions near 2 and 10 GHz are h
lighted since they appear to behave as expected from simple the
i.e., an absorption band in the ring-only structure yields transm
sion peak in the combined WSR structure. The arrows indicate
quencies at which detailed FDTD simulations were run followi
the time dependence of the wave propagation in the split ring a
and WSR composites.
3-2
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below and above the rings in the stack layers. Once again
FDTD simulation reproduces the main features of the m
sured data. Some variation is seen in the amplitude of
transmission bands but these bands and even most o
small Fresnell interference peaks are accurately place
frequency. The wires also introduce some transmission
increasing with decreasing frequency, which is not mode
well in either the FDTD or simple Pendry predictions. This
consistent with the measured imaginary part of the perm
tivity of the wire array ~Fig. 2!, which is also larger than
expected. The modeling assumed pure copper conducti
however, we made no attempt to improve the surface co
tion of our wires.

According to first-order analysis the ring-only transm
sion spectra should display transmission nulls at the s
ring resonator resonances. Substituting the split-ring par
eters into Eq.~2! we expect the fundamental split-rin
resonance to occur at 7 GHz. Our FDTD calculations sh
split-ring resonances at 2, 5, and 10 GHz. Upon introduc
the wire arrays transmission peaks should appear in the
meability resonance transmission nulls below the effec
plasma frequency~12 GHz!. The WSR transmission peaks
1.96 GHz and 9.98 GHz occur in split-ring only transmissi
nulls and are suggestive of the results expected from

FIG. 4. ~Color! Propagation of 1.96-GHz microwave radiatio
through our ring/wire composite media. A plane wave is assume
enter from the left. Time is plotted on the vertical axis while d
tance is plotted on the horizontal axis. From 0 to 35 mm the w
is in free space. The wave enters the ring/wire medium withE-field
polarization along the direction of the wires. It takes several cyc
before the resonant response of the medium settles into a st
state. At 129 mm, the radiation exits from the medium. The co
scale is saturated to highlight the position of successiveE-field
crests and troughs. In this case resonances at the ring location
pronounced and the apparent index of refraction is ambiguoun
5111.8 is for rising phase slope andn523.6 for decreasing
phase slope.
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Pendry effective medium model.@See shaded regions in Fig
3~a! and 3~b!.#

Since the FDTD simulation appears to correctly model
transmission data, we now investigate wave propagation
side the stack by querying the FDTD model at positio
along the direction of wave propagation as a function of ti
at several microwave frequencies. Figures 4–6 show thE
field propagation through the sample as a function of time
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FIG. 5. ~Color! Propagation of 6.93-GHz microwave radiatio
through our ring/wire composite media. The phase propagatio
more continuous and the apparent index of refraction isn511.0.

FIG. 6. ~Color! Propagation of 9.98 GHz microwave radiatio
through our ring/wire composite media. The apparent index of
fraction isn521.4. An observer well inside of the WSR mediu
traveling away from the microwave source would initially expe
ence an inverse Doppler shift; i.e., an increase in frequency in
countering wave crests.
3-3
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RACHFORD, SMITH, LOSCHIALPO, AND FORESTER PHYSICAL REVIEW E66, 036613 ~2002!
various transmission peak frequencies. The saturated c
scale is proportional to the instantaneous field amplitude
1.96 GHz ~Fig. 4! there are strong resonances at the r
positions. Tracing the slope of theE field maxima~red! is
ambiguous. One could determine the index of refraction
be either111.8 or23.6. This frequency corresponds to th
lowest frequency peak in Fig. 3~b!. Sampling the wave
propagation at the broad transmission band between 6 a
GHz @see arrow in Fig. 3~b!#, we find that the localized reso
nances are less pronounced and the effective index is
proximately 1.0~see Fig. 5!. In Fig. 6 the phase propagatio
is dramatically different. This frequency corresponds to
transmission peak at 9.98 GHz@see arrow in Fig. 3~b!#. Ini-
tially, the wave enters the material~40 mm!, initiating reso-
nant scattering in the ring structures. Once a steady sta
established~55 mm!, we note that the slope of the crests a
valleys is negative. Comparing the wavelengths inside
outside of the material we find an effective index of refra
tion n521.4. In Table I we list frequencies and estimat
refractive indices for the ring/wire stack at selected frequ
cies indicated by the arrows in Fig. 3. This table also in
cates an effective negative index for the broad transmis
peak at 11.9 GHz. A second negative index peak is un
pected, especially above 11.5 GHz where the permittivity
the wire-only array becomes positive~see Fig. 2!.

IV. DISCUSSION

The measured and calculated transmission spectra fo
stacks with and without wires are substantially different fro
those expected from superimposition of wire permittivity a
ring permeability of the simple Pendry effective mediu
theory. The measurements and simulations show a com
series of bandpass and bandstop regions along with a s
spectral feature at 10 GHz similar to that of Smithet al.This
feature displays negative index, ‘‘left-handed’’ behavior
the FDTD analysis. The similar peak at 1.96 GHz possi
may be due to negative index, however, at this low f
quency, propagation of the wave front in our 10-cm-thi
WSR structure was ambiguous~see Fig. 4!. The presence o
positive index transmission peaks at lower frequencies c
lenges the simple theory since the real part of the permit
ity should be strongly negative a few GHz below the me
sured plasma frequency. In particular, negative index at 1
GHz is unexpected. More detailed theoretical analysis
needed for these complex interacting structures to fully
derstand the observed phenomena. An interplay of elec
and magnetic structural resonances and photonic band
edge effects@12# are probably responsible for our broadba
observations.

We note in passing that the reversal of the Doppler shif
left-handed materials is manifested in the field propaga
plot in Fig. 6. A stationary observer represented by a vert
line would measure 100 ps between adjacent crests. Ye
observer traveling away from the source, represented b
line with a positive slope, would measure a smaller tim
interval between the crests~blue shift!. This is the opposite
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of what occurs in a conventional positive index material.
We are continuing simulation, construction, and measu

ment of ring/wire composites. Interesting results on rin
only composites and on apparent focusing in transmissio
divergent microwave radiation through the composites w
be published elsewhere.

V. CONCLUSION

We have performed FDTD simulations, constructed, a
measured stacks of arrays of Pendry double rings and w
under illumination by normally incident, linearly polarize
microwave radiation. Although the superposition of simp
Pendry models does not appear to be correct for the en
bandwidth of our investigation, the complex transmissi
structure of transmission peaks and bands can be accur
calculated by finite-difference time-domain simulations. A
examination of the spectral peaks for rings alone and
wire/ring stacks displays some features that are consis
with the Pendry theory; i.e., transmission notches for rin
alone transforming to transmission peaks in the combi
structures. However, the broadband transmission spectra
much more complex than anticipated. We investigated
time dependent microwave fields as a function of posit
through the stack, and note apparent negative index beha
at select frequencies in the composite material. In contras
the simple split-ring theory, our FDTD simulations~not
shown here! reveal that none of the spectral peaks move
frequency as the gap spacing between the rings is var
Additionally, we directly inverted the complex transmissio
coefficient for the case of a wire array and find a compos
negative permittivity in agreement with the Pendry mod
Previous work has suggested that permittivity and permea
ity may alternately be negative in successively higher pho
nic band gaps@12#. The negative index transmission regio
observed in this work may involve interplay between co
ventional resonances and photonic band gap effects.
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TABLE I. Frequency of FDTD calculation and the effectiv
index of refraction for microwave propagation in our ring/wi
stack. Refer to arrows in Fig. 3~b! for the position of these frequen
cies in the transmission spectrum.

f (GHz) n

1.96 23.6 or 111.8
3.57 11.6
6.93 1.0
9.98 21.4

11.90 20.9
3-4
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