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Solitary waves in liquid crystalline waveguides

Miroslaw A. Karpierz
Faculty of Physics, Warsaw University of Technology, Koszykowa 75, 00-662 Warszawa, Poland

~Received 27 March 2002; published 6 September 2002!

Recently, it has been shown experimentally that the nonlinearity in nematic liquid crystals can govern spatial
solitons in both waveguide and bulk geometry. Such solitons require a few milliwatts of light power and can
be controlled by the state of light polarization or by an external electrical field. In this paper a detailed
theoretical analysis of optical solitary waves in nematic liquid crystal waveguides is presented. The self-
focusing is induced by reorientation nonlinearity in the homeotropically aligned nematic layer. This configu-
ration corresponds to the experimental setup in which we previously observed such solitary waves. The
theoretical results presented in this paper correlate exactly with the experiments.
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I. INTRODUCTION

Liquid crystals are materials with many unique physic
optical, and electro-optical properties. New compounds
mixtures of liquid crystals are chemically stable, with lo
absorption, very large optical anisotropy, a liquid crystalli
phase in a wide range of temperatures, are easily oriente
boundaries, and are also easily reoriented by electrica
magnetic fields. Therefore, they are important optical ma
rials for numerous applications in modern optoelectron
@1#.

Liquid crystals are also an excellent medium for nonline
optics@1–3#. The main contribution to nonlinear optical ph
nomena in liquid crystals arises from thermal and reorien
tion processes. While the thermal effect is similar to th
observed in other materials, the reorientation effect is ch
acteristic only of a liquid crystalline phase. The nonlinear
due to the reorientation effect in a nematic phase lead
numerous effects not observed in any other types of non
earity. The reorientation nonlinearity induces extremely la
nonlinear changes in the value of the refractive index t
can be obtained using relatively low light power. This no
linearity depends on both boundary conditions and geom
of the system and can be easily modified by external ele
cal or magnetic fields. This type of nonlinearity depends
light polarization but, within a wide range, is independent
light wavelengths. The main drawback is slow response t
but, by special optimization of the system, this respo
could be fairly fast.

Nonlinear optics of liquid crystals has been a subject
intensive study for more than twenty years. Most of the t
oretical and experimental work has been done for t
samples and only a few papers reported nonlinear prop
tion of light beams at distances greater than the Rayle
distance@4#. There have been experiments showing se
focusing due to the reorientation process inside liquid cr
tals in capillaries @5–7#, planar cells @8,9#, and planar
waveguides@10#.

In this paper the self-focusing effect due to the reorien
tion nonlinearity in a planar waveguide filled with homeotr
pically aligned nematic liquid crystal is analyzed~see Fig. 1!
@11–13#. The analyzed configuration corresponds to the
perimental geometry in which solitary waves were obser
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@10#. In the homeotropic texture, liquid crystalline molecul
are perpendicular to the bounded plates~parallel to thex
coordinate! and are forced to rotate into the orientatio
which is parallel to the electrical field of the light wave
Therefore the electromagnetic wave with TM polarizati
~with Ex component of the electrical field! does not induce
any reorientation. On the other hand, the TE-polarized w
~with Ey component of the electrical field! could induce a
large reorientation.

When the electrical field tends to reorient liquid crysta
line molecules positioned at an angle ofp/2, the reorienta-
tion starts above the threshold value of the electrical fie
This phenomenon is called the Freedericksz threshold t
sition. The origin of this effect is the fact that torque-rotatin
liquid crystal molecules do not exist for electrical fields pe
pendicular to the anisotropic molecules. The reorientat
can start due to fluctuations in the molecular orientation,
it requires a sufficiently strong electrical field. For intensiti
above the threshold level, the reorientation rise very fast w
increasing light intensity. The resulting nonlinear increas
of the refractive index is very large due to the large birefr
gence of nematic liquid crystals. However, experimenta
observed self-focusing in the presence of the Freederic
threshold showed undulation, filamentation, and break-up
the light beam@5,7,10#. The stable spatial solitons were me
sured when the nonlinear reorientation were very weak
without threshold@8–10#. The reorientation nonlinearity is
saturable and nonlocal, which generally stabilizes s
focusing and creation of robust spatial solitons@14#. In such
media an unstable propagation could also appear@15,16# es-
pecially when the nonlinear changes of refractive index
large and the light beam significantly deviates from the s
ton shape and width. From that point of view the se

FIG. 1. Schematic drawing of liquid crystalline plana
waveguides.
©2002 The American Physical Society03-1
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MIROSLAW A. KARPIERZ PHYSICAL REVIEW E66, 036603 ~2002!
focusing of pure TE-like fields in analyzed structures co
be unstable.

The theoretical analysis in this paper is limited to statio
ary solutions corresponding to the experimentally obser
stable beams. Therefore, the light beam with both TM a
TE fields, but with a stronger TM-like component, will b
considered. Consequently, the nonlinear effects will s
without a threshold and the reorientation will be very sma
These assumptions allow us to use a low-nonlinearity
proximation, where the electromagnetic field in the direct
perpendicular to the film is not changed by the nonlinear
i.e., its distribution is the same as in a planar waveguide w
the initial orientation of the nematic liquid crystal. As a res
the analysis is simplified by reduction to 111 dimensions.

II. BEAM PROPAGATION IN ANISOTROPIC
WAVEGUIDES

Liquid crystals are anisotropic materials with an anis
ropy axis connected with molecular orientation. Assum
that possible changes in the orientation of liquid crystals t
place in thexy plane, the electrical permittivity tensor ha
the form

e5S «'1De cos2u De cosusinu 0

De cosu sinu «'1De sin2u 0

0 0 «'

D . ~1!

In Eq. ~1! De5e uu2e' represents an optical anisotropy,e'

5no
2 is an ordinary electrical permittivity,e uu5ne

2 is an ex-
traordinary one, andu is an orientation angle of the liquid
crystalline molecules measured according to thex axis. In
such a medium the Maxwell equations for the monoch
matic electromagnetic wave have the form

Fk0
2eyy1

]2

]x2
1

]2

]y2

eyy

ezz
1

]2

]z2
1

]2

]x]y

exy

ezz
GEy

5F2k0
2exy2

]2

]y2

exy

ezz
2

]2

]x]y S exx

ezz
21D GEx , ~2!

Fk0
2exx1

]2

]x2

exx

ezz
1

]2

]y2
1

]2

]z2
1

]2

]x]y

exy

ezz
GEx

5F2k0
2exy2

]2

]x2

exy

ezz
2

]2

]x]y S eyy

ezz
21D GEy , ~3!

whereeab are the components of the permittivity tensor~1!
andk05v/c is the wave number.

The TE-like field is assumed to be much weaker than
TM-like field. Therefore, the reorientation of the liquid cry
tals and resulting electrical permittivity changes are sm
enough to use a small nonlinearity approximation, i.e., to
an electrical field in the form

Ex5A~y,z!c~x! exp~ ivt2 ik0Nxz!, ~4!

Ey5B~y,z!w~x! exp~ ivt2 ik0Nyz!, ~5!
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where c(x)exp(ivt2ik0Nxz) and w(x)exp(ivt2ik0Nyz) are
modes of the planar waveguide~TM and TE, respectively!
with homeotropically aligned liquid crystals~for u50),
whereNx , Ny are effective refractive indices, and whereA
andB are complex amplitudes slowly varying with respect
z. The modes in the homeotropically-aligned liquid crys
layer fulfil the equations

Fk0
2~e uu2Nx

2!1
e uu

e'

]2

]x2Gc50, ~6!

Fk0
2~e'2Ny

2!1
]2

]x2Gw50, ~7!

and therefore have the form

c5C0 cosFk0jxS x2
d

2D G , ~8!

w5F0 cosFk0jyS x2
d

2D G , ~9!

whereC0 andF0 are normalizing amplitudes

jx5
no

ne
Ane

22Nx
2, ~10!

jy5Ano
22Ny

2, ~11!

and effective refractive indices are found from the dispers
relations

tanS 1

2
k0jx,ydD5

hx,y

jx,y
, ~12!

where

hx,y5ANx,y
2 2nc

2. ~13!

Assuming that the field distributionsc andw as well as
the reorientation angleu distribution are symmetrical, the
slowly varying complex amplitudesA and B satisfy equa-
tions obtained as a result of integration of Eqs.~2!, ~3! over
the cross section

Fk11
1

2k0Ny

]2

]y2 S 2Nyk1

e'k0
11D2 i

]

]zGB

5F2k122
]2

]y2

k12

e'k0
2GA exp@2 ik0~Nx2Ny!z#,

~14!

F2k21
1

2k0Nx

]2

]y2
2 i

]

]zGA

5@2k212d#B exp@ ik0~Nx2Ny!z#, ~15!

where nonlinear coefficients are defined as follows:
3-2
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k15

k0DeE w2 sin2u dx

2NyE w2dx

, ~16!

k25

k0NxDeE c2 sin2u dx

2e uu E c2dx

, ~17!

k125

k0DeE wc sinu cosu dx

2NyE w2dx

, ~18!

k215

k0DeE wc sinu cosu dx

2NxE c2dx

, ~19!

and

d5

DeE c@]2~w sin 2u!/]x2# dx

4k0e'NxE c2 dx

. ~20!

For waveguides thicker than the wavelengthd@l, the
coefficient d can be neglected because it is much sma
than the coefficientk21 (d!k21). Assuming that the light
beam is wider than the wavelength and that the reorienta
is small, components]2k1 /]y2 and ]2k12/]y2 in Eq. ~14!
can also be neglected. Consequently, the set of Eqs.~14!,
~15! is reduced to the simpler form

Fk11
1

2k0Ny

]2

]y2
2 i

]

]zGB52k12A exp@2 ik0~Nx2Ny!z#,

~21!

F2k21
1

2k0Nx

]2

]y2
2 i

]

]zGA52k21B exp@ ik0~Nx2Ny!z#.

~22!

Additionally, using the normalized modes, the number
nonlinear coefficients is reduced:k12'k21 andk1'k2. For
the small reorientation,k12@k1 and k1 can also be disre
garded. Reorientation increases the effective index for
TE-like field while the effective index for the TM-like field
is decreased. Therefore, the nonlinear coefficientsk1 andk2
have different signs in Eqs.~21! and ~22!.

III. REORIENTATION NONLINEARITY

At a given temperature, nematic liquid crystal molecu
fluctuate around the mean direction defined by the directon.
The distortion of the molecular alignment corresponds to
free energy density@1–3#
03660
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K1

2
~¹n!21

K2

2
~n•¹3n!21

K3

2
~n3¹3n!2, ~23!

whereKi represents elastic constants for three different ba
deformations splay (i 51), twist (i 52), and bend (i 53).
Usually K3.K1.K2, but equations are simplified by as
suming the one-elastic constant approximationK1'K2
'K35K.

External electrical or magnetic fields create a torque
the molecules and change the orientation of the liquid cr
tal. For optical frequencies the interaction with the magne
field is insignificant and the light wave interaction with th
nematic liquid crystals is caused by the electrical field. T
orientation-dependent term in the energy density of inter
tion between the electrical field and liquid crystal molecu
is equal to

f opt52
e0De

2
^~n•E!2&. ~24!

The total free energy density composed of deformation
ergy f F and interaction energyf opt fulfils a minimization
procedure. The orientation angleu ~between the directorn
and thex axis! is sufficient to describe molecular reorient
tion limited to two dimensions. The Euler-Lagrange equat
takes the form

]

]x

]~ f F1 f opt!

]S du

dxD
2

]~ f F1 f opt!

]u
50, ~25!

where both energy densities~23! and ~24! are described us
ing the orientation angle, becausen5(cosu,sinu,0). Conse-
quently, for the one-elastic constant approximation~with the
assumption of equal energies for splay and bend defor
tions!, the orientation angleu is calculated from the Euler
Lagrange equation in the form

4K

e0De

d2u

dx2
12uABucw cosDa cos 2u

1~ uBwu22uAcu2!sin 2u50, ~26!

where Da is the difference of phases betweenEx and Ey
field components. The solution of Eq.~26! requires satisfying
the boundary conditions which, for strong anchoring and i
tial homeotropic alignment, are equal tou(0)5u(d)50.

In Fig. 2 the dependence of nonlinear coefficientsk12,
k1, and k2 on light power is shown. The value of thes
coefficients was calculated using the definitions~16!–~18!
for reorientation obtained directly from Eq.~26! for the field
distribution defined by Eqs.~8! and ~9!. The numerical re-
sults were calculated for the waveguide made by a liq
crystal film of the thicknessd510 mm with refractive
indicesno51.52 andne51.69, surrounded by glass plate
with the refractive indexnc51.45 and for the wavelength
l5842 nm. The values of refractive indices correspo
to the 4-trans-48-n-hexyl-cyclohexyl-isothiocyanatobenze
~6CHBT! nematic liquid crystal. The power density of th
3-3
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MIROSLAW A. KARPIERZ PHYSICAL REVIEW E66, 036603 ~2002!
guided fundamental mode is characterized by a dimens
less value ofuAu2, obtained under the assumption that t
field distributions are normalized as

NyE w2~x!dx5NxE c2~x!dx5
4K

e0Ded
. ~27!

For a typical value of the elastic constantK'10211 N ~as in
the 6CHBT liquid crystal!, the dimensionless poweruAu2
51 corresponds to the power densityP'2 mW/mm.

Introducing an angleb defined as

tan 2b5
2uABucw cosDa

uAcu22uBwu2
, ~28!

Eq. ~26! can be rewritten in the form

d2u

dx2
2

s2

2
sin 2~u2b!50, ~29!

where

s25
e0De

2K
A~ uAcu22uBwu2!21~2uABucw cosDa!2.

~30!

The analytical solution of Eq.~29! exists for homoge-
neous distribution of the electrical fieldc5w5const ~i.e.,
for w25c254K/e0Ded2). In this case, for boundary cond
tions u(0)5u(d)50, the distribution of the orientation
angleu is described as

sinS u2b1
p

2 D5Am sn@s~x1x0!um#, ~31!

where sn(uum) is the Jacobian elliptic function with modulu
m @17#. The integration constantx0 for given boundary con-
ditions is equal to

x05
2K~m!2sd

2s
, ~32!

whereK(m) is the complete elliptic integral.

FIG. 2. Dependence of nonlinear parametersk12, k1, andk2 on
light power density in the TM mode for different values of amp
tude ratios: solid line foruB/Au50.5, dashed line foruB/Au50.2,
and dotted line foruB/Au50.1. Both components of the field wer
in the same phase~i.e., Da50).
03660
n-

Using the boundary conditionu(0)50 in Eq. ~31!, the
following relation is obtained:

cosb5Am
cn~sd/2um!

dn~sd/2um!
, ~33!

where cn(uum) and dn(uum) are Jacobian elliptic functions
Equation~33! can be used to calculate the value of the mod
lus m. In the case of small values of electrical field intens
~small values ofu5sd/2), the ratio of elliptic function can
be expanded into the series@dn(uum)/cn(uum)#2'11(1
2m)u21••• . Consequently, from Eq.~33! the following
formula is obtained:

m'
11u2

11tan2b1u2
. ~34!

The modulusm of the Jacobian elliptic function is con
nected with the maximal angle of reorientation in the cen
of the liquid crystalline layerumax5u(d/2):

m5cos2~b2umax!. ~35!

For a small reorientation angleumax,b!1 it can be assumed
that m'12b212umaxb and tanb'b. Using Eq.~34! the
maximal reorientation angle has the following approxima
value:

umax'
1

2
b

b21u2

11b21u2
. ~36!

Because of the conditionuAu..uBu, it can be additionally
assumed—using definitions~28! and ~30!—that b
'uABucosDa/(uAu22uBu2) and u21b2'(uAu22uBu2)/2, and
consequently,

umax'
1

4

uABu cosDa

11~ uAu22uBu2!/2
. ~37!

The maximal values of reorientation in Eq.~37! were cal-
culated for homogeneous distribution of the electrical fie
across the liquid crystalline sample. However it can be
pected that, in the case wherec(x) andw(x) describe modal
field distributions@Eqs.~8! and~9!#, the dependence of maxi
mal reorientation on electrical field amplitude is similar
that of Eq.~37!. Therefore, the maximal reorientation ang
should be proportional to the parameter

R5
uABu cosDa

11~ uAu22uBu2!/AS
2

, ~38!

where the value of saturation amplitudeAS can be estimated
for a given waveguide. Consequently, the nonlinear coe
cientsk12, k1, andk2 are expected to be proportional toR
andR2 @see definitions~16!–~18!# . The accuracy of such an
estimate is shown in Fig. 3~a!, where the dependence of non
linear parametersk12, Ak1, andAk2 on parameterR is plot-
ted. The saturation amplitudeAS

255.44 used in Fig. 3~a! has
3-4
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been estimated from the dependence ofk12 on field intensity
in the caseuBu250.01uAu2 andDa50, whereuAu2P(0,10)
~dotted curve presented in Fig. 2!. In Fig. 3~a! one hundred
lines for each coefficient were plotted. They were obtain
for the field parameters varying in the following range
DaP(0,p/2), uAu2P(0,10), anduBu2P(0,uAu2/4). As can
be seen, the parameterR linearizes the coefficientsk12 and
Akp (p51,2) with a very high accuracy. To compare th
approximation with another, the dependence of coefficie
k12, Ak1, andAk2 on the simplified parameter

R05
uABu cosDa

11uAu2/AS
2

~39!

is presented in Fig. 3~b!. In this case the parameterR0 seems
to be useful only for a very small reorientation, i.e., forR0
!1.

In general, the analyzed nonlinearity depends
uABu cosDa and is saturated with respect touAu22uBu2 ~or in
low nonlinearity with respect touAu2). Therefore the nonlin-
earity can also be approximated with reasonable accurac
the exponential function

Rexp5
uABu cosDa

uAu22uBu2 F12expS 2
uAu22uBu2

AS
2 D G ~40!

~with AS
254.31 for the analyzed waveguide! or a generalized

model of the saturation nonlinearity

Rsat5
uABu cosDa

uAu22uBu2 F12S 11
uAu22uBu2

AS
2 D 2sG ~41!

~with AS
255.57 ands51.03 for the analyzed waveguide!.

However, in this paper the form of nonlinearity dependent
R defined by Eq.~38! will be used. Consequently, both non
linear parameters will have the form

k125k0

2uABu cosDa

11~ uAu22uBu2!/AS
2

, ~42!

FIG. 3. Dependence of nonlinear parametersk12, (k1)1/2, and
(k2)1/2 on ~a! the parameterR and~b! the simplified parameterR0.
Each curve is composed of 100 lines obtained for different value
amplitudesuAu2P(0,10) anduBu2P(0,0.25uAu2), and for different
phase differencesDaP(0,p/2).
03660
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k2'k15k10

4uABu2 cos2Da

@11~ uAu22uBu2!/AS
2#2

, ~43!

with k050.007k0 andk1050.0003k0 for the analyzed wave-
guide.

IV. APPROXIMATE SOLUTION FOR SOLITARY WAVES

The propagation of light beams in homeotropically o
ented liquid crystalline waveguides is described by Eqs.~21!,
~22! with nonlinear coefficients in the approximate form
~42!, ~43!. This set of equations requires numerical analy
but in this section some simplified solutions will be pr
sented. First, becausek1'k2!k12, the nonlinear coeffi-
cients k1 and k2 will be eliminated. Second, componen
with dense oscillating terms exp$6i@k0(Nx2Ny)z1Da#% will
be removed from Eqs.~21!,~22!. Subsequently, the equation
describing beam propagation in analyzed waveguides
the form

i
]B

]z
5

1

2k0Ny

]2B

]y2
1

k0uAu2B

11~ uAu22uBu2!/AS
2

, ~44!

i
]A

]z
5

1

2k0Nx

]2A

]y2
1

k0uBu2A

11~ uAu22uBu2!/AS
2

. ~45!

Equations~44!,~45! are similar to equations describin
vectorial solitons in media with saturable nonlinearity@18#.
The difference is that, in contrast to typical saturable non
earity, there exists only a nonlinear cross-phase modula
saturated by a difference of field intensitiesuAu22uBu2.

In searching for the spatial soliton solution it is conv
nient to introduce the ansatz

B~y,z!5
u~y!

A2k0Nxk0

expS 2 ipz

2k0Ny
D , ~46!

A~y,z!5
w~y!

A2k0Nyk0

expS 2 iqz

2k0Nx
D , ~47!

with real amplitudesu, w and real parametersp, q. Therefore
Eqs.~44!,~45! can be rewritten in the form

d2u

dy2
2pu1

w2u

11g~Nxw
22Nyu

2!
50, ~48!

d2w

dy2
2qw1

u2w

11g~Nxw
22Nyu

2!
50, ~49!

whereg5(2k0NxNyk0AS
2)21. Only solutions in the form of

bright solitons will be examined, i.e., the solutions wi
w(y→6`)5u(y→6`)50 and (d/dy)w(y50)
5(d/dy)u(y50)50.

In the case ofNxw
25Nyu

2 the saturation disappears an
consequently, the solution of Eqs.~48!,~49! is

of
3-5
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MIROSLAW A. KARPIERZ PHYSICAL REVIEW E66, 036603 ~2002!
w~y!5
w0

cosh~w0y/A2!
, ~50!

wherew0
252Nxp52Nyq.

The saturation effectively decreases the nonlinear ef
and causes the soliton to be wider. The relative change
soliton width and shape are not so significantly modified
the term of saturation. Therefore, it can be expected that
solution obtained for nonsaturable nonlinearity will be su
cient to predict properties of solitons in saturable nonlin
media.

The solution of Eqs.~48!, ~49! consists of a complicated
problem which requires matching parametersp and q with
given boundary conditions. However, in nonsaturable me
(g50) the set of equations is simplified to

d2u

dy2
2pu1w2u50, ~51!

d2w

dy2
2qw1u2w50. ~52!

Equations~51!, ~52! are identical to equations describing th
two-dimensional motion of a particle in the potentialV:

V~u,w!5
1

2
~u2w22pu22qw2!, ~53!

whereu and w are generalized positions,y represents time
and du/dy, dw/dy are momenta. The potential surface f
parametersp50.5 andq50.3 is presented in Fig. 4. Th
thick solid line shows the trajectory fulfilling the bounda
conditions such asw5u50 and dw/dy5du/dy50 for y
→6`. Such conditions require the trajectory in theuw
plane to be limited between the points (u,w)5(0,0) and
(u0 ,w0), with the same potentialV(u0 ,w0)5V(0,0)50.
The point (u0 ,w0) corresponds to the soliton centeru0
5u(0), w05w(0) because it satisfies the conditiondw/dy
5du/dy50. The analogy with the mechanical system~pro-
posed in Ref.@19#! allows us to calculate the integral o

FIG. 4. Plot of potentialV, defined by Eq.~53!, for parameters
p50.5 and q50.3. The thick solid line shows the trajector
matched to given boundary conditions.
03660
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motion ~total energy!, which is useful in determining the
relationship between parametersp, q and amplitudes in the
soliton centerw0 , u0:

p

w0
2

1
q

u0
2

51. ~54!

Next, the solution of Eqs.~51!, ~52! requires matching only
one of the parametersq or p with given values of amplitudes
w0 andu0. In Fig. 5 shapes of solitary beams are presen
at different ratios of amplitudes in the beam centerw0 /u0.
For a given ratiow0 /u0, the width of the beam is propor
tional to the inverse of beam amplitude because the sol
solution can be transformed into a new one according to
relation

u~y!5u0f ~w0y!, ~55!

w~y!5w0g~u0y!. ~56!

The widths of both beam componentsu andw are different.
The beam widths at a half amplitudesw and su @where
w(sw)5w0/2 andu(su)5u0/2# depend on the ratiow0 /u0,
as presented in Fig. 6. From a numerical calculation it can
estimated that the ratio of widths of both beam polarizatio
is roughly a linear function of the amplitudes ratio

FIG. 5. Soliton amplitude distributions in both polarization com
ponents for different amplitude ratios: solid line forw0 /u051.1,
dashed line forw0 /u052, and dotted line forw0 /u055. Upper
curves correspond to the distribution ofw(y)/w0 while lower
curves correspond tou(y)/w0.

FIG. 6. Dependence on the ratio of amplitude values at the b
center w0 /u0: beam component widthssww0 ~dashed line! and
suu0 ~dashed line with circles!, the ratio of these widthssw /su

~solid line!, the square root of power ratio (pw /pu)1/2 ~dotted line!,
and the total power (pw1pu)/w0 ~solid line with squares!.
3-6
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follows: sw /su'0.410.6w0 /u0. The dependence of nor
malized beam power in both beam components is also
sented in Fig. 6. The power of the beam components is
resented by quantitiespw5*w2dy and pu5*u2dy,
respectively. It should be noted that the ratio of energ
grows faster than the ratio of maximal intensities of bo
beam components. This is caused by the fact that, by incr
ing the ratio of amplitudes, the ratio of relative widths
both polarization components also increases. The existe
of the TE component is necessary to induce the self-focu
of the TM-polarized beam. When the TM beam is very wi
the self-focusing term, which compensates for the diffr
tion, could be weak, and the TE component could be nar
and with a low power. On the other hand, for a narrow T
component the diffraction is strong and the creation of s
tary waves requires high nonlinearity. Consequently, fo
narrow TM component the inducing nonlinearity TE comp
nent should be relatively wider, and with higher power th
that for the wide TM component.

V. NUMERICAL RESULTS

Equations~21!, ~22! with nonlinear coefficients~42!, ~43!
can be solved by using numerical beam propagation meth
~BPM’s!. Results presented in this section were obtain
with an application of the finite difference BPM for wave
guide parameters~the same as used in Sec. III!. First, the
accuracy of the solutions of the approximate Eqs.~51!, ~52!
is presented below. Assuming that the beam launched to
waveguide has an amplitude ratio ofuA(y50)/B(y50)u2

510, corresponding tow0 /u0'3.0, one can find from the
approximate solution thatsww0'5.5 andsw /su'2.2, i.e.,
the TM component of the solitary wave is more than tw
the width of the TE component. Consequently, when
light beam has the sizessw55.0 mm andsu'2.3 mm, the
solitary wave should be formed forA(y50)5A0'1.0. The
Rayleigh distance, defined aszR5pNs2/l ln2, for such a
beam is zR'230 mm for the TM component andzR
'40 mm for the TE component, respectively.

In Fig. 7 we present amplitude shapes at the distanc
z51150mm. This distance corresponds to 5 Rayleigh d

FIG. 7. Beam intensity distribution~a! for the TM component
and ~b! for the TE component on the input plane~represented by
solid line with circles! and at the distancez51150mm for different
inputs: dashed line forA0

251, solid line for A0
251.5, and dotted

line for A0
253.
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tances for the wider TM beam component and to more t
26 Rayleigh distances for the TE beam component. As
shown by the dashed line in Fig. 7, the beam which is
solution of Eqs.~51!, ~52! is not strictly a solitary wave. The
beam over a long distance takes a solitary wave form wh
is wider and has a lower intensity than the input beam r
resented by the solid line with circles in Fig. 7. However, f
an intensity of 1.5 times larger than the input beam, i.e.,
A0

2'1.5, the shape and intensity of the input is almost
same as in the solitary wave formed at long distances~solid
line in Fig. 7!. For larger amplitudes, solitary waves are na
rower than the input beam~dotted line in Fig. 7 forA0

2

53). The differences between an exact and an approxim
solution are caused mainly by the absence of saturation
the nonlinearity. For solitary beams corresponding to hig
intensities~with values of intensity closer to the saturatio
AS

2), the differences are larger. However, the shape of
solitary wave obtained by solving the simplified equatio
~51!, ~52! seems to be a very good approximation, mo
accurate than the Gaussian or sech functions and much
pler to calculate than the exact solution.

The propagation of analyzed solitary waves is stable,
beams adjust to the nearest solitary shape and amplit
Because light in both orthogonal polarizations has differ
phase velocities, the exchange of energy between both p
ization components is irrelevant. Therefore, the beam te
to adjust to the form appropriate for the initial ratio of ener
in both polarization components. Of course, if the inp
beam deviates too much from the solitary wave, so
amount of energy radiates out and the beam adjusts to
solitary wave existing at a lower level of power. The shape
solitary waves formed at large distances for inputs with d
ferent shapes but with the same energy ratio between
and TE components is shown in Fig. 8. The dotted line
Fig. 8 represents the solitary wave formed by the be
which on the input plane is twice as wide and has an int
sity twice as low as the solitary wave represented by
solid line in Fig. 8. Conversely, the dashed line in Fig.
represents the solitary wave formed by the beam which
the input plane is twice as narrow and has an intensity tw

FIG. 8. Beam intensity distribution on the input plane~repre-
sented by lines with open circles and open squares! and at the
distancez51150mm, for input beams with the same power b
different widths: dashed line for Gaussian inputA2(y50,z50)
52A0

2, dotted line for Gaussian inputA2(y50,z50)50.5A0
2, and

solid line for solitary waveA2(y50,z50)5A0
251.5.
3-7
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as high as the solitary wave represented by the solid lin
Fig. 8. Both beams create nondiffracted solitary waves w
very similar amplitudes. In the case of narrower inp
~dashed line in Fig. 8!, some amount of energy is radiate
out as presented in Fig. 9. As a result, the solitary wave
an energy ratio which is lower than the ratio in the inp
beam. When the width of both beam polarization comp
nents is the same on the input plane, the beam also adjus
the nearest form of solitary wave. This behavior is presen
in Fig. 10, obtained for the Gaussian input with the sa
widths of both polarization components and with an ene
ratio corresponding to that of Figs. 8 and 9.

Self-focusing phenomena in analyzed waveguides
caused by reorientation of liquid crystalline molecules. T
reorientation is largest for the linearly polarized light, that
when both TE and TM components are in the same phas
when they are in opposite phases~the direction of reorienta-
tion is different in both cases!. On the other hand, for the
phase differencesDa56p/4, reorientation does not occu
at all because in this case, the long axis of the polariza
ellipse is parallel to the alignment of liquid crystalline mo
ecules. Both TE and TM components of the light beam h
different phase velocities. Therefore, the reorientation is
riodic, following changes in beam polarization. The chang
in the coefficientk12 along the propagation distance are p
sented in Fig. 11. These changes, presented in Fig. 11,
obtained for a solitary wave in the same way as in Fig. 8

FIG. 9. Distribution of light intensity in~a! TM component and
~b! TE component of the beam along the propagation distance
the solitary beam, shown as a solid line in Figs. 7 and 8.

FIG. 10. Distribution of light intensity of the beam along th
propagation distance for the input Gaussian beam with the s
widths for both polarization components. The width of the T
component corresponds to the proper solitary solution while
width of the TE component is approximately twice as large as
of the solitary wave.
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A0
251.5 ~and in the following figures!, starting from the

plane z50, where both polarization components share
same phase. The coefficientk12 represents an effective reor
entation and its sign corresponds to the direction of the m
lecular rotation. The period of reorientation is equal to t
polarization beat lengthLB . In the linear caseLB5l/(Nx
2Ny) and for analyzed waveguideLB'5 mm. The width of
the region where reorientation takes place is the same as
width of the TE wave component.

Periodic reorientation causes the amplitude of the solit
waves to oscillate. These oscillations are greater for be
with higher power because of larger reorientation. Perio
reorientation is also responsible for the behavior during
collision of two beams: periodic reorientation induced
one beam acts as gratings where the second beam is sc
ing. Therefore, the solitary waves obtained in the analy
geometry of liquid crystalline waveguides are not stric
solitons because they are modified or even destroyed du
interaction with other beams@20#. Collisions of two solitary
waves are presented in Figs. 12 and 13. When both be
have the same phase, they collapse and create one so
beam. This new beam has lower power, because some lig
scattered~Fig. 12!. Such behavior occurs for collisions a
small angles or for parallel beams. During collisions at larg
angles both beams could be completely destroyed and
solitary wave is formed after the collision. However, wh

or

e

e
t

FIG. 11. Distribution of the nonlinear coefficientk12/k0 in the
region of solitary wave propagation.

FIG. 12. Collision of two solitary waves with the same phase
the input plane.
3-8
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the angle of collision is large enough, the colliding bea
behave as solitons. This is caused by the fact that the in
action length in this case is too short to significantly distu
propagating beams. When both beams have opposite ph
they are repulsed as in Fig. 13, but the light also scatters
beams can also be destroyed.

VI. CONCLUSIONS

Analyzed solitary waves have been investigated exp
mentally in homeotropically aligned 6CHBT nematics plac
between glass plates separated by 10mm spacers@10#. Non-
linear effects were observed for light power larger th
20 mW in the beam with a diameter of 10mm. For TE-
polarized beams the nonlinear reorientation was so str
that, after initial focusing, the beam broke up. However,
the input beam with a polarization close to the TM polariz
tion, solitary waves were measured. The value of the li
power P'30 mW, which was necessary to obtain the so

FIG. 13. Collision of two solitary waves with opposite phas
on the input plane.
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tary wave, thoroughly agrees with theoretically calculat
power.

The origin of the nonlinear phenomena in liquid crysta
has a different mechanism, but reorientation and therma
fects are the most significant sources of nonlinearity. T
thermal effect is connected with changes in both order
rameter and density of the liquid crystals, which change
fractive indices and birefringence of the medium. The
changes are dependent only on light intensity. On the o
hand, the reorientation effect changes the orientation of
birefringence axis and is dependent on both light intens
and light polarization. The source of self-focusing in the e
periment was investigated by detecting a white light pass
perpendicularly through the waveguide placed betwe
crossed polarizers. The period and size of the observed
orientation perfectly match the calculated pattern shown
Fig. 11. Therefore, the reorientation effect seems to be
main source of the creation of the observed solitary wav

In conclusion, one should say that the liquid crystalli
waveguides are media suitable for creation of spatial solit
waves. In homeotropically aligned nematic layers, solita
waves can be observed for light with a power of milliwat
The nonlinear properties of such waveguides and of solit
waves differ from those in previously analyzed materia
Reorientation nonlinearity can be effectively described a
saturation nonlinearity dependent on light polarization. So
tary waves governed by such nonlinearity are vectorial s
tons with different sizes and amplitudes for both polarizat
components. The reorientation connected with solitary wa
is periodic, which induces scattering of light during the co
lisions of two solitary waves. The detailed theoretical ana
sis presented in this paper agrees with previously meas
experimental results.
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