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Kinetic study of wall collisions in a coaxial Hall discharge
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Coaxial Hall discharges~also known as Hall thrusters, stationary plasma thrusters, and closed-drift accel-
erators! are cross-field plasma sources under development for space propulsion applications. The importance of
the electron-wall interaction to the Hall discharge operation is studied the through analysis of experimental data
and simulation of the electron energy distribution function~EEDF! inside the discharge channel. Experimental
time-average plasma property data from a laboratory Hall discharge are used to calculate the electron conduc-
tivity and to estimate the rate of wall-loss collisions. The electron Boltzmann equation is then solved in the
local field limit, using the experimental results as inputs. The equation takes into account ionization and wall
collisions, including secondary electrons produced at the wall. Local electron balances are used to calculate the
sheath potential at the insulator walls. Results show an EEDF depleted at high energy due to electron loss to
the walls. The calculated EEDFs agree well with experimental electron temperature data when the experimen-
tally determined effective collision frequency is used for electron momentum transport. The electron wall-loss
and wall-return frequencies are extremely low compared to those predicted by a Maxwellian of equal average
energy. The very low frequency of wall collisions suggests that secondary electrons do not contribute to
cross-field transport. This conclusion holds despite significant experimental uncertainty.

DOI: 10.1103/PhysRevE.66.036401 PACS number~s!: 52.25.Fi, 52.25.Dg, 52.65.Ff, 52.40.Hf
us

(
ge
ar
us
e
s
e
o

F
r

.
nd
n

t
i

ve
e
rg
r-

ur-
nd
rge
s.
ss-
ed

ons

the
of
rgy

ra-
I. INTRODUCTION

Hall discharges are presently under development for
in space propulsion applications. In a Hall discharge~Fig. 1!,
the plasma is sustained in imposed orthogonal electricE)
and magnetic (B) fields. The discharge electrons, a lar
fraction of which are emitted by an external cathode,
magnetized, whereas the more massive propellant ions,
ally xenon, are not. Consequently, the electrostatic fields
tablished by the retarded electron flow accelerate the ion
high velocities, typically 50–80 % of the discharge voltag
In a coaxial geometry, the electrons are constrained to m
in the closed, azimuthalE3B drift, with cross-field diffusion
providing the necessary current to sustain the discharge.
this reason, the Hall discharge is a useful device for labo
tory studies of electron transport in magnetized plasmas

The efficiency of the Hall discharge as a rocket depe
primarily on the current flowing through the discharge. O
measurement of the thrust efficiencyh of an electrostatic
rocket is the ratio of the directed kinetic energy of the ions
the applied electrical power. The kinetic energy of the ions
determined by the applied voltageV, wheras the power is
simply the product of the discharge voltage and current,

h5
ṁv i

2/2
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5

jVIi

VI
5

jI i

I i1I e
.

Here,j is the efficiency of ion acceleration, andI i andI e are
the ion and electron currents, respectively. Thus, for a gi
discharge voltage, the efficiency of the thruster is invers
proportional to the current. In some regions of the discha
~near the anode!, the electrons carry most or all of the cu
rent, while in others~near the peak in the magnetic field!, it
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is desired that the electrons carry very little of the total c
rent. A better understanding of the electron conductivity a
what controls the flow of electrons throughout the discha
could allow the development of higher efficiency thruster

The electrons in Hall discharges exhibit anomalous cro
field transport: the conductivity is higher than that predict
by the simplest classical equations@1#. Electron transport in
the Hall discharge is believed to be enhanced by fluctuati
in the electric field and plasma density@2#. Collisions with
the ceramic channel walls also play an important role in
discharge operation. In addition to impacting the kinetics
the Hall discharge plasma by shaping the electron ene
distribution function~EEDF!, the electron-wall interaction in

FIG. 1. Schematic of a typical coaxial Hall discharge accele
tor.
©2002 The American Physical Society01-1
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the channel may also contribute to electron transport@3–5#.
Several researchers have had moderate success in m

ing the plasma inside the Hall discharge~and similar dis-
charges! with hybrid fluid-particle codes@6–10# and full par-
ticle codes@11#. With the hybrid fluid-particle in cell codes
some investigators have imposed an anomalous Bohm
ductivity inside the discharge channel@8# in an effort to ac-
count for fluctuation-enhanced conductivity. Others ha
added a simple term for the contribution of electron-w
scattering to the mobility@7,9#, or have used a combinatio
of both Bohm transport and wall scattering@10#. With the
right set of input values for the conductivity, these simu
tions can accurately reproduce Hall discharge operation,
they provide little insight into the actual physics of the d
vice.

The primary physics problem for the Hall discharge, a
for many small-scale magnetized plasmas, is understan
the mechanisms dictating cross-field electron transport.
ing the results of an extensive diagnostic effort put forth
measure the plasma properties inside a laboratory xenon
discharge@12,13#, we presented an analysis giving the effe
tive conductivity inside the Hall discharge with alumin
walls @1#. This study showed fluctuation-induced transport
be a promising mechanism, but ignored electron-wall in
actions as a source of enhanced conductivity. We and ot
have elucidated the behavior of plasma instabilities in
Hall discharge plasma@14–18#, but have not yet completed
full theoretical description of fluctuation-induced transpor

The current study aims to predict the rates of electr
wall collisions in the Hall discharge and to determine
electron-wall interactions are important to cross-field tra
port. We begin by assuming a Maxwellian EEDF and us
our experimental results to determine the rate of electron
ion wall loss in the discharge channel. We then extend
analysis to using a simplified Boltzmann equation to cal
late the EEDF. The Boltzmann equation couples the EED
the collisional processes in the plasma, including
electron-wall interactions, and to the electric and magn
fields. We use the Boltzmann model to compare and disc
anomalous conductivity and mechanisms of EEDF form
tion.

II. EXPERIMENTS

A. Background

In our experimental study of mobility in a Hall discharg
we used a simple version of Ohm’s law to calculate the c
lision frequency needed for the electrons to cross the m
netic field,

Jez5
neff

2

neff
2 1vce

2 S nee
2

mneff
DEz . ~1!

Here,e and m are the charge and mass of the electron,
spectively. This quadratic equation can be solved for the
fective collision frequencyneff if the electron current density
Jez, axial electric fieldEz , electron densityne , and cyclo-
tron frequencyvce are known from experiments. If the xe
03640
del-

n-

e
l

-
ut
-

d
ng
s-

all
-

r-
rs
e

-

-
g
d
r
-
to
e
ic
ss
-

l-
g-

-
f-

non neutral densityN and electron temperaturekBTe are also
known and a Maxwellian distribution is assumed for t
electrons, the resultneff can be compared to the electro
neutral momentum-transfer collision frequencyn̂M , which
should be the dominant collision frequency for the lo
density, weakly ionized plasma present in the Hall discha
channel.

This comparison was made for the Hall parametervcet in
the previous paper, wheret51/neff . Several time-average
plasma properties were measured at different positions in
channel. The radial magnetic field was measured with a H
effect sensor with the plasma off. The magnetic field pro
is shown in Fig. 2 for reference. The plasma potential w
measured using a hot-filament emissive probe, allowing
calculation ofEz and an estimate of the electron temperatu
kBTe . The axial ion velocityVi was measured using lase
induced fluorescence velocimetry. These measurements
described in more detail in@12,13#. The electron density was
measured with a combination of cylindrical and planar Lan
muir probes@19#. With ne andVi known, the electron curren
density could be calculated from the total discharge currenI,

Jez5I /Achan2eneVi , ~2!

whereAchanis the cross-sectional area of the discharge ch
nel, allowing Eq.~1! to be solved forneff ~or vcet). In all,
we have direct experimental measurements ofB, ne , Vi , the
plasma potentialfp , and the floating potentialf f at each
point in the channel, leading to values forEz , Jez, neff , and
the electron temperaturekBTe . These plasma properties a
the basis for all the analysis described in this paper. T
properties are plotted in@1# and will not be redisplayed here

Figure 3 shows a comparison ofneff and n̂M for a portion
of the discharge channel. Here, we have assumed a con
value of N51019 m23 for the neutral density. To calculat
n̂M , we used a Maxwellian distribution about the experime
tal electron temperaturekBTe and a cross section for momen
tum transfer in xenon obtained from theSIGLO database@20#.
Throughout this paper, quantities calculated assumin
Maxwellian EEDF will be denoted by the caret~e.g., Q̂).
Clearly, electron-neutral collisions are not sufficient to a
count for electron transport in the Hall discharge.

FIG. 2. Magnetic field profile in the Hall discharge channel. T
exit of the discharge is atZ50, whereas the anode is located atZ
'270 mm.
1-2
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B. Electron-wall interaction for a Maxwellian

Some further comparison can be made toneff using only
the experimental data and assuming a Maxwellian distri
tion for the electrons. The rate at which electrons striking
wall are lost to recombination can be calculated from a c
tinuity equation for the ions,

d~neVi !

dz
5nen̂ I2neñwall loss

→ ñwall loss

5 n̂ I2
1

ne

d~neVi !

dz
. ~3!

Here, n̂ I is the ionization collision frequency, calculated u
ing a cross section from theSIGLO database@20#. We have
assumed a quasineutral plasma (ne'ni). The wall-loss rate
must be the same for the electrons and the ions to main
the no-current condition at the insulator wall.

We can make another estimate of the wall-loss r
ñwall loss without using data forne and Vi . For an arbitrary
isotropic distribution, the flux of electrons to a planar surfa
in the presence of a repelling sheath of potentialf is given
as @21#

G5neE
c*

` 1

4
c f~c!F12S c*

c D 2Gdc, ~4!

where f is the distribution function in speed~c! space and
c* 5A2ef/m. Integrating over a Maxwellian aboutkBTe
gives the familiar result

G5ne

c̄

4
expS 2ef

kBTe
D . ~5!

Here, c̄ is the mean~thermal! speed of the electrons. Th
characteristic transit frequency of electrons across the c
nel of widthw will be c̄/w, so we can approximate the rate
which electrons are lost to the wall as

FIG. 3. Effective collision frequency for electron transportneff

(d), compared ton̂M (n), ñwall loss from Eq. ~3! ~– – –!, and

n̂wall loss from Eq. ~6! ~——!.
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n̂wall loss5
c̄

w
~12ĝeff!expS 2efwall

kBTe
D . ~6!

The effective coefficient of secondary electron emissionĝeff
is the number of secondary electrons produced when
electron strikes the insulator wall, averaged over a Maxw
ian electron energy distribution,

ĝeff5

E
2`

` E
2`

` E
0

`

g~e!c' f Max~c!dc

E
2`

` E
2`

` E
0

`

c' f Max~c!dc
. ~7!

wherec' is the velocity normal to the wall, corresponding
the innermost integral. The secondary emission coefficien
generally given as a function of electron energy by

g~e!5~e/e1!p, ~8!

wheree1 is the first-crossover energy, defined byg(e1)51.
Assuming p51, ĝeff for a Maxwellian is given byĝeff
52kBTe /e1. We usee1525 eV for alumina (Al2O3), from
experimental measurements by Dawson@22#. The scarcity
and uncertainty of the data forg(e) at energies belowe1
makes the choice ofp somewhat arbitrary. The choice ofp
51 will be justified in a later section. Ion-induced seconda
electron generation is small for low-energy xenon ions an
neglected@23#.

The wall-sheath potentialfwall is found by balancing the
net flux of electrons to the wall to that of the ions, assum
that the ions enter the sheath at the Bohm velocity. The s
ation is complicated whenĝeff approaches a critical valu
near unity; at this point, the sheath reaches the charge s
ration limit, andĝeff'1 . This phenomenon is described
detail in @24#. The resultant expression for the potential is

fwall5
kBTe

e
lnF ~12ĝeff!A M

2pmG , ĝeff,0.983,

fwall50.88kBTe , ĝeff>0.983, ~9!

whereM is the xenon ion mass.
We can now compare the wall-loss rates of electrons

culated from Eq.~6! to neff and n̂M . The results are given in
Fig. 3. Several phenomena are of interest here. For mos
the discharge channel, the wall-loss rate estimated for a M
wellian EEDF is much higher thanñwall loss given by Eq.~3!;
however, near the exit of the discharge, the wall sheath
dergoes charge saturation. The loss rate for a Maxwel
drops to nearly zero (ĝeff'1), whereas the experiment
( ñwall loss) suggest that the loss rate actually increases n
the exit. Understanding the reasons for this discrepanc
the key to determining if electron-wall collisions are signi
cant to electron transport in the Hall discharge. In a plas
an absorbing wall preferentially removes high-energy el
trons from the system. The assumption that a Maxwell
distribution is maintained in this plasma may lead to ov
1-3
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predicting the frequency of electron-wall collisions, leadi
to charge saturation. We turn to a model for the EEDF
examine this possibility.

III. BOLTZMANN EQUATION

A. Background

The idea of solving the Boltzmann equation to study ne
wall conductivity was recently explored by Degondet al.
@25#. For the case of no gas-phase collisions, Degondet al.
solve the electron Boltzmann equation using a Hilbert exp
sion method and compare the results to a Monte Carlo si
lation. Both models produce a ‘‘double-hump’’ EEDF, wi
the energy of the second hump increasing towards the an
Later versions of these models, expanded to include ela
and inelastic gas-phase collisions, produced different res
@26#. The two-population distribution remained, but th
height of the high-energy peak was significantly diminish
presumably due to increased thermalization. The phen
enological model for the electron-wall interaction used
these studies describes several classes of scattered ele
and will be explained further in a later section.

B. Approximations

The steady state Boltzmann equation for the electrons
be written as

c“xf 2
e

m
~E1c3B!“cf 5S d f

dt D
coll.

, ~10!

wheref is the electron velocity distribution function~EVDF!,
c is the vector electron velocity,“x is the gradient operato
with respect to positional space, and“c is the gradient in
velocity space. We proceed to a solution of this equat
following several approximations. In the Lorentz~two-term!
approximation, the EVDFf is separated into a compone
that is predominantly isotropicf 0 and components that ske
the distribution in the directions of the electric field and t
E3B drift:

f ~c!5 f 0~c!1~c•E! f 1~c!1@c•~B3E!# f 2~c!. ~11!

The functions f 1 and f 2 are also isotropic, and whe
weighted bycE and byc(B3E), result in small perturba-
tions on the predominantly isotropic core. Therefore, t
model may not be appropriate for EVDFs with extreme a
isotropy due to high drift energies or beamlike electro
streaming from the cathode neutralizer, e.g.,@27#. We will
not address the anisotropy of the EVDF in this paper.

The directions of the electric fieldE and magnetic fieldB
are taken as purely axial (z) and radial (r ), respectively. We
neglect spatial gradients in the axial direction by making
local field approximation. The cyclotron radius of the ele
trons in the Hall discharge is 10–100 times smaller than
shortest electron mean free path, except near the an
Thus, the EEDF is formed locally, at distances below
mean free path. In other words, due to magnetic confi
ment, an electron reaches equilibrium with the local fields
time scales shorter than those which control diffusion acr
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a characteristic length scale of the plasma. The axial va
tion of the EEDF is determined solely by the axial change
plasma properties. This approach has been successfully
plied to the determination of the EEDF in a cylindrical ma
netron@28#, a discharge similar to the Hall discharge in siz
pressure, and magnetic field strength. In this paper, we
present results for points in the discharge channel where
magnetic field is strong, betweenZ50 and Z5230 mm.
We also treat the plasma as uniform in the azimuthal dir
tion due to symmetry, and in the radial direction, as electr
can freely diffuse along radial magnetic field lines. For
more detailed explanation of the local and nonlocal a
proaches to solving the Boltzmann equation, see@29#.

After removal of the spatial gradient term, the solutio
proceeds by substituting the perturbation expression Eq.~11!
into Eq.~10! and simplifying the equation to a scalar expre
sion for the isotropic EVDFf 0. This procedure is detailed fo
elastic collisions in@30# and for elastic and inelastic colli
sions in @31#. For this study, we restrict the inelastic coll
sions to ionization and wall-loss collisions. Excitation col
sions are neglected, as they will behave qualitativ
similarly to ionization. Electron-electron and electron-io
collisions are also neglected. A simple estimate of
electron-ion collision frequency using the Coulomb log
rithm for plasma conditions found inside the Hall dischar
channel (ne51018 m23,kTe510 eV) results in a collision
frequency of 23105 s21, an order of magnitude lower tha
that for electron-neutral collisions. We also neglect the te
perature of the background xenon neutrals ('0.1 eV).
These details may be added to the model in a later stud

We convert from speed to kinetic energy usingu5kc2,
where the constantk is defined such thatu is expressed in eV.
The subscript is also dropped from the isotropic EVDFf 0,
and we have letf (c)5 f (u) for convenience. After adding
wall-loss collisions and separating the elastic and inela
terms, the Boltzmann equation becomes

4

3 S eE

m D 2

k2
d

duF S NsMu2

kv21N2sM
2 u

D d f

duG1N
2m

M

d

du
@u2smf #

5uNs I~u! f ~u!2~u1uI!Ns I~u1uI! f ~u1uI!

1Akunwall~u! f ~u!, ~12!

wheres I is the ionization cross section anduI is the thresh-
old energy for ionization~12.12 eV for xenon!. From left to
right, the terms in Eq.~12! represent Joule heating, elast
collisions, loss of electrons due to ionization, return of ele
trons from ionizing collisions, and loss of electrons to t
wall.

Equation ~12! assumes that electrons are transpor
across the magnetic field lines primarily by elastic collisio
with xenon atoms. As an alternative, we substitute the
perimentally determined collision frequencyneff for NsMc
in Eq. ~12!. The effective collision frequency attempts
include effects left out by this model, such as fluctuatio
induced transport, and results in more realistic solutio
With this substitution, Eq.~12! becomes
1-4
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4

3 S eE

m D 2

k3/2
d

duF S u3/2neff

v21neff
2 D d f

duG1Nk1/2
2m

M

d

du
@u3/2nefff #

5uNs I~u! f ~u!2~u1uI!Ns I~u1uI! f ~u1uI!

1Akunwall~u! f ~u!. ~13!

The two momentum-transfer models represented in Eqs.~12!
and ~13! will be compared later in the paper. Unless oth
wise noted, all the results displayed in this paper were
culated using the experimentally determined collision f
quency described in Sec. II,neff .

C. Electrons produced by ionization

In Eq. ~13!, ionization and wall loss are treated as inela
tic excitation collisions that do not produce electrons. We c
improve this by introducing secondary electron terms to
model, following@32#. We start by deriving the contribution
of electrons produced by ionization. The expressions deri
here will be modified to describe secondary electrons fr
the wall later in the paper. We defineq as the cross sectio
for producing secondary or scattered electrons of partic
energies. The collision term for ionization is then expres
as

S d f ~u!

dt D
ion

5
cN

u E
2u1uI

`

u8qsec
I ~u8,u! f ~u8!du8

1
cN

u E
u1uI

2u1uI
u8qsca

I ~u8,u! f ~u8!du8

2cNs I~u! f ~u!. ~14!

The first two terms on the right-hand side are the sou
terms for secondary and scattered electrons, respectively
third term is the ionization loss term. The integrals involvi
q can be simplified usingd-function expressions:

qsec
I ~u8,u!5s I~u8!d~u2ũ!,

qsca
I ~u8,u!5s I~u8!d@u2~u82uI2ũ!#. ~15!

Here,d is the Dirac delta function andũ is the energy of the
secondary electron. We use the valueũ5(u82uI)/2, repre-
senting a case in which the energy remaining from the
elastic collision is divided equally between the second
and scattered electrons. Plugging Eq.~15! into Eq. ~14!, we
arrive at

S d f ~u!

dt D
ion

5
2cN

u
~2u1uI!s I~2u1uI!

3 f ~2u1uI!2cNs I~u! f ~u!. ~16!

D. Electron-wall interaction

To complete Eq.~13!, we must describe the details of th
electron-wall interaction and add the secondary electr
from the wall. By analogy to Eqs.~4! and ~6!, we write
03640
-
l-
-

-
n
e

d

ar
d

e
he

-
y

s

nwall~u!5
1

w
Au

kS 12
u*

u DH~u2u* !, ~17!

where u* 5efwall and the Heaviside step functionH en-
forcesnwall(u)50 for u,u* . This expression takes into ac
count the fact that only electrons with enough radial veloc
to penetrate the wall sheath will strike the wall. Electro
that cannot penetrate the sheath scatter elastically and sp
larly and do not impact the EEDF or contribute to cross-fie
transport.

An electron that does strike the wall suffers one of thr
fates. This electron will either scatter elastically~but not nec-
essarily specularly!, recombine with an ion, or generate
secondary electron. Following Degondet al. @25#, we will
express these three fates in the secondary electron emi
coefficientg. The total frequency at which electrons are r
turned from the wall is expressed as

n ret~u!5g t~u2u* !nwall~u!, ~18!

whereg(e)5g t(e) is determined as in Eq.~8!. We evaluate
g t at the energy of the electron after it has decelerated in
sheath. Note that Eq.~7! does not take this into account. I
Eq. ~7!, the expression forg(e) and the limits of the integra
should reflect the slowing of the electron in the sheath:

ĝeff5

S E
2`

` E
2`

` E
c*

`

g~u2u* !c' f Max~c!dcD
S E

2`

` E
2`

` E
c*

`

c' f Max~c!dcD . ~19!

We usep51 to avoid this complication. It turns out that fo
p51, both Eqs.~7! and ~19! give ĝeff52kBTe /e1. The re-
sults of the Boltzmann solver are not very sensititive top for
0.5<p<1.

Electrons returned from the wall occur in two group
elastically scattered electrons and ‘‘true secondaries’’ fr
the lattice. We treat the first-crossover energye1 as a thresh-
old for generating true secondaries. This allows us to w
ge andgs , the secondary emission coefficients for elastica
scattered and true secondary electrons, respectively, as

ge5g t ~u2u* <e1!,

ge522g t ~e1,u2u* <e2!,

ge50 ~otherwise!, ~20!

and

gs5g t2ge , ~21!

wheree2 is defined asg(e2)52. These expressions are ph
nomenological and quite arbitrary, but they will prove use
in demonstrating how the form ofg impacts the EEDF. The
secondary coefficients are shown in Fig. 4. In@25#, the form
used forg t as symptotically approaches 2, removing the ne
for the third case in Eq.~20!. To complete the specification o
the electron-wall interaction, we assume that true second
1-5
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electrons emitted from the wall are cold: they reenter
EEDF with the wall-sheath potential energyu* . So, express-
ing the wall collisions in the same form as ionizing col
sions, we reach

S d f ~u!

dt D
loss

5@12ge~u2u* !#nwall~u! f ~u! ~22!

and

S d f ~u!

dt D
sec

5
1

Au
d~u2u* !

3E
u*

`
Au8gs~u82u* !nwall~u8! f ~u8!du8.

~23!

Since the elastically scattered electrons lose no energy,
essentially reduce the wall loss. Substituting Eqs.~16!, ~17!,
~22!, and~23! into Eq. ~13!, we arrive at

d

du FD~u!
d f

duG1
d

du
@G~u! f #2J~u! f ~u!2W~u! f ~u!

52I~u!2S~u!. ~24!

For convenience, we have expressed the equation in term
collision operators@28#:

D~u!5
4

3 S eE

m D 2

k3/2u3/2S neff

neff
2 1v2D ,

G~u!5
2m

M
k1/2u3/2neff ,

J~u!5uNs I~u!,

I~u!52~2u1uI!Ns I~2u1uI! f ~2u1uI!,

W~u!5@12ge~u2u* !#
u

w S 12
u*

u DH~u2u* !,

FIG. 4. Secondary emission coefficients used for this stu
from Eq.~8! with p51 and Eqs.~20! and~21!: g t (s), ge (1), gs

(3).
03640
e

ey

of

and

S~u!5d~u2u* !E
u*

`

gs~u82u* !
u8

w S 12
u*

u8
D f ~u8!du8.

The equation must satisfy one boundary condition at infin

f→0 as u→`, ~25!

and the normalization condition

E
0

`

Fdu5E
0

`
Au f du51. ~26!

E. Wall-sheath potential

In order to solve this system, we need a way to calcul
the wall-sheath potential. Rather than using Eq.~9!, a for-
mula based on the no-current condition at the wall, we us
local electron balance analogous to Eq.~3!. Electron produc-
tion by ionization is balanced by the net outflow of electr
current and by recombination at the wall:

E
0

`

uNs I~u! f ~u!du5
Ak

ene

dJe

dz
1E

u*

`

@12g t~u2u* !#

3
u

w S 12
u*

u D f ~u!du. ~27!

The wall potentialu* is chosen on the grid to approximate
satisfy this balance. This avoids making the assumption
the Bohm criterion for the ions for a non-Maxwellia
plasma; however, we can use Eq.~9! as a reality check on the
results of the calculation.

F. Numerical solution

This Boltzmann equation system can be solved iterativ
in order to self-consistently determine the wall potent
from the calculated EEDF and the experimental input da
At each locationZ in the discharge channel, the local valu
of B, E, ne , andVi from @1#, along withneff from Eq.~1! and
the valueN51019 m23, are input into Eq.~24!. Following
@28#, the system of equations~24!–~26! is solved using
second-order finite differences on a constant-Du grid. The
boundary condition at̀ is expressed in the last linear equ
tion of the system. The normalization condition, Eq.~26!, is
expressed as the first equation using Simpson’s rule, re
ing in a matrix that is tridiagonal except for the first row
Each cycle generates a solution for the distribution functiof
and the wall potentialfwall . The electron-return term from
ionization I, which involves off-grid evaluations, is calcu
lated based on the previous solution using cubic-spline in
polation. Similarly, the integral for wall secondary electro
S is calculated based on the previous solution. A relat
changeu12 f i 11 / f i u,1025 occurs at all points in fewer than
50 iterations.

y,
1-6
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IV. RESULTS

A. General results

Figure 5 shows the EVDFf calculated using the exper
mental neff in the ionization/acceleration zone of the di
charge (Z526 mm) for a 200-V operation. On this type o
plot, a Maxwellian EVDF is a straight line. The calculatedf
agrees well with a Maxwellian at the experimentally es
mated electron temperature at low energy, but begins to
viate at high energy. Electrons above the wall-sheath po
tial u* are quickly lost to the wall, causing the distribution
drop rapidly. The wavy shape of the distribution aboveu* is
due solely to the expressions used forg t andge : The tail of
the EEDF mimics the shape of thege curve in Fig. 4. True
secondary electrons start to appear atu5u* 1e1, and ge
decreases according to Eqs.~20! and ~21!. A distribution
function calculated assuming no wall collisions@nwall(u)
50# is also shown. The average energy of this distribution
significantly higher than the experimental electron tempe
ture. Wall-loss collisions are needed to correctly express
energy balance for the electrons.

The apparent large population of very low energy~0–2
eV! electrons is unrealistic—the solution should rema
Maxwellian, since elastic collisions dominate in this regio
This appears to be a numerical artifact due to the normal
tion expression. As described in Sec. III F, the normalizat
condition is written as one of the system of linear equatio
to be solved. Normalization is achieved as the EEDF
solved, rather than being enforced at the end of integrat
This precludes the use of an unphysical second boun
condition and makes the iteration very stable when compa
to marching solution methods. The disadvantage of this te
nique is that asu→0, the solutionf is artificially ‘‘pulled up’’
to achieve normalization. This occurs well below the ioniz
tion thresholduI and the wall-potential energyu* , and so
does not significantly affect the results of this study. The
effect is to lower the average energy of the distributio
which results in a slight underestimation~5–10 %! of the
various collision frequencies calculated from the EEDF.

Figure 6 compares the EVDFf from Fig. 5 to that calcu-
lated assuming no secondary electrons are emitted from

FIG. 5. Calculated EVDFf at Z526 mm for 200-V operation
~——!, compared to Maxwellian at experimentalTe ~– – –! and f
for nwall(u)50 ~— — —!. Pointsu5u* (d) andu5u* 1e1 (h)
are also indicated for the calculatedf.
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walls (g t50). Qualitatively, the two distributions are quit
similar; however, the truncation of the tail beyondu5u*
occurs at slightly higher energy when no secondaries
created. This is because the balance equation used to s
for u* , Eq. ~27!, changes little withf. The ionization rate is
very sensitive to the value off near the ionization threshold
but not tof at high energies. So, the total wall loss is ess
tially fixed by the experimental~constant! current flux
dJe /dz. Settingg t50 simply causes the wall potential t
increase to match the correct wall-loss rate. The average
ergy of the distribution is not significantly changed. The t
of the distribution also loses its wavy shape.

We can compare the results of our calculations to exp
ment by finding the effective electron temperature of the d
tribution,

kBTeff5
2

3
ū5

2

3E0

`

uFdu. ~28!

Recall that the EEDFF5Au f . This comparison is shown in
Fig. 7. The temperatures agree quite well in the part of
channel where local electron kinetics are expected to h
The fact that the experimental electron temperature is re
duced within a few eV suggests that we have correctly f
mulated the energy gain and loss terms in the Boltzm
equation. It also suggests that usingneff for momentum trans-

FIG. 6. Calculated EVDFf ~——! and point f (u* ) (d) com-
pared tof ~– – –! and f (u* ) (n) calculated withg t50, for 200-V
operation atZ526 mm.

FIG. 7. Electron temperaturekBTeff (s) from Eq. ~28! com-
pared tokBTe from experiment (j), for 200-V operation.
1-7
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fer in the simulation was an appropriate approximation. T
is borne out in Fig. 8. Here, we compare the EVDF in t
ionization zone (Z526 mm) calculated usingnM5neff to
that usingnM5NsMc for momentum transfer, e.g., Eq.~12!.
Using only electron-neutral collisions, the heating term in
Boltzmann equation is too small to allowf to reach the ap-
propriate electron temperature.

B. Collision frequencies

In order to compare different electron-transport mec
nisms in the plasma, we use the calculatedf at each point in
the channel to calculate the frequencies at which various
lisions occur:

n̄M5
1

Ak
E

0

`

u f~u!NsM~u!du, ~29!

n̄ I5
1

Ak
E

uI

`

u f~u!Ns I~u!du, ~30!

n̄wall5
1

Ak
E

u*

` u

w S 12
u*

u D f ~u!du. ~31!

The overbar~e.g.,Q̄) is used to denote a quantitiy averag
over the calculated EEDF, as opposed to that averaged o
Maxwellian distribution. Here,n̄wall represents the total fre
quency of electron-wall collisions, regardless of the el
tron’s fate.

These three collision frequencies are compared toneff in
Fig. 9. For most of the channel, electron-neutral momentu
transfer collisions dominate ionization and wall collision
however, near the channel exit, electron-wall collisions
come as important as gas-phase collisions. The experime
collision frequencyneff is much higher than the other
throughout the channel. At the closest,n̄wall is nearly an or-
der of magnitude lower thanneff . This suggests that som
mechanism other than wall scattering is responsible for
high cross-field transport in the Hall discharge channel.

FIG. 8. EVDF f calculated withnM5neff ~——! compared tof
calculated withnM5NcsM ~— — —! and Maxwellian atkBTe

~– – –!, for 200-V operation atZ526 mm.
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The frequency of electron-neutral momentum-trans
collisions is essentially constant throughout the channel
cause we have assumed a constant value for the neutral
sity N. In reality, N should decrease near the exit due
ionization. Elastic collisions are less sensitive to electr
temperature than ionization collisions because there is
threshold, son̄M is determined almost solely byN. Unfortu-
nately,N is one of the most difficult parameters to measu
inside the Hall discharge channel. The value ofN
51019 m23 is an approximate upper bound based on
mass flow injected into the channel and the sound spee
xenon at 1000 K. Forn̄M to approachneff , N would have to
be significantly higher. The impact of experimental unc
tainty in the EEDF calculations will be explored later in th
paper.

C. Wall-sheath potential

The EEDF solver outputsfwall as well asf, so we can
compare the wall potentials predicted with this model
those given by Eq.~9!. We will use the effective electron
temperaturekBTeff , defined in Eq.~28!, for comparison. The

FIG. 10. Wall potential calculated fromf and Eq. ~27! (s)

compared to results of Eq.~9! with ĝeff52kBTeff /e1 (j) and to Eq.

~9! with imposedḡ (*), for 200-V operation.

FIG. 9. Comparison of collision frequenciesneff (d), n̄M (n),

n̄ I (j), and n̄wall (L) inside the discharge channel for 200-V o
eration, as calculated from Eqs.~29!–~31!. Note that while this
figure has the same scale as Fig. 3 on the left axis, the bottom
is different.
1-8
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results are given in Fig. 10. The potentials agree quite we
the cooler part of the channel; however, fromZ5215 mm
to Z526 mm, Eq.~9! predicts that the wall is approachin
charge saturation, whereas the Boltzmann solver predic
high wall potential. The reason for this is that the Boltzma
solver produces a lower number of reflected and secon
electrons. We can define an average emission coefficien
the calculated EEDF asḡ5 n̄ ret/ n̄wall , using the definitions
in Eqs.~18! and ~31!. The average secondary coefficient f
the calculatedf is compared to that of a Maxwellian in Fig
11. If we useḡ in place ofĝeff in Eq. ~9! and then solve for
fwall , the results agree quite well~Fig. 10!. This suggests
that assigning the Bohm velocity atkBTeff to ions entering
the wall sheath is acceptable for calculating the sheath
tential, as long asḡ can be accurately determined.

The reason for the discrepancies in the wall potentia
simply that the Boltzmann solver predicts wall collision rat
much lower than those for a Maxwellian EEDF. In the Bo
zmann solver, high-energy electrons are preferentially
moved from the distribution. In the steady state, there are
enough collisions to maintain a high temperature in the
of the distribution. Assuming a Maxwellian at one tempe
ture produces a much higher flux of electrons to the wall.
the low wall potentials encountered in the charge-satura
limit, it is unrealistic to maintain an energetic tail in th
distribution, at least with the form we have chosen forg. The

FIG. 12. Variation in electron temperaturekBTeff (s) and wall
potentialfwall (1) with electron density atZ50 mm.

FIG. 11. Comparison ofḡ (s) from the Boltzmann model to

ĝeff (j) for a Maxwellian.
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choices we have made result in an EEDF that agrees
with the experimental electron temperature.

V. SENSITIVITY ANALYSIS

Since the Boltzmann solver depends strongly on exp
mental data for inputs, it is prudent to examine the sensitiv
of the analysis to experimental uncertainty. We focus on
two plasma parameters that are most difficult to measure,
electron densityne and the neutral densityN. The other main
inputs to the code, the ion velocity and total discharge c
rent, can be measured with very high accuracy. Error in
electron densityne has a significant impact on the resul
because the input parameterneff depends onne through Eqs.
~1! and~2!. Increasingne decreasesneff , resulting in a lower
electron temperature and a lower wall potential, as show
Fig. 12.

The dependence onN is different, in that changingN does
not impactneff . Instead, increasingN increases energy losse
to ionization, decreasing the electron temperature. The o
all ionization rate increases, so the wall potential drops
allow more wall losses. These two effects are shown in F
13. The key result of the sensitivity analysis is that the m
conclusions of this paper remain valid even if the errors inN
and ne are significant. As shown in Fig. 14, the importa
wall collision frequencies decrease withne , so that wall col-
lisions are never significant to electron transport. In the c

FIG. 13. Variation in electron temperaturekBTeff (s) and wall
potentialfwall (1) with neutral density atZ50 mm.

FIG. 14. Variations inneff (s) and n̄wall (j) with electron

density atZ529 mm, the location wheren̄wall is closest toneff .
1-9
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of N, the only collision frequency that changes rapidly w
N is n̄M ; however,N would have to be unrealistically in
creased by a factor of 10 or more in order forn̄M to be
comparable toneff .

VI. CONCLUSION

A combination of experimental and analytical efforts ha
been used to study electron-wall collisions inside the d
charge channel of a laboratory Hall discharge. Experime
results indicate that the rate at which electrons are lost to
wall is much lower than that predicted for a Maxwellia
EEDF at the experimental electron temperature. The sim
Boltzmann equation model developed to examine this
crepancy appears to explain some of the important phys
Since the channel wall preferentially absorbs fast electro
the EEDF cannot maintain a hot tail. This reduces the ste
state rate of electron-wall collisions, which in turn reduc
the number of secondary electrons emitted from the w
The wall sheath does not appear to reach the cha
saturation limit, so the rate of electron-wall collisions nev
approaches a level comparable toneff , the collision fre-
quency needed to explain cross-field transport. Large un
tainties in the electron and neutral number densities do
ev

2
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m
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rs
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change the general conclusions. For now, we maintain
same conclusion found in@1#: fluctuation-induced electron
transport is the best candidate to explain the anomalous
bility in the Hall discharge plasma.

However, the behavior of the plasma-wall system in t
Hall discharge does depend on a delicate balance of fac
In particular, the specific form and magnitude chosen for
secondary emission coefficientg can strongly influence the
results. More work remains to better understand the ex
behavior of a low-energy electron striking a rough ceram
surface in the presence of a repelling sheath. Furthermo
strong theoretical understanding of fluctuation-induced tra
port in small-scale plasmas needs to be developed to m
the concept useful to scientists and engineers designing
next generation of magnetized plasma sources.
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