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Spiral wave meandering induced by fluid convection in an excitable medium
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An isothermal reaction-diffusion system is considered in a two-dimensional fluid medium within a gravita-
tional field. Inhomogeneities in the concentration field of the species give rise to a fluid flow due to buoyancy
forces. A two-dimensional reaction-diffusion-convection model of an excitable medium is presented. The
influence of hydrodynamics on spiral wave dynamics is systematically studied. A kinematic model is also
introduced to better understand the mechanisms involved here.
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I. INTRODUCTION

Active media have been exhaustively studied during
cent decades because of the important role they play in
tern formation. Examples can be found almost everywher
nature, from galaxies to colonies of bacteria such as the
cial amoebaDictiostelium discoideum, as well as the cardiac
muscle and signal propagation through nerves, among ot
@1#. In particular, chemically active media have been us
frequently as a test tube to check out the properties of th
structures. Many of them arise as a consequence of the
ticular properties of the waves propagating through the m
dium @2#. These waves can be organized in spatiotemp
structures, called spiral waves, that last forever while unp
turbed. Spiral waves can play both a constructive role~e.g.,
social amoeba! and a destructive role~e.g., tachycardia in the
cardiac muscle! @3#. Because the systems where they app
are so important in nature and, in particular, for human l
their properties have been exhaustively studied experim
tally @mainly in the chemical Belousov-Zhabotinsky~BZ! re-
action#, numerically, and theoretically. Also, the effect of d
terministic or stochastic external fields on their dynamics
been analyzed lately@4,5#.

All these studies share the common property of consid
ing that the system can only experience reaction and di
sion among the different species in the system. In nat
however, the processes of reaction and diffusion in a fl
medium are carried out in the presence of a gravitatio
field. The gradients of concentration of the different spec
involved in the reaction and the temperature gradients du
the thermal effects of the chemical reaction create inhom
geneities in the medium that give rise to macroscopic mo
ments of the fluid that modify the spatiotemporal pattern t
develops in the system. The existence of gradients of den
and temperature as local sources of fluid convection in
fluid has been recognized by several authors@6,7#. More re-
cently, the effect of forced convection induced by an exter
velocity field on excitable spiral wave dynamics has be
studied numerically@8#. The effect of a steady shear flow o
excitable media was investigated recently by Biktashevet al.
@9#, and it was found that the flow affects the excitable d
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namics by blocking or disrupting the excitation waves. E
perimentally, oscillatory convective vortices were discover
as a result of the interaction between two spiral waves in
BZ reaction@10#.

Recently, we studied the propagation of a front in a g
liquid system; the propagation of a front in the gel pha
originates a convection flow in the liquid phase that pertu
the propagation of the front in the gel phase@11#. This paper
deals with the modeling of spiral wave dynamics in a tw
dimensional fluid excitable medium in the presence o
gravitational field parallel to the plane where the chemi
reaction takes place. The regions of the medium before
after the front of the spiral wave are affected by the conc
tration gradients of the different chemical species, as wel
gradients of temperature, giving rise to a local fluid flo
caused by inhomogeneities. In this paper, only the grav
tional effect is taken into account, leaving for a later stu
the effects of temperature gradients. In the first section
particular reaction model is considered to be coupled w
the Navier-Stokes equations to model our problem ac
rately. In the following section, a particular example is stu
ied, a spiral wave is allowed to be influenced by these p
cesses, and its behavior is dramatically modified as a re
Also a simple kinematic model is presented to explain
observed mechanisms.

II. MODEL

One of the causes of convective phenomena is the e
tence of a gradient of temperature@12#. When the tempera-
ture is kept constant all over the medium, convective p
nomena can appear due to gradients of density in
presence of a gravitational field. The aim of this paper is
study the behavior of spiral waves in an active medium
constant temperature under the effect of a gravitational fi
by taking into account the convective currents induced by
gradients of density. We will consider a two-dimensional m
dium (x,z), with z along the gravity direction.

A. Equations of motion

A reaction-diffusion system is usually described by a
of partial differential equations such as

]q

]t
5Q~q,m!1D“

2q, ~1!
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whereq is the concentration vector for the different spec
in the active medium,Q(q,m) describes the source terms,D
is a diagonal matrix containing the diffusion coefficients f
each species of the system, andm is the set of parameter
characterizing the system.

When this system is affected by a gravitational field, t
resulting set of equations describing the reaction-diffusi
convective system is

S ]

]t
1V•“ Dq5Q~q,m!1D“

2q, ~2!

S ]

]t
1V•“ DV52g

r

r0
2

1

r0
“p1n“2V, ~3!

whereV is the fluid velocity,p the hydrostatical pressure,g
the acceleration of gravity,n the kinematic viscosity, andr
the density of the fluid, which is a function of the positio
and of the concentration of the different speciesq. The ref-
erence values for the density,r0, and for the concentrations
q0, are taken in the homogeneous state where all conce
tions are those of the equilibrium state of the syst
@Q(q,m)50,V50#.

Equation ~3! is the Navier-Stokes equation under t
Oberbeck-Boussineq approximation. In order to close
previous set of equations a relationship betweenr andq has
to be established.

For all the different species involved in an isotherm
chemical reaction a change in the density has to be ass
ated with a variation of the volume if the partial molal vo
umes of the products are different from those of the re
tants, as the mass remains constant. Thus, a change o
concentrations from the equilibrium state,q0, may induce a
variation of the density, in a linear approach, given by@7#

%5%01S ]%

]q D
q0

•~q2q0!. ~4!

Introducing the vorticity byW5“`V, with the geom-
etry considered for our problem and the acceleration of gr
ity oriented along thez axis, we can writeV5(Vx,0,Vz),g
5(0,0,2g), andW5(0,2v,0), so Eq.~3! becomes

S ]

]t
1V•“ Dv52

g

r0

]r

]x
1n“2v. ~5!

The velocity V and the vorticityv are related via the
stream functionc, defined for a two-dimensional system

Vx5
]c

]z
, Vz52

]c

]x
, ~6!

which are related to the vorticity byv52“

2c.
We considered that the reaction processes among the

ferent species correspond to those of the Belous
Zhabotinsky reaction@13,14#. Thus, we choose for the sourc
terms Q(F,G,H) in Eq. ~2! the three-variable Oregonato
model given by
03630
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F~u,v,w!5@w~u2q!1u2u2#/e,

G~u,v,w!5u2v, ~7!

H~u,v,w!5@2w~q1u!1 f v#/e8,

where (u,v,w) are the state variables representing the
mensionless concentrations of activator@HBrO2#, catalyst
@ferroin#, and inhibitor@Br2#, respectively, andf ,q,e,e8 are
constants related to the chemical kinetics of the reac
@15#. For a typical recipe, we used a scaling with a spa
unit of 0.018 cm and a time unit of 21 s@6# using the ‘‘Lo’’
kinetic values given by Tyson@16#. Under this scaling, those
constants aref 51.4,q50.002,e50.01, ande850.001. For
this particular choice of parameters the Oregonator mo
exhibits oscillatory dynamics@17#. All hydrodynamic vari-
ables are expressed in terms of the scaling of Eq.~7!. That
is, g5980 cm s223(21 s)2/(0.018 cm)52.43107, and
n 5 9.231023 cm2 s213(21 s) / (0.018 cm)2 5 5.963102 .
For our choice of parameters and in dimensionless form,
values for the state variables at equilibrium areu05v0
50.0116 andw051.1942.

In general, the density variation due to a change in
chemical composition is quite small for most known rea
tions. We may, therefore, assume a linear dependence o
density on the chemical concentrations and now write Eq.~4!
as

r5r0@12V̄u~u2u0!2V̄v~v2v0!2V̄w~w2w0!#, ~8!

whereV̄u ,V̄v , and V̄w are the partial molal volumes scale
using the ‘‘Lo’’ kinetic values, and represent the coefficien
of linear expansion due to the compositional changes
@HBrO2#, @ferroin#, and @Br2#, respectively. The three
variable Oregonator model is a very simplified model for t
BZ reaction and it may not precisely account for all t
chemical species that have an influence on the convec
dynamics of the fluid; furthermore, there are no precise
perimental results about the relative importance ofV̄u ,V̄v

and V̄w . In this paper we assume that the three values oV̄

are the same as in@11#, and set them equal tos5V̄u5V̄v

5V̄w , wheres is a fictitious molal volume that controls the
wave front density. Then, Eq.~8! simplifies to

r5r0@12s~u2u0!2s~v2v0!2s~w2w0!#. ~9!

Positive values ofs are due to the fact that density value
are smaller at the wave fronts where the reaction takes p
than in the rest of the liquid solution@18#. The value ofs can
be obtained from experimental measurements and it cha
dramatically with the reaction or catalysts used. Typical v
ues of s for the BZ reaction are within the rang
@1026,1022# @7,16,19#.

Finally, the set of equations describing the dynamics
the BZ reaction with convection is

]u

]t
5F~x!1J~c,u!1Du“

2u, ~10!
9-2
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]v
]t

5G~x!1J~c,v !1Dv“
2v, ~11!

]w

]t
5H~x!1J~c,w!1Dw“

2w, ~12!

]v

]t
5J~c,v!1sgS ]u

]x
1

]y

]x
1

]w

]x D1n¹2v, ~13!

v52“

2c, ~14!

where the Jacobian operator is

J~ f 1 , f 2!5
] f 1

]x

] f 2

]z
2

] f 2

]x

] f 1

]z
. ~15!

The dimensionless diffusion coefficientsDu ,Dv , andDw
of @HBrO2#, @ferroin#, and @Br2#, respectively, were esti
mated from their molecular weights 113, 596, and 80 on
basis of the Stokes-Einstein relation. The diffusion coe
cient is given byD;M1/3 whereM is the molecular weight.
Then, taking into account the ratiosDv /Du5(113/596)1/3

50.6 and Dw /Du5(113/80)1/351.1, we set Du51,
Dw51.1, andDv50.6 @20#.

B. Initial and boundary conditions

Zero-flux boundary conditions for the chemical conce
trations were used in all boundaries of the domain. For
stream function and vorticity the no-slip boundary conditi
was used.

The set of Eqs.~10!–~13! were integrated using an alte
nating direct implicit method, while Eq.~14! ~a Poisson
equation! was integrated using a full multigrid algorithm
method @21#. The spatial step sizes wereDx5Dz50.247
step units~s.u!. while the time step wasDt51024 time units
~t.u.!. The mesh sizes were in all casesLx3Lz55133513.

Initially, chemical concentrations were assumed to be
steady state and convection free, except for an approp
perturbation required to generate a spiral wave@22#. Thus,
only Eqs.~10!–~12! were integrated withV50 ~i.e., no fluid
flow!. In this way, a steadily counterclockwise rotating spi
wave was created with its tip or free end following a circu
trajectory with a period of rotationT053.28 t.u. This state
was used as an initial state for the chemical concentrat
before convection was taken into account. Then, veloc
vorticity, and stream function were set equal to zero plu
random perturbation for all the mesh points.

III. RESULTS

Figure 1 shows the evolution of a spiral wave under
effect of a hydrodynamic field such as described in the p
vious section fors50.005. Note that, for this particula
value ofs, the density of the spiral waves and, in particul
that of the spiral tip is smaller than elsewhere in the flu
thus, the spiral should move in the opposite direction to
gravitational field. Nevertheless, the spiral is observed
drift downward with a small velocity component in the pe
03630
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pendicular direction due to the chirality of the spiral. It
also possible to see that during its evolution the spiral str
ture is slightly distorted although the main geometry is p
served. The spiral wave tip shape is also not perturbed by
convective flow@Fig. 1~c!#, as expected by the nearly linea
drift and regular shape of the vortex. A change in the sp
chirality only introduces, as expected, a change in the p

FIG. 1. Time evolution of a spiral wave and its correspondi
hydrodynamic field fors50.005. Superimposed in~b! the helical
path followed by the spiral tip is represented. Note the formation
fluid vortices between the wave fronts. Panel~c! corresponds to an
enlargement of the spiral wave tip~gray shaded! shown in~b!. For
comparison the same tip at 80 t.u. is also shown~contour line!.
Time periods:~a! 84.5 t.u. and~b! 85 t.u.
9-3
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pendicular direction of the motion~perpendicular to the di-
rection determined by the gravitational field!. Note as well
that, due to the downward tip motion, the wavelength h
diminished in the lower part of Fig. 1 when compared to t
upper part as a consequence of a Doppler shift.

Because the density is smaller at the wave front than
the fluid between, convective vortices appear between fro
The size of these vortices depends on the spiral wavele
and as the fronts evolve vortices reorganize as shown in
sequence of Figs. 1~a! and 1~b!. In this sense, note for ex
ample that the streams at the left and right boundaries cha
direction in less that 0.5 t.u. since, as the fronts move, fl
density between the fronts and the boundaries decrease
as to force the fluid to move downward due to buoyan
forces. So the rest of the vortices in the neighborhood re
ganize to conserve vorticity. On the other hand, the vorti
above do not change their positions but reorganize as
fronts pass. If the kinematical viscosityn is diminished, only
the flow velocities are increased, but the spiral wavelen
and the front height, whose values depend on the chem
Oregonator model parameters, remain constant. In this c
the length scale of the flow rotating vortices is preserved
their vorticity increases.

The behavior of the tip far from the boundaries is sho
in Fig. 2. Note that, after the hydrodynamic field is set,
effect induces a deviation of the trajectory of the tip, wh
the rotation period of the spiral wave remains constant. T
components of the fluid velocity at the tip position (Vx ,Vz)
have an oscillatory behavior, with a negative mean value
Vz which is responsible for the opposite tip motion agai
the buoyancy forces.

Trying to identify the mechanisms involved here, we ha

FIG. 2. Time evolution of the (x,z) position of the spiral tip
~a!,~b! and the velocity components (Vx ,Vz) ~c!,~d! before and after
the hydrodynamic field was set fort5165 t.u. ands50.001. Nu-
merical data~dots! obtained after solving Eqs.~10!–~14! were fitted
to a kinematic model, Eq.~16!, shown by a solid line. Fitting pa
rameters:Vn

0524.23, Vt
0529.61, dx523.75, dz51.99, a053.8

31023, a1
c523.331023, a1

s54.231023, a2
c59.731025, a2

s

58.231023, b0520.12, b1
c520.08, b1

s50.098, b2
c520.013,

andb2
s53.531023.
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developed a kinematic model@23# where the hydrodynamic
effects ~mainly described by the fluid velocity close to th
tip! have been included. The tip trajectory followed by t
spiral wave under hydrodynamical forcing can be describ
in terms of the equations of motion

S ẋ

ż
D 5S 2sinn0t 2cosn0t

cosn0t 2sinn0t D S Vn
0

Vt
0D

1S dxVx

dzVz
D , ~16!

where the first term on the right-hand side in Eq.~16! de-
scribes the circular trajectory followed by the spiral wave
before the convection effects were taken into account. T
second term describes these effects and (Vx ,Vz) are the fluid
velocity components at the tip position (x,z). n052p/T0
and (dx ,dz) are free parameters that account for the stren
of the hydrodynamic contribution.

The normal and tangential velocitiesVn
0 andVt

0 were ob-
tained by fitting the (x,z) positions of the spiral wave tip
shown in Figs. 2~a! and 2~b! before the hydrodynamic field
was connected (dx50,dz50). This was done following the
Levenberg-Marquardt method@21#. Finally, Vx andVz were
fitted to the time series shown in Figs. 2~c! and 2~d!, that is,
to the functionsVx5a012(n51

n52(an
ccosnn0t1an

ssinnn0t) and
Vz5b012(n51

n52(bn
ccosnn0t1bn

ssinnn0t). Note that, although
the z coordinate andVz velocity component show good
agreement with the kinematical model; both thex coordinate
andVx velocity component show some imperfections due
the disturbances observed after switching on the gravity fi
in Figs. 2~b! and 2~d! that were not taken into account in th
analysis above.

Figure 3 shows the velocity of the core of the spiral wa
as a function of the partial molal volumes. Note that the
two components of the fluid velocity at the core are negati
although thez component is bigger. For smalls, the com-

FIG. 3. Velocity of the core of the spiral wave as a function
the partial molal volumes. The inset shows a magnification of th
core velocity for small values ofs. Note thatVx is nearly zero for
s,1023.
9-4
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ponent of thex direction of the core velocity, within experi
mental error, is nearly zero. The gradients of density prod
some convective flow in the same direction as the grav
tional field. Moreover, ass→0, the convective flow does
not perturb the normal~circular! motion of the spiral tip as
both components of the core velocity tend to zero.

When the value ofs is increased above some critic
value (s.0.01), the spiral is not able to follow the stream
a whole and breaks into pieces. This mechanism of indu
spiral breakup is exemplified in the sequence of pictures
Fig. 4. Note that, once the hydrodynamic effects are con
ered, the spiral becomes loose and arms collide with e
other, breaking into pieces and resulting in a very disorde
configuration with many free ends. At the same time, flu
vortices also appear randomly, modifying the existing str
tures.

IV. DISCUSSION

The spiral waves considered in this paper, while propag
ing through the medium, produced chemical concentra
gradients that induced convective currents in the fluid du
gravity, locally resembling Be´nard-type cells. In this way, the
whole structure was distorted and moved from its origi
position.

The lack of measured values of the variation of the d
sities with the concentration of the different species mo
vated us to perform a detailed analysis of the values ofs.

FIG. 4. Time evolution of the spiral breakup induced by t
hydrodynamic field, fors50.02. Note the multiple spiral tip for-
mation as a consequence of the wave front breaking. Vortex s
tures also follow an erratic behavior. Periods of time:~a! 2 t.u., ~b!
5 t.u., ~c! 7 t.u., and~d! 8 t.u.
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For all values ofs(r,r0), the spiral drifts follow gravity
with a component of the motion in the perpendicular dire
tion that depends on spiral chirality. The reason for this
that, although the tip tends to move upward, there is a stre
of fluid going downward that forces the spiral to mov
downward as observed in Fig. 1. This is clearly seen wh
the perpendicular component of the motion is analyz
When a spiral drifts under the effect of an external forci
@24# a counterclockwise spiral~like the one in Fig. 1! has a
component of the motion perpendicular to the forcing fie
direction to the right. In our case, the spiral, due to grav
tends to move upward with a perpendicular component to
left and, superimposed on all this, the streams in the fl
impose an additional motion to the tip but downward th
time. Thus, the global dynamics result in a displacem
downward plus a perpendicular component of the motion
the left.

When s reaches a critical value, the convective strea
are so strong that spiral breakup is observed. The rota
frequency of the spiral wave does not change for the val
of s studied; thus the value of the frequency is always s
ported by the medium and the spiral breakup can be att
uted to the coupling of the spiral tip motion with the conve
tive streams. For small values ofs the convective stream
are so weak that no effect can be observed. But for la
values ofs the streams are so strong that they may dest
the arms of the spiral, inducing a turbulent structure in
medium.

The dispersion of the chemical components within t
system is so strong that they induce values for the local c
vature in the wave front larger that the critical one, th
breaking up the wave front. These results explain the exp
ment described in@25# on the appearance of chaotic regim
in a tilted Petri dish only in the deep part of the reage
where Bénard cells appear. The appearance of the turbule
as described in this paper is different from that described
other authors@26#; here the global variation of the excitabi
ity of the medium was the origin for turbulence.

As shown in Eq.~13!, the effect of gravity is introduced
through the productgs. Although we have considered th
case whereg is constant ands varies, similar results would
be obtained ifs were held constant andg allowed to change
in order to obtain the same values ofgs. This could be
useful in understanding cardiac dysrhythmias, in particu
those giving rise to multiple reentry formation, when th
subject is under extreme acceleration forces (1Gz) for sig-
nificant periods of time@27#. This paper also opens the po
sibility of further experimental research as experiments
be performed using the Belousov-Zhabotinsky reaction.
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