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Spiral wave meandering induced by fluid convection in an excitable medium
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An isothermal reaction-diffusion system is considered in a two-dimensional fluid medium within a gravita-
tional field. Inhomogeneities in the concentration field of the species give rise to a fluid flow due to buoyancy
forces. A two-dimensional reaction-diffusion-convection model of an excitable medium is presented. The
influence of hydrodynamics on spiral wave dynamics is systematically studied. A kinematic model is also
introduced to better understand the mechanisms involved here.
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[. INTRODUCTION namics by blocking or disrupting the excitation waves. Ex-
perimentally, oscillatory convective vortices were discovered
Active media have been exhaustively studied during reas a result of the interaction between two spiral waves in the
cent decades because of the important role they play in paBZ reaction[10].
tern formation. Examples can be found almost everywhere in Recently, we studied the propagation of a front in a gel-
nature, from galaxies to colonies of bacteria such as the sdiquid system; the propagation of a front in the gel phase
cial amoebaDictiostelium discoideunas well as the cardiac Originates a convection flow in the liquid phase that perturbs
muscle and signal propagation through nerves, among othefd€ propagation of the front in the gel phad4]. This paper
[1]. In particular, chemically active media have been usedleals with the modeling of spiral wave dynamics in a two-
frequently as a test tube to check out the properties of thesémensional fluid excitable medium in the presence of a
structures. Many of them arise as a consequence of the pagravitational field parallel to the plane where the chemical
ticular properties of the waves propagating through the meteaction takes place. The regions of the medium before and
dium [2] These waves can be organized in Spatiotempor@fter the front of the spiral wave are affected by the concen-
structures, called spiral waves, that last forever while unperiration gradients of the different chemical species, as well as
turbed. Spiral waves can play both a constructive telg., gradients of temperature, giving rise to a local fluid flow
social amoebeand a destructive role.g., tachycardia in the caused by inhomogeneities. In this paper, only the gravita-
cardiac muscle[3]. Because the systems where they appeational effect is taken into account, leaving for a later study
are so important in nature and, in particular, for human life the effects of temperature gradients. In the first section, a
their properties have been exhaustively studied experimerparticular reaction model is considered to be coupled with
tally [mainly in the chemical Belousov-Zhabotinsi®Zz) re-  the Navier-Stokes equations to model our problem accu-
action], numerically, and theoretically. Also, the effect of de- rately. In the following section, a particular example is stud-
terministic or stochastic external fields on their dynamics ha#ed, a spiral wave is allowed to be influenced by these pro-
been analyzed latel,5]. cesses, and its behavior is dramatically modified as a result.
All these studies share the common property of considerAlso a simple kinematic model is presented to explain the
ing that the system can only experience reaction and diffuobserved mechanisms.
sion among the different species in the system. In nature,
however, the processes of reaction and diffusion in a fluid Il. MODEL
medium are carried out in the presence of a gravitational

field. The gradients of concentration of the different specie encc)geofo ;threagiaét:ieosf ?;rﬁog\rlsﬁgg] p\?vir;nlﬁgaté;theer;ms—
involved in the reaction and the temperature gradients due ?P 9 P ’ b

the thermal effects of the chemical reaction create inhomohuorr?]ésn;eggrfogsir;r aguoevetz)therargiii'tl;m(’)fczl\ﬂﬁlveinpr:ﬁé
geneities in the medium that give rise to macroscopic move- pp 9 y

ments of the fluid that modify the spatiotemporal pattern thaPresence of a gr.awtatlonal field. Thg aim of t.h's paper IS to
develops in the system. The existence of gradients of densitStUdy the behavior of spiral waves in an active m_edlum_ at
and temperature as local sources of fluid convection in th onstant temperature under the e_ffect of a grgwtatlonal field
fluid has been recognized by several autfj6r3]. More re- yta_kmg Into account the convective currents mduged by the
cently, the effect of forced convection induced by an externaﬁradlents of d§n3|ty. we wil Cons!der a twp-dlmensmnal me-
velocity field on excitable spiral wave dynamics has beendlum (x,2), with zalong the gravity direction.
studied numerically8]. The effect of a steady shear flow on
excitable media was investigated recently by Biktasies!.

[9], and it was found that the flow affects the excitable dy- A reaction-diffusion system is usually described by a set

of partial differential equations such as

A. Equations of motion
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whereq is the concentration vector for the different species F(u,v,w)=[w(u—q)+u—u?]/e,

in the active mediumQ(q,«) describes the source ternts,

is a diagonal matrix containing the diffusion coefficients for G(u,v,Ww)=u-—v, (7)
each species of the system, andis the set of parameters

characterizing the system. H(u,o,w)=[—-w(q+u)+fo]le,

When this system is affected by a gravitational field, the
resulting set of equations describing the reaction-diffusionwhere (,v,w) are the state variables representing the di-

convective system is mensionless concentrations of activafétBrO,], catalyst
5 [ferroin], and inhibitor[ Br~ ], respectively, and,q, e,€¢’ are
2y, _ L DV?2 constants related to the chemical kinetics of the reaction
at v V)q Q(a,1)+DV*q, @ [15]. For a typical recipe, we used a scaling with a spatial

unit of 0.018 cm and a time unit of 21[8] using the “Lo”
5 kinetic values given by Tysofi6]. Under this scaling, those
Vp+vVey, (3 constants ard=1.49=0.002¢=0.01, ande’=0.001. For
this particular choice of parameters the Oregonator model
whereV is the fluid velocity,p the hydrostatical pressurg, ~ €xhibits oscillatory dynamic§17]. All hydrodynamic vari-
the acceleration of gravity, the kinematic viscosity, and ~ ables are expressed in terms of the scaling of (£g. That
the density of the fluid, which is a function of the position IS, 9=980 cm §?x (21 sf/(0.018 cm)=2.4x 10, and
and of the concentration of the different speaipsThe ref- ¥ = 9.2x10 ° e 571X (21 5)/(0.018 cnf) = 5.96x 10°.
erence values for the densify, and for the concentrations, For our choice of parameters and in dimensionless form, the
qo, are taken in the homogeneous state where all concentrj@lues for the state variables at equilibrium arg=v,
tions are those of the equilibrium state of the system=0.0116 andvo=1.1942. .
[Q(g,£)=0,V=0]. In general, the density variation due to a change in the
Equation (3) is the Navier-Stokes equation under the chemical composition is quite small for most known reac-
Oberbeck-Boussineq approximation. In order to close thdions. We may, therefore, assume a linear dependence of the
previous set of equations a relationship betwgemdq has density on the chemical concentrations and now write(&q.
to be established. as
For all the different species involved in an isothermal _ _ _
chemical reaction a change in the density has to be associ- P=pol1—Vy(U—=Ug) =V, (v—vo) = Vy(W=Wo)], (8)
ated with a variation of the volume if the partial molal vol- o -
umes of the products are different from those of the reacwhereV,,V,, andV,, are the partial molal volumes scaled
tants, as the mass remains constant. Thus, a change of theing the “Lo” kinetic values, and represent the coefficients
concentrations from the equilibrium statg, may induce a of linear expansion due to the compositional changes of
variation of the density, in a linear approach, given[BYy [HBrO,], [ferroin], and [Br~], respectively. The three-
variable Oregonator model is a very simplified model for the
d BZ reaction and it may not precisely account for all the
@=Qo* E) (9= 0o)- (4 chemical species that have an influence on the convective
R dynamics of the fluid; furthermore, there are no precise ex-

Introducing the vorticity byW =V AV, with the geom- perimental results about the relative importanceVgfV,
etry considered for our problem and the acceleration of gravandV,,. In this paper we assume that the three value¥ of
ity oriented along thez axis, we can writeV=(V,,0V,),g  are the same as if11], and set them equal ta=V, =V,

=(0,0,-9), andW=(0,~ w,0), so Eq.(3) becomes =V,,, whereo is afictitious molal volume that controls the
wave front density. Then, E@8) simplifies to

p_
Po

a+vvv—
ot -

3|

ot

£+V-V)w=—g—p+vvzw (5
p ' p=poll—o(u—Up)—a(v—vg)—a(W=wp)]. (9

The velocity V and the vorticityw are related via the Positive values otr are due to the fact that density values
stream functiony, defined for a two-dimensional system as are smaller at the wave fronts where the reaction takes place
than in the rest of the liquid solutidi 8]. The value ofo can

Yy Yy be obtained from experimental measurements and it changes
Vx:Ev 7= ot (6) dramatically with the reaction or catalysts used. Typical val-
ues of ¢ for the BZ reaction are within the range
which are related to the vorticity by= — V2. [107°,107%] [7,16,19.

We considered that the reaction processes among the dif- Finally, the set of equations describing the dynamics of
ferent species correspond to those of the Belousovthe BZ reaction with convection is
Zhabotinsky reactiofil3,14]. Thus, we choose for the source 5
terms Q(F,G,H) in Eq. (2) the three-variable Oregonator ou_ 2
model given by at FOO+3(#hU) + D, VAU, (10
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PR ——— Sy

Jv ’ ek
E=G(X)+J(<//,v)+DUV v, (11 N
oW
E:H(x)+J(¢,w)+DWV2w, (12
ﬁw—J + &u+av+aw +pV2 13
i (¢, w) 09|t o T o TV e (13
w=—V?2y, (14)

where the Jacobian operator is

afy af,  ofy of,

It = 5 57 " ox oz (15

g . n b 4 am g At T

il f/r‘rf"""'(b)

The dimensionless diffusion coefficierilg, ,D, , andD,,
of [HBrO,], [ferroin], and[Br~], respectively, were esti-
mated from their molecular weights 113, 596, and 80 on the
basis of the Stokes-Einstein relation. The diffusion coeffi-
cient is given byD ~ M3 whereM is the molecular weight.
Then, taking into account the ratids, /D= (113/596)"3
=0.6 and D,,/D,=(113/80)}*=1.1, we set D,=1,
D,=1.1, andD,=0.6[20].

B. Initial and boundary conditions

Zero-flux boundary conditions for the chemical concen-
trations were used in all boundaries of the domain. For the
stream function and vorticity the no-slip boundary condition

was used. R R T (C)
The set of Eqs(10)—(13) were integrated using an alter- N A A
nating direct implicit method, while Eq(14) (a Poisson -
equation was integrated using a full multigrid algorithm A J
method[21]. The spatial step sizes werkx=Az=0.247 &b_ L T T A A
step unitg(s.u). while the time step wadt= 104 time units b i J
(t.u). The mesh sizes were in all cadeg< L,=513x513. i
Initially, chemical concentrations were assumed to be in A A
steady state and convection free, except for an appropriate A I
perturbation required to generate a spiral wi22]. Thus, - - oy
only Egs.(10)—(12) were integrated witlv =0 (i.e., no fluid /
flow). In this way, a steadily counterclockwise rotating spiral A A A R J
wave was created with its tip or free end following a circular F oy

trajectory with a period of rotatioffy=3.28 t.u. This state
was used as an initial state for the chemical concentrations £ 1. Time evolution of a spiral wave and its corresponding
before convection was taken into account. Then, Vvelocitynydrodynamic field forr=0.005. Superimposed ifb) the helical

vorticity, and stream function were set equal to zero plus &ath followed by the spiral tip is represented. Note the formation of

random perturbation for all the mesh points. fluid vortices between the wave fronts. Paf®lcorresponds to an
enlargement of the spiral wave tigray shadedshown in(b). For
Ill. RESULTS comparison the same tip at 80 t.u. is also shdwontour ling.

) ] ] Time periodsi(a) 84.5 t.u. andb) 85 t.u.
Figure 1 shows the evolution of a spiral wave under the

effect of a hydrodynamic field such as described in the prependicular direction due to the chirality of the spiral. It is
vious section foro=0.005. Note that, for this particular also possible to see that during its evolution the spiral struc-
value ofo, the density of the spiral waves and, in particular,ture is slightly distorted although the main geometry is pre-
that of the spiral tip is smaller than elsewhere in the fluid;served. The spiral wave tip shape is also not perturbed by the
thus, the spiral should move in the opposite direction to theonvective flow[Fig. 1(c)], as expected by the nearly linear
gravitational field. Nevertheless, the spiral is observed talrift and regular shape of the vortex. A change in the spiral
drift downward with a small velocity component in the per- chirality only introduces, as expected, a change in the per-
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10 17 190 2o Timeftu) FIG. 3. Velocity of the core of the spiral wave as a function of
the partial molal volumer. The inset shows a magnification of the
core velocity for small values af. Note thatV, is nearly zero for
0<1078,

FIG. 2. Time evolution of theX,z) position of the spiral tip
(a),(b) and the velocity component¥(,V,) (c),(d) before and after
the hydrodynamic field was set foe= 165 t.u. ando=0.001. Nu-

merical datgdots obtained after solving Eq$10)—(14) were fitted . . .
to a kinematic model, Eq16), shown by a solid line. Fitting pa- developed _a klnemaFlc modg23] Wh_ere the _hydrodynamlc
rameters\O= — 4.23, V0= —9.61, 5,= — 3.75, 5,= 1.9, a= 3.8 effects (mainly described by the fluid velocity close to the

x1073, at=-3.3x10°%, a$=4.2x1073, a5=9.7x10°5, aS tip) have been included. The tip trajectory followed by the
=8.2x10°3, by=—0.12, bS=—0.08, b$=0.098, bS=—0.013,  SPiral wave under hydrodynamical forcing can be described

andb3=3.5x 102, in terms of the equations of motion
pendicular direction of the motiofperpendicular to the di- X —sinvgt  —coswt [ Vo
rection determined by the gravitational figldNote as well ; | cosvgt  —sinwgt V?

that, due to the downward tip motion, the wavelength has
diminished in the lower part of Fig. 1 when compared to the PAYA
upper part as a consequence of a Doppler shift. ( )
Because the density is smaller at the wave front than in 02V
the fluid between, convective vortices appear between fronts.

The size of these vortices depends on the spiral Wavelengfﬂh?re the fir_st term on the right-hand side in I_ﬂqG) de- .
: : §cr|bes the circular trajectory followed by the spiral wave tip

before the convection effects were taken into account. The
cond term describes these effects and Y,) are the fluid
locity components at the tip positiox,g). vo=27/T,

(16)

sequence of Figs.(& and 1b). In this sense, note for ex-
ample that the streams at the left and right boundaries changj@
direction in less that 0.5 t.u. since, as the fronts move, fluid’®
density between the fronts and the boundaries decreases, 830 (%« 9;) are free parameters that account for the strength
as to force the fluid to move downward due to buoyancy?' the hydrodynamic contribution. o
forces. So the rest of the vortices in the neighborhood reor- The normal and tangennal'\(elocnm{?‘o andVy were ob-
ganize to conserve vorticity. On the other hand, the vortice§ained by fitting the X,z) positions of the spiral wave tip
above do not change their positions but reorganize as thehown in Figs. 2a) and 2b) before the hydrodynamic field
fronts pass. If the kinematical viscosityis diminished, only ~ Was connectedd,=0,5,=0). This was done following the
the flow velocities are increased, but the spiral wavelengtt-evenberg-Marquardt methd@1]. Finally, V, andV, were
and the front height, whose values depend on the chemicditted to the time series shown in FiggcPand 2d), that is,
Oregonator model parameters, remain constant. In this cast®, the functionsv,=a,+ 25 -f(agcosnwt+assinnygt) and
the length scale of the flow rotating vortices is preserved an,=by+ 23"=2(pCcosnugt+bisinnigt). Note that, although
their vorticity increases. the z coordinate andV, velocity component show good
The behavior of the tip far from the boundaries is shownagreement with the kinematical model; both theoordinate
in Fig. 2. Note that, after the hydrodynamic field is set, itsandV, velocity component show some imperfections due to
effect induces a deviation of the trajectory of the tip, whilethe disturbances observed after switching on the gravity field
the rotation period of the spiral wave remains constant. Thén Figs. 2b) and Zd) that were not taken into account in the
components of the fluid velocity at the tip positio¥,( V,) analysis above.
have an oscillatory behavior, with a negative mean value for Figure 3 shows the velocity of the core of the spiral wave
V, which is responsible for the opposite tip motion againstas a function of the partial molal volume. Note that the
the buoyancy forces. two components of the fluid velocity at the core are negative,
Trying to identify the mechanisms involved here, we havealthough thez component is bigger. For small, the com-
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For all values ofo(p<pg), the spiral drifts follow gravity
with a component of the motion in the perpendicular direc-
tion that depends on spiral chirality. The reason for this is
that, although the tip tends to move upward, there is a stream
of fluid going downward that forces the spiral to move
downward as observed in Fig. 1. This is clearly seen when
the perpendicular component of the motion is analyzed.
When a spiral drifts under the effect of an external forcing
[24] a counterclockwise spirdlike the one in Fig. L has a
component of the motion perpendicular to the forcing field
direction to the right. In our case, the spiral, due to gravity,
tends to move upward with a perpendicular component to the
left and, superimposed on all this, the streams in the fluid
impose an additional motion to the tip but downward this
time. Thus, the global dynamics result in a displacement
downward plus a perpendicular component of the motion to
the left.

When o reaches a critical value, the convective streams
are so strong that spiral breakup is observed. The rotation
frequency of the spiral wave does not change for the values
of o studied; thus the value of the frequency is always sup-
] ] ) ] ported by the medium and the spiral breakup can be attrib-

FIG. 4. Time evolution of the spiral breakup induced by the ;0 1o the coupling of the spiral tip motion with the convec-
hydrodynamic field, forr=0.02. Note the multiple spiral tip for- e streams. For small values of the convective streams
mation as a consequence of the wave fr_ont bree_tklng. Vortex strucé1re so weak that no effect can be observed. But for large
tures also follow an erratic behavior. Periods of tirte:2 t.u., (b)

5 tu..(c) 7 tu., and(d) 8 t.u. values ofo the streams are so strong that they may dgstroy
the arms of the spiral, inducing a turbulent structure in the

ponent of thex direction of the core velocity, within experi- medium.

mental error, is nearly zero. The gradients of density produce The Q|sper5|on of the che_m|cal components within the
some convective flow in the same direction as the gravitaSYSEM IS SO strong that they induce values for the local cur-

tional field. Moreover, asr—0, the convective flow does vaturg in the wave front larger that the critica_ll one, thus.
not perturb the normalcircular motion of the spiral tip as breaking up the wave front. These results explalnl the EXpert-
both components of the core velocity tend to zero. ment _descrlbeq "5.25] on th_e appearance of chaotic regimes
When the value ofo is increased above some critical " @ t'lte,d Petri dish only in the deep part of the reagent,
value (0>0.01), the spiral is not able to follow the stream aswhere Beard cells appear. The appearance of the turbulence

a whole and breaks into pieces. This mechanism of induce®® described in this paper is different_ frpm that describeq by
spiral breakup is exemplified in the sequence of pictures irg)ther author$26]; here the global variation of the excitabil-

Fig. 4. Note that, once the hydrodynamic effects are consid'—ty of the medmm was the origin for turbu.len.ce..
ered, the spiral becomes loose and arms collide with each As shown in Eq(13), the effect of gravity is |r_1troduced
other, breaking into pieces and resulting in a very disordereHqrough the producgo. AIthough' we haye considered the
configuration with many free ends. At the same time, fluid®®S€ Whereg Is constant anar varies, similar results would
vortices also appear randomly, modifying the existing struc-_be obtained ifr were held constant argjallowqd to change
tures. in order to obtain the same values g@é. This could be
useful in understanding cardiac dysrhythmias, in particular
those giving rise to multiple reentry formation, when the
subject is under extreme acceleration forces3z) for sig-
The spiral waves considered in this paper, while propagatrificant periods of tim¢27]. This paper also opens the pos-
ing through the medium, produced chemical concentratiomsibility of further experimental research as experiments can
gradients that induced convective currents in the fluid due tde performed using the Belousov-Zhabotinsky reaction.
gravity, locally resembling Beard-type cells. In this way, the
\;,)vgsc}i?o r?tructure was distorted and moved from its original ACKNOWLEDGMENTS
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IV. DISCUSSION
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