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Fingering instability of a sheet of yield-stress fluid
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We study the fingering instability that occurs at the contact line of a thin sheet of a yield-stress fluid flowing
down an incline. We derive an expression for the wavelength of the finger pattern as a function of inclination
angle for a Herschel-Bulkley fluid. The wavelength is predicted to diverge at a finite angle which is related to
the yield stress of the fluid. We also measure the wavelength of the finger pattern with suspensions of bentonite
clay in water. Our experimental results agree well with the theoretical prediction.
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[. INTRODUCTION (constany viscosity of the fluid,U a characteristic flow ve-
locity, and o the surface tension. Troiaet al.[4] performed

When a viscous fluid sheet spreads under the influence @f linear stability analysis on the capillary ridge and found the
an external force, the fluid-solid-air contact line at the frontfastest growing unstable mode to have a wavelength of ap-
of the sheet can become unstable to the formation of fingengroximately 14. Experimental studies of the fingering insta-
[1-2Q). This instability has been studied in several contextspility in spin coating[16] and with Marangoni-forced contact
including gravity-driven flow down an inclinfl-14] cen- lines [20] showed good agreement with theoretical predic-
trifugal forcing (spin coating [15—-18, and forcing by Ma- tions of the dominant wavelength of the finger pattern and
rangoni forceg19,20. In practical terms, this type of insta- the growth rate of the fingers. In the case of flow down an
bility is important in many situations, including coating incline, the wavelengtt\o sina~® [1], where a is the
applications[21], granular flows[22], and lava flowd23]. angle of inclination. This angle dependence has been con-
Most previous studies of contact line instabilities have confirmed in experimentd1,2,8,9, but the measured wave-
sidered only Newtonian fluids, although Homsy and co-lengths were roughly 50% smaller than predicted by the
workers have studied fingering in the spin coating of vis-theory[9]. This discrepancy has been resolved to some ex-
coelastic fluids[16—18, and Saffman-Taylor fingering has tent by Brennef10,12, who showed that the component of
been studied in yield-stress fluid&4,25 and other non- the gravitational force perpendicular to the plane, which was
Newtonian material§26]. On the other hand, in many situ- neglected in Refl4], was significant, and found that at small
ations of practical intere§21-23, the fluids involved are angles of inclination the wavelength was not constant in
non-Newtonian. units of €.

Figure 1 is a schematic illustration of a sheet of viscous In all cases, the fluids studied previously flowed for arbi-
fluid flowing down an inclined plane. In an “outer” region, trarily small inclination angles. This will not be the case for
far from the contact line, surface tension plays no role, andluids with a yield stress. As reviewed below, the maximum
the film thickness in this region has been described by Hupshear stress developed in the fluid layer due to the down-
pert[1]. Near the contact line in an “inner” region, however, slope component of gravity is proportional to the layer thick-
surface tension dominatg4—7]. The free surface of the film ness and sin. For @ smaller than some critical inclination
forms a capillary ridge near the contact line, and it has beeangle a., this will be less than the yield stress, and so the
shown that this ridge is unstable to perturbations in a rangenaterial will not flow. This fact has been exploited in “in-
of wave number$4,11,17. Surface tension is crucial for the clined plane rheometers[27-3Q that are used to determine
initial instability [ 3], which leads to variations in the depth of
the ridge. The subsequent growth of the fingers is due to the
fact that thicker regions of the ridge flow more easily under
the action of the external fordd 0,18. A different interpre-
tation of the origin of the fingers that does not involve an Yo
instability is presented by Veretenniket al. [13].

| e

The wavelength and growth rate of the instability for
FIG. 1. A schematic diagram of a sheet of fluid flowing down a

Newtonian fluids have been calculated by Tro&ral. [4]
They defined a length scalg given by

whereH is a characteristic depth of the fluid film, normally plane inclined at an angle to the horizontal. The fluid thickness is
taken as the depth of the film where the inner and outeh away from the contact linej, is the level at which the stress in
regions join. C& nU/o is the capillary numbery is the  the fluid is equal to the yield stress.

o= H
(3 Ca)l/3’
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the yield stress of a fluid either from the angle at which asteady state stress in the layer is due to the component of the
layer of known thickness starts to flow, or from the layergravitational force in thec direction, and is a function of
depth at which the material stops flowing at a given inclina-only. It is given by
tion angle.

In this paper we study the fingering instability at the con- 7(y)=pg(h—y)sina, ()
tact line of a sheet of yield-stress fluid flowing down an
incline. As a result of the existence of a yield stress, the fluigvhere p is the fluid density,g is the acceleration due to
does not flow fora<a,, and when it does flow, the viscos- gravity, and we have used the no-stress boundary condition
ity is a function of strain rate, and so for both inclination 7=0 at the free surfacg=h. The stress is maximum at
angle and position within the fluid. We first derive an expres-=0, where it is equal to
sion for the length scalé, and so of the wavelength of the .
finger pattern, as a function of inclination angle. We then 7(0)=pghsina. (4)

present the results of experiments on suspensions of bentg— f hi b han the vield
nite clay in water, and compare them with our theoretical or flow to occur, t |s_must g_greatert an the yie _stress.
predictions. This allows us to define a critical angke,, below which

flow does not occur for a layer of thickneks

Il. THEORY sina.=7./pgh. ©)

We consider a sheet of yield-stress fluid on an incline a
shown in Fig. 1. The angle of inclination ¢s the fluid flows . ;
in the x direction, with they direction being perpendicular to a levely=y, a.t which the stress is e.qu.al Q. Foryo=<y
the plane. The finger pattern develops along zlirection, <h the stress is less tham r?md the fluid is not sheared. The
which is out of the plane of the paper. We assume laminal'nSheared region has a thicknégs where
flow, and for simplicity we assume that the film has a uni-
form thicknessh in the outer region. In this case the flow
velocity u is in thex direction, and b_y symmetry, it depends The thickness of the layér is equal toyo-+ho, S0
only ony away from the contact line. These assumptions
essentially ignore the subtleties of the free surface shape and

?f 7(0)> 7., then the fluid will be sheared from=0 up to

ho=7./pg sina. (6)

the matching of the inner and outer regiddsl2], but are yo=h—hg=h— T? (7a)
adequate for our purposes. pgsina

We do not perform a detailed analysis of the equations of
motion for this system. Rather, we simply assume that the —L(sina—sinac). (7b)

instability occurs, and thax is proportional to the length sina
scale€. We derive an expression férand for thea depen-
dence of the pattern wavelength, modifying the arguments of To determine¢ for our fluid layer, we need expressions
Ref.[4] to take into account the non-Newtonian properties offor the characteristic velocity and the viscosityy. We get
our fluid. These properties enter in the calculation of thethe velocityu(y) in the layer by rewriting Eq(2) as
capillary number Ca through the velocityand the viscosity
7. For a Newtonian fluidy is constant by definition, but for
a yield-stress fluid, is a function of strain rate, and is
infinite when the stress is below the yield stress.

We will use the Herschel-Bulkley model of a yield-stressfor 7> 7. Integrating this with the no-slip boundary condi-
fluid. For one-dimensional flow, such as we consider heretion u(0)=0, we get[30]
the Herschel-Bulkley constitutive relation is

) P AL
y=du/dy= a (8)

. _ P9 sina in 1 1+(1/n)
=1 Ky, 7, (23 “(y)‘< K ) 1+ (1) LY
y=0, 7=, (2b) ~(Yo=y) N fory<yo ©
and

wherer is the stressr, the yield stressy= du/dy the strain

rate, andK and n are parameters that are typically deter- pgsina| ¥ 1

mined by fitting Eq.(2a) to rheological data. The Bingham u(y):u(yo):( % ) 1+(1/n)yé+(1’”) for y=y,.
model is a special case of Eq®) with n=1. Clay-water 10
suspensions, like that used in the experiments described in (10
Sec. lll are reasonably well characterized by E@3.with : : I

n~1/3[30], The viscosityy of the fluid is

The problem of uniform laminar flow of a layer of yield-
stress fluid on an incline has been studied previously n=1ly= $+K'y”‘1. (12)

[28—33. In the outer region, away from the contact line, the

031504-2



FINGERING INSTABILITY OF A SHEET OF YIELD . .. PHYSICAL REVIEW E 66, 031504 (2002

. n
This depends ory andy. For our purposes we need only a U= nu(yo) = 7eYo+ w (13)
characteristic viscosity, so we take=u(y,)/y, in Eq. (11), Yo
which gives

’ _pgh2 sinags(sina—sinay) +| ———— i
T sing| Gt T T )
_TcYo u(Yo) n-1
T~ U(yo) * ( Yo ) ' (12 X (sina—sinag)?|. (14)

_ o _ _ Using the constant layer thickneksas the characteristic
Taking the characteristic velocity to beu(y,) and using  thickness and substituting E¢L4), into Eq. (1), we end up

Egs.(7b) and(10), we have with an expression fof for our Herschel-Bulkley fluid:
oh sina |\ 3 1
= 3pg n 1/3- (15)
sina.(sina—sinag)+ m) (sina—sinag)?

For a Newtonian fluida.=0 andn=1, and Eq.(15) re- mixed again with the Arrow mixer for 5 min immediately
duces to before starting a run.
Our experimental apparatus consisted of a 61 cm by 104
cm sheet of float glass mounted on an aluminum frame that
oh s allowed the glass sheet to be tilted to both positive and nega-
=< ) : (16)  tive inclination angles. Prior to each run, the glass surface
was cleaned with deionized water and then wiped clean with
) ] paper towels. The surface was tilted to a fixed negative angle
which recovers ther dependence found previously for that 5nq 250 ml of the experimental fluid was poured evenly into
case[1,4]. _ _ _ the downhill end. The fluid was allowed to sit for 5 minutes,

Assuming thai is proportional tof [4], which should be  after which the glass surface was tilted quickly and smoothly
the case as long asis not close to zerpl0], Eq.(15) shows g the desired positive angle. At small @, the fluid sheet
that A diverges at the critical angle; and approaches a gid not flow at all, since the maximum stress in the fluid
finite value ata=90°. Note that’ does not depend strongly sheet did not exceed the yield stress. o o, flow did
on the rheology of the fluid, except through the critical incli- occur. Fingering was observed at the front of the fluid sheet
nation anglea., which is proportional to the yield stres&.  for all runs in which flow occurred. A video camera mounted
is independent oK, and depends om only through the  apove the plane and interfaced to a personal computer re-
coefficient {1+ (1/n)"] in the second term of the denomi- corded images of the flowing sheet at a preselected time
nator. This coefficient is always of order 1, varying from 1 jnterval.
for n=0 to 0.3688 fom— . An example of the fingering patterns observed is shown in
Fig. 2. Typically, the fingers nearest to the edges of the plane
form sooner and grow to be longer than the others due to the
boundary conditions at the edges, but this seemed to have

Fingering experiments were done by flowing a fixed
quantity of fluid down an incline. We used suspensions of
bentonite clay in water. The bentonite was used as obtained
from the supplie(Fisher Scientifit. The size distribution of
the bentonite powder was determined using the sedimenta-
tion method, in which the particle sizes were determined
from their stationary falling velocity in water. The maximum
particle diameter was approximatelydm.

The bentonite was mixed with deionized water at concen-
trations of 6%, 7%, and 8% bentonite by weight. The sus- FIG. 2. Fingers at the contact line of a sheet of a suspension of
pensions were mixed for 15 min with an Arrow 1750 mixer, 6% bentonite by weight in water. Here= 21.5° and the raised end
then for 10 min with a hand-held kitchen blender, and therof the plane is at the top of the figure. The field of view is 39.8 cm
with the Arrow mixer for another 5 min. The suspension wasin the horizontal direction.

3pgsina

I1l. EXPERIMENT
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50 — y ; T y TABLE |. Parameters and yield stress obtained from fits of the
: n experimental data to Eq17).

40 ! . + ] Concentration%) A, (cm) sina; 7. (Pa?

30l ¢ ' ] 6 5.9+0.6 0.081-0.003 2.22
£ ! . 7 5.6£0.7 0.15:-0.003 5.69
(% | ’ 8 10.9-1.5 0.262-0.009 17.0

201 \\§§ + . ‘~\\\\\» J

. L] T 3From Eq.(5).
L \+~\\ .
10 T ] . .
o? o . ] agreement with the rheological data of Rgf4], but some-
¢ what higher than those measured by us with a cone and plate
% 01 02 03 04 05 06 rheometer.
sin o
FIG. 3. The measured wavelength of the finger pattern plotted as IV. DISCUSSION

a function of sine for 6% (circles and 8% (squarey bentonite- . . .
water suspensions. The dashed lines are fits to the theoretical ex- 1€ theoretical expression for the length sdalgiven by
pression, Eq(17). Eq. (15 describes our wavelength data well. In particular,
the prediction that the wavelength diverges at the critical
little effect on the spacing between adjacent fingers. The pafndl€ @c is borne out by the data, and the valuesaf
tern wavelength\ was measured directly from the recorded determined from the fits give yield stresses cons_lslgeqt with
video images at the earliest time at which the fingers wer@UPlished value§24]. Becausel is proportional toU ™, it
clearly identifiable. The wavelength was not perfectly uni-IS NOt surprising that the wavelength of the finger pattern
form, with the standard deviation iN being typically ap- dlvgrges yvhen the flow stops_for both_ ylelld—stres_s and New-
proximately 20%. This variation in is similar to what has tonian fluids. How_ever, the situation is different in the two'
been found in experiments on Newtonian fluj@s. caseg:_for Newtonian fdes,_thg flow stops becguse there is
The measured wavelengths are plotted as a function dio driving force fora=0, while in thg case con§|dered here
sina in Fig. 3 for the 6% and 8% bentonite suspensions. Thd'OW SOPS ata=a. because the fluid’s viscosity becomes
results for the 7% suspension lay in between the two datdfinite there. »
sets shown. The wavelengths plotted have been averaged From Ed.(15), we expect the fitting parametéy, to be
over all fingers in an image and often averaged over two oProPortional to ¢h/3pg)™". Estimating this quantity and
more runs at the same angle. The error bars are standaf@mpParing it to the values ok, shown in Table | suggests
deviations. Also plotted are fits of the data to the form pre-that A=35¢, with the constant of proportionality being
dicted by the theory given above, somewhat larger for the 8% dqta. Neltrpgnoro vary much
over the range of concentrations studied here, but the 8%
layer was thicker by roughly a factor of 2 than the two less
_ concentrated layers due to the higher viscosity and yield
{sina,(sina—sin ac)+A2(sina—sinac)2}l’3' stress of the 8% fluid. This accounts at least partly for the
(170 increase. For a Newtonian fluid, de Bruyn foune 9.4¢[9]
from similar experiments over a range of inclination angles.
with sina, and A, free parameters. The coefficieAb was We emphasize that our theoretical prediction does not
fixed at 0.63 (the expected value of the factor[1/ come from a complete stability analysis of the equations of
+(1/n)]" for n=%). The agreement between the data andmotion for a sheet of Herschel-Bulkley fluid flowing down
the fits is quite good, although the theory perhaps overest@n incline, but is rather an approximation based on an exten-
mates the wavelength at higher angles for the 6% data. Vanygion of the results derived for Newtonian fluidg. We have
ing the value ofA, between 0.63 and 1 did not dramatically 19nored any variation in depth of the sheet and the rather
change the quality of the fit, and caused the other parameteféiPtle physics that pertains near the contact [ha2]. We
to change by less than their uncertainty. On the other handl@ve not tried to estimate the growth rate of the fingering
settingA,=0, that is, removing the second term in the de-instability; this would have to come from an analysis of the
nominator of Eq(17), made the fits significantly worse, and €guations of motion.
making A, large did not improve the agreement at high
The values of the fit parameters obtained for the three
concentrations studied are given in Table I. Of most interest
is sina,, from which the yield stress can be determined. We This research was supported by the Natural Sciences and
estimate the initial thickness of the fluid layer from the vol- Engineering Research Council of Canada. We are grateful to
ume and the length of the fluid sheet as poured, and usind. Wylie for useful discussions, A. Marangoni and G. Maz-
Eq. (5) we obtain the values of the yield stress listed in thezanti for rheological assistance, and H. Gillespie for measur-
fourth column of Table I. These values @f are in good ing the particle size distribution.
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