PHYSICAL REVIEW E 66, 031304 (2002

Stress transmission through three-dimensional ordered granular arrays
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We measure the local contact forces at both the top and bottom boundaries of three-dimensional face-
centered-cubic and hexagonal-close-packed granular crystals in response to an external force applied to a small
area at the top surface. Depending on the crystal structure, we find markedly different results which can be
understood in terms of force balance considerations in the specific geometry of the crystal. Small amounts of
disorder are found to create additional structure at both the top and bottom surfaces.
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[. INTRODUCTION face of a granular medium. The different studies found some-
what contradictory results. DaSilva and Rajchenbfts|

In a static granular bead pack all of the forces on a parstudied a system consisting of a special two-dimensional
ticle, due to the contacts from its neighbors and due to gravpacking of photoelastic rectangular bricks. They measured
ity, must be in perfect balance; there can be no net force othe contact forces between particles as a function of position
any particle. Moreover, in the limit of hard particles, no par-and found that the contact forces had a maximum centered
ticle distortion is allowed leading several investigators tobelow the position of the applied perturbation and that on
question whether elastoplasticity theory can be used in thieither side the forces decreased in magnitude. The width of
hard-sphere limit to describe the mechanical properties of athis peak in the forces grew as the square root of the depth
amorphous granular materfdl—4]. Others suggest that elas- below the surface. This result is consistent with models pre-
tic theory is capable of producing the observed experimentadicting a diffusive propagation of the forces such as dghe
results[5,6]. The presence of disorder makes an exact calcumodel proposed by Coppersmith and co-workgt3,18.
lation of the contact forces in such a material impossible. OrOther studies have focused on the response to a localized
the other hand, it should be possible to calculate the forcesxternal force in amorphous packings of spheres. Reydellet
exactly in a perfect crystel7]. However, because macro- and Clenent found that the response at the bottom of a three-
scopic grains do not spontaneously crystallize, it has beedimensional pack had a central maximum of approximately
difficult to create large defect-free granular crystigs-11] Lorenztian shape with a width that grew linearly with the
on which to perform an experiment to see how the forces areepth of the pack19]. Similar behavior was found in two-
transmitted. In addition, there will always be small imperfec-dimensional samples studied by Gesteal. [20]. This linear
tions or asperities in the particles themselves and slighincrease of the width with depth is consistent with elastic
variations in the diameters of the grains. Although we cannotheorieq5,6]. The work by Gengt al. also suggests a strong
completely avoid disorder of this latter kind, we have foundeffect due to the spatial ordering of the particles resulting in
an efficient method of constructing essentially perfect crysa central minimum of the response forces in ordered pack-
tals with few, if any, defects in the particle positiohk2]. ings. Thus there is a need to study the propagation of forces
With such crystals, one would hope that the presence of &om a localized perturbation in a nearly perfectly ordered
small disorder from the variation of the individual particle crystalline array of particles in order to investigate how the
shapes and sizes could be treated as a perturbation about thederlying order(or disordey of the lattice influences the
perfect crystalline response. force propagation.

Previously, there have been experimental studies on the Bouchaudet al. have proposed a model in which forces
statistical properties of the local contact forces in granulapropagate in straight lines until encountering a defect where
packs. In particular, the distribution of normal forc®F),  they are split, and they have shown that this model leads to a
between the particles and the container walls was measuregntral force minimum for small depths and to elasticlike
in a variety of situation§12—15. In most of those studies, a behavior for large pack depth&l]. The straight-line propa-
piston pressed down on the entire top surface of the granulayation of forces(resulting from the hyperbolic model of
material. The surprising result was that the entire form ofCateset al.[22]) and the splitting of forces can be viewed in
P(F) (a large value neaF=0, a small peaKor plateal  a geometrical framework based upon the contact orientations
with a maximum near the average force and an exponentiaf neighboring beads. From this viewpoint crystalline pack-
tail at large forces was robust and did not depend on ings allow for the control of these contact orientations and
whether the granular medium was amorphous or crystallinéhe resulting splitting. In particular, the hexagonal-close-
or whether the particles were smooth or roug2]. The packed(hcp crystal structure is such that forces are required
question is thus raised as to what aspects of the force propée split at nearly every layer as they travel downward
gation in a granular material are affected by preparation anthrough the pack. By looking at the response of an hcp crys-
the underlying crystal or amorphous structure. tal to a localized force it is possible to explore the conse-

Several experiments have studied the respdnee the  quences of multiple splittings in comparison with the predic-
Green’s functionto a localized external force at the top sur- tions of the forcechain splitting model.
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In this paper we present an experimental investigation of
the response to a localized external force in three-
dimensional nearly perfect hcp and face-centered-cfibig
crystals. We measure the resulting contact forces at both the
top and bottom surfaces of the crystal, and investigate how
the pattern of forces depends on the crystal structure and the
depth of the pack. We determine that in the regime of highly
ordered granular packs, the crystal structure plays a domi-
nant role in determining the average pattern of response
forces at the bottom surface. These patterns can be viewed as
a consequence of force balance in the specific geometry of ~ Average Percentage ol Total Force
the crystal. We also consider the effect of small amounts of
disorder in these crystals and show that they modify the pat- 0 0.1 0.2 0.3 >0.4
tern of forces on the bottom surface in a nontrivial manner | = R |
;rjflfasccea?tter forces back upwards through the pack to the top <0.07 1.0 20 1 () ~4.()

Average Percentage of Total Intensity
Il. EXPERIMENTAL METHODS

We created large nearly perfect hcp and fcc granular crys-
tals of 3.06:0.04 mm diameter soda lime glass spheres.
These crystals of approximately 53-bead-diameters on a side
were contained within an acrylic cylinder with a triangular
cross section designed to be commensurate with the hcp
crystal structure. The crystals were created as individual lay-
ers of triangular order in the manner described in REZ].

In this way the position of each individual bead was viewed
and corrected if neccessary as the crystal was constructed, so
that the resulting crystal would have very few defe@sti- FIG. 1. (Color) A comparison of the pattern of calibrated forces
mated to be less than ten beads significantly out of place fon response to a slowly applied force to the pattern of intensities in
a crystal of approximately 50 000 bead&urthermore, the response to a quick impulse force) The pattern of calibrated
stacking order of the planes was controlled in order toforces at the bottom surface of a 19 layer fcc crystal in response to
achieve three-dimensional fcc and hcp crystals. a slowly applied force over an area six beads in diameter at the top

After building such a crystal we applied an external forcesurfa_\ce.(b) The pattern of intensities of carbon marks in response to
to a localized region at the center of the top of the crystafi quick impluse fo_rce applied to the same crystal structure over the
either by using a slowly applied steady force of approxi_same area. Both pictures represent an average over ten experimental
mately 100 Ib or by using a quick impulse force. When using'U"'S 2"d an average over crystal symmetries.
the slowly applied force it was necessary to apply the force
over a region approximately six beads in diameter. Attempt®rder to improve statistics, the locally measured forces were
to apply the force to a smaller region resulted in significantalso averaged over symmetries of the crystele reflection
bead movement. When using the quick impulse force it wasnd two rotations
possible to apply the force to a smaller area of approximately Note that the analysis technique must be carried out care-
two beads in diameter. For the purpose of comparison exully so as not to introduce error from the averaging over
periments were also carried out with the quick impulse forcemany files, and crystal symmetries. If the centers of the im-
applied to the large six-bead-diameter region. ages are not determined accurately, then lattice positions

We used a carbon paper technigue to measure the forcé®m file to file will not match up exactly and will result in a
in response to the external forcek2,13,17,23% A piece of small degree of broadening of any features. We estimate this
carbon paper and a piece of white paf@f| were placed on broadening to be significantly less than one-bead diameter
the top and bottom of the crystal. As the force was appliedfor each of the regions of large force.
individual beads pressed into the carbon paper and left marks When using the quick impulse, we calibrate the measured
on the white paper. The size and darkness of the resultinfprces by comparing them with those obtained with an iden-
marks were related to the normal force on the correspondintical setup using the slowly applied force described above.
beads. When using the slowly applied force, we calibratedVe compared the patterns of carbon marks left by the two
the force versus darkness response as explained if B&f. methods and found no qualitative difference. Figuie) 1
The positions of the carbon marks were matched to a trianshows the pattern of calibrated forces at the bottom of a 19
gular lattice and the forces for each lattice point were averlayer fcc crystal in response to a slowly applied force at the
aged over approximately ten experimental runs. It is importop surface over a region six beads in diameter. The calibra-
tant to note that individual runs vary significantly, but thattion maps points of zero intensity to a small but nonzero
the average over many runs remains highly reproducible. Iforce which results in a nonzero background. Figu(b) 1
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FIG. 2. (Color Intensity patterns at the bottom surface of fcc
crystals(a) 9 and(b) 19 layers in depth in response to a quick 0 r T
impulse force applied to a two-bead-diameter region at the top sur- [ 0 ]
face. [ C %\ sk ]
. . 51 g .
shows the pattern of intensities of carbon marks at the bot-— = 1of 1
tom of a similar crystal in response to a quick impulse force *g L gls_
applied to the same area. The color scale of intensity ha<s 1ol h
been shifted by a factor of ten and a minimum value used tcg€ | 205 o 1o
match the previous pattern of forces. Using this shift in color & [ Position (Bead Diameters)
scale intensity we map the two different measurements ontc - 1
: . . L 15 4
one another and obtain a calibration for the quick impulse. i ]
Ill. RESULTS 20( , :
A. fcc crystals 0 5 . . 10 15
Position (Bead Diameters)

For fcc crystals we found a characteristic response pattern
at the bottom surface which is qualitatively independent of FIG. 3. Intensity as a function of position at the bottom of fcc
the type of force applied. Figure 2 shows the patterns offystals(a) 9 and(b) 19 layers in depth in response to a quick
intensities at the bottom of fcc crystals, 9 and 19 layers ifmpulse force applied to an area two beads in dlameyer at the top of
depth, in response to a quick impulse force applied to an are‘g? pack_. The cross S(_actlon_was taken thro_u_gh the trl_an_gular pattern
two beads in diameter at the center of the top surface of th&f Intensity as shown in the insét) The position of main intensity
crystal averaged over approximately ten experimental run8€2KS as a function of the depth of the pack in responseides
and averaged over crystal symmetries. We find three regiorfs dU/ck Impulse force over a small arétiiangles a quick impulse
of large force, arranged in a triangular pattern. The size o orce over a large area, arsquaresa slowly applied force over a

L . . ._large area. Error bars represent the full width at half the maximum
this triangle increases with the depth of the crystal. The SIZGalue of the peaks. The black line indicates a slope of 35.3° with

of the thrge regions O,f large force are comparable to .the S'ZPespect to the vertical which corresponds to an angle specific to the
of the region over which the force was applied. In addition to eometry of the fcc crystal. The inset shows the position of the

the three regions of large force, there appear fainter but stifmaier peaks corresponding to the edge of the triangular pattern
significant regions of force along the lines connecting thesgyith a line representing an angle of 19.5°.

three regions.

Figures 3a) and 3b) show cross sections of the intensity center of the pattern (positien0) with small intensities, and
versus position across the triangular pattern at the bottoracross the region of large force, corresponding to a large
surface of 9 and 19 layer fcc crystals. As depicted in the insgpeak. The position of the large peaks as a function of the
of Fig. 3(a) the cross section proceeds across the edge of thgepth of the crystal are indicated in Figicg with the error
triangular pattern, corresponding to a small peak, through thbars corresponding to the full width at half maximum of the
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FIG. 4. (Color) Intensity patterns at the bottom of hcp crystals
(@) 9 and(b) 25 layers in depth in response to a quick impulse force 5
over an area two beads in diameter at the top surface of the crysta @ i 1
In order to show the structure more clearly, the color scale has beel 20 o 1

scaled relative to that in Figs. 1 and 2 with the low intensity cutoff

color remaining the same. 4 . t

peaks, which can in some cases be seen to be significantl 3k \ e
skewed. Additional data points are included in Figc)Zor- 0 5 10 15
responding to experimental runs with a quick impulse ap- Radial Position (Bead Diameters)

plied to a large area and to runs with a slowly applied force o ) )
over a large area. The sloped line indicates an angle of 35.3°, F/G- 5. Radial distribution of intensity at the bottom of hcp
which corresponds to the angle down the edge of a tetrah&!YSt2!S(@ 9 and (b) 25 layers in depth in response to a quick
dron. The regions of large force are found to lie just inside Oflmpulse force applied to a small area at the top surface. The position
thi ) | lained in S IV The inset of Fitc)3 of the peaks as a function of the depth of the pack are shouc) in

IS angie as explained in Sec. V. € inset of 1 ifc) as circles with error bars representing the full width at half of the
shows the position of the small peaks corresponding to th P g

; . aximum value of the peak. As the interior of the ring is nearly
edge of the triangular patterns as a function of the depth Oliniform no lower bound is shown for the 25 layer crystal. The

the crystal packing. The solid line shows an angle of 19.5%angular data points indicate similar peaks in response to a quick
with respect to the vertical, which corresponds to the anglgmpuise force over a large area, and the square data points corre-

down the face of a tetrahedron. spond to a slowly applied force over a large area. The solid line
corresponds to an angle of 27.4° with respect to the vertical which
B. hcp crystals is the average of two angles specific to an hcp crystal structure as

In contrast to the triangular patterns found for fcc crystals,eXplamed in the text.

hcp crystals show rings of large force at the bottom surfac%:
in response to a localized force at the top surface. Figure us no lower bound is shown. Additional data points are

shows the intensity patterns at the 'bottom surfaces of hCicluded corresponding to experimental runs with a quick
_crystals 9 and 25. layers in depth in response to a qUICIﬁ'npulse applied to a large area and to runs with a slowly
impulse force applied to an area two beads in diameter at the e force over a large area. The sloped line indicates an
top surface averaged over approxmate[y ten experiment gle of 27.4° which is the average of the angles down the
runs and averaged over crystal symmetries. As the depth dge and the face of a tetrahedron. The peaks in intensity and

the pack increases the radius of the ring increases, and intgs, .o are found to lie just inside of this angle as explained in
rior fills in. Figures %a) and §b) show the radial distribution Sec. IV : ? °

of intensity for hcp crystals of 9 and 25 layers in depth in

response to a quick impulse force over a small area. Figure
5(c) shows the position of the peaks in intensity as a function
of the depth of the pack with the error bars corresponding to The response of an amorphous pack shows a broad central
the width of the peak at half of the maximum value. For hcppeak centered below the applied force. The carbon paper

ystals 25 layers in depth the intensity is nearly uniform and

C. Amorphous packings
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FIG. 6. (Color) Radial distribution of intensity at the bottom of
amorphous packings 1.0 in. depth in response to a quick impulse
force applied to a large area at the top surface averaged over ten
experimental runs. Error bars represent the standard deviation
across the multiple experimental realizations.

technique is limited in its usefulness on amorphous packings
as a localized force large enough to leave carbon marks will
often result in significant penetration of the piston into the

pack with consequent movement of the grains. As such, we
were only able to explore the response of amorphous pack-
ings to the quick impulse force applied to a large six-bead-

diameter region. Figure 6 shows the dependence of force on
distance from the center of the broad central peak, averaged
over ten experimental runs and over azimuthal angle. Our
data on the width of this central maximum are consistent

with a square-root growth with depth as seen in a two-
dimensional packing of bricks by DaSilva and Rajchenbach
[16], but are also within error of a linear growth as seen by
Reydellet and Clment[19] in three-dimensional packings.
The task of distinguishing between such behaviors is better
suited to other experimental techniques.
D. Top surface
In addition to measuring the response at the bottom of the

crystal packs, we also used the carbon paper technique to
measure the response in systems at the top of the pack. Fig- L = ! =
ure 7 shows surface plots for the average intensity of the <0.07 1.0 2.0 3.0 =40

carbon dots as a function of position at the top surface of the
crystal in response to a quick impulse applied to an area two
beads in diameter. Both fcc and hcp crystals show a charac- FIG. 7. (Colon) Intensity patterns at the top surface @f a 3

teristic sixfold spoke pattern, which does not depend S'gn'f'1ayer hp crystal(b) a 9 layer hep crystalc) a 9 layer fec crystal,
cantly on the depth of the crystal. The magnitude of the;ngq) a 19 layer fcc crystal in response to a quick impulse force
average intensity in these spokes is approximately ten timeg,pjieq to a small area in the center of these images. Each image is
less than the intensity in the regions of large force on theyeraged over approximately ten experimental runs and averaged
bottom surface, but they are still significantly stronger thangyer crystal symmetries. The sixfold spoke pattern is present in both
the surrounding background. The spokes extend all of thgpes of crystal packings and does not depend on the depth of the
way to the edge of the analysis region (15-bead diameters ipacking.

radiug without a significant decrease in intensity.

Average Percentage of Total Intensity

plained through force balance in the specific geometry of the

IV. GEOMETRICAL INTERPRETATION crystals. Our fcc crystals were oriented with the 111 plane
horizontal, so that they consisted of a stack of triangularly
ordered planes. This is equivalent to a typical cannon ball
Many aspects of the patterns of force or intensity seen impiling. In an fcc crystal the stacking order from plane to
the crystalline packingsFigs. 1, 2, 4, and J7can be ex- plane is such that every third layer lies on top of the first.

A. fcc geometry
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This results in straight lines of contacts between beads run- F

ning diagonally down through the pack. ¢
Figure 8 shows the geometry of a piece of a perfect fcc

crystal. If a downward force is applied to the bead at the top

of this pyramidal pile, then the force is transmitted to the

three beads below it in the second layer. Essentially, the bead

a

at the top of the pyramid is supported by a tripod, with three ®_ = mims SN
lines of beads stretching downward through the pack. Only it 9 . SR
the beads in this tripod will feel a force in response to the = s s s = .
force on the top bead. All other beads inside and outside of s e s = & »

the pyramid are shielded from that force. Thus, at the bottom
of the crystal there are only three beads which feel any force.
These beads are arranged in a triangular pattern with the size
of the triangle proportional to the depth of the pack. The legs
of the tripod in the fcc crystal are at an angle of 35.3° with
respect to the vertical. Given this angle the position of the
beads which feel the applied force is determined. The solid
line in Fig. 3¢) shows the predicted angle of 35.3°.

B. Disorder

If there is a small amount of disorder in the crystal, then
the positions of the beads within the tripod legs will not be
perfectly aligned. Thus, in order to balance the forces vec-
torally, there must be some force scattered off the tripod. For
a small degree of disorder, the majority of the force will still
be transmitted along the tripod legs, with a small amount
scattered to one or more additional neighboring beads. Fig-
ure §c) represents an fcc crystal with one point of disorder
in the second layer. Most of the force is transmitted along the
tripod legs, but a small amount is scattered along the blue
line. If there is no further disorder, then this scattered force
will propagate along its own line of beads all of the way to
the bottom of the pack, and arrive at the bottom surface
along one of the lines connecting the three ends of the tripod
legs, as shown in Fig.(8). Using this as a model for the
effect of one point of disorder we find that, when considering
a small degree of disorder throughout the system, the major-
ity of the force is transmitted along the tripod legs, with a
small amount scattered down the sides of the pyramid and
arriving at the bottom surface along the edges of the triangle
formed by the tripod legs. Figuregd shows the first-order
effect of scattering within an fcc crystal. The red lines rep-
resent strong force, and the blue lines represent weaker
forces resulting from first-order scattering. The pattern of
forces at the bottom of the crystal, shown in Fi¢f)8s seen
in the images in Figs. 1 and 2.

Disorder can also explain the appearance of the regions of

large force at angles slightly smaller than 35.3° as seen in G, 8. (Color) Geometric interpretation of the response to a

F?g. 3(c) as scattereq forces arriving _preferentially inside thepoint force in an fcc crystala) In a perfect fcc crystal the force at
triangular pattern will skew the regions of large force to-the top of the pyramid is balanced by a tripdt) At the bottom
wards the inside of the pyramid. To first order, no force ex-layer only three beads support for¢e). One point of disorder along

ists outside of the pyramid. a tripod leg results in a scattering of a small amount of force off the
If at points of disorder the force scatters to beads in planeripod leg. In this case the force is shown being scattered down-
rather than to the plane below, then without additional scatward. (d) This scattered force propagates downward to the bottom

tering the scattered force propagates straight outward to theurface to one of the lines connecting the regions of large foege.

sides of the container. For nonclose-packed systems, iAveraging over all possible points of single downward scattering
which in-plane beads are not in contact, it is also possible foevents, the scattered forces are contained on the faces of the pyra-
the forces to scatter upwards through the pack. This wouldnidal structure(f) The scattered forces arrive at the bottom layer

arranged along the lines connecting the nonscattered forces.
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FIG. 9. (Color) (a) Schematic diagram of an
fcc crystal showing second-order scattering. The
red lines represent large unscattered forces. Blue
lines correspond to first-order scattering, both
downward and in plane, and green lines represent
some of the second-order scattering. Also shown
are the patterns at tH®) top and(c) bottom sur-
faces of a five layer fcc crystal due to second-
order scattering.

# &+ + =+ =+ BB - = + =
SN BN B
BN N B
e 8 @ ( E N Y EIE
. = =

produce a spokelike structure, but the length of the spokepattern of forces at the bottom surface of the crystal where
would be expected to depend on the depth of the pack whicthe effect of second-order scattering is to fill in the triangle
is not seen experimentally. with very weak forces and extend the edges of the triangle
The second-order effect of disorder on the transmission obeyond the vertices. For small amounts of disorder the mag-
forces is depicted in Fig. 9. Figurga@ shows a piece of a nijtude of the forces from second-order scattering is much
three layer fcc crystal. The red lines represent the strongmaller than those previously discussed. Nevertheless, Fig.

the result of first-order scattering with both in plane andbeyond the vertices.

downward scattering shown. The green lines represent some
of the scattering from the scattered forces, or second-order
scattering. Of interest is the scattering from the in-plane
forces. These forces can scatter upwards, downwards, or in The hcp crystals that we studied are also oriented so as to
plane through the pack. Figurél® shows the forces at the consist of stacked planes of triangular order. Unlike the fcc
top surface of a five layer deep fcc crystal, where seconderystals the stacking of the planes is such that every other
order scattering produces a sixfold spoke pattern extendinglane lies directly above the first. The top two layers of an
radially outward from the center after a one-bead gap. Theskcp crystal and fcc crystal are identical, and the force trans-
spokes extend outward to the edge of the system and do notission will be the same. However, the difference in position
depend on the depth of the crystal. Similar experimentabf the beads in the subsequent layers causes the force trans-
spoke patterns are shown in Fig. 7. Figule)%hows the mission to be markedly different. In an hcp crystal there are

C. hcp Geometry
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F tern at the top surface similar to that seen in the fcc crystals.

¢ The expected pattern at the bottom surface is a ring of maxi-
a mum force, whose radius grows with additional layers of
depth at angles of 19.5° and 35.3° for alternating layers. The
solid black line in Fig. 5 shows the expected radius of the
ring as a function of depth based on an average angle of
27.4°. As the depth of the pack increases, the interior of the
ring also fills in. This process occurs even in a perfect hcp
crystal. Disorder has little effect on the pattern of forces on
the bottom surface, but does result in a spoke pattern on the
top surface, as is seen experimentally in Fig. 7.

V. CONCLUSIONS

i We have observed that in the highly ordered regime the
b response to a localized force is greatly dependent on the
structure of the beads within a granular pack. We found dis-
tinctly different responses from fcc crystals and hcp crystals,
both of which behave differently than amorphous packs.
Amorphous packs are found to respond with a large central
peak. Fcc crystals respond with three regions of large force
at the bottom surface, while hcp crystals show rings of maxi-
mum force. These structures can be explained by force bal-
ance in the geometry of the crystal. These findings are con-
sistent with the two-dimensional results of Geng and co-
workers[20,25.

The texture of a granular pack is crucially important for

FIG. 10. Schematic diagrams of a perfect hcp crystalForces  determining the average pattern of stress transmission, as has
cannot be transfered from the top to the third layer without havingbeen suggested by Rajchenbd@6]. The fcc crystal struc-
negative forces, shown as dashed lines. When the weight of thiure, without disorder, leads to a tripod of force chains that is
particles is neglected this pack is unstable without additional supthe dominant feature of the force profiles. Small amounts of
port from the sides(b) lllustration of force being transferred to disorder create secondary structures at the bottom surface
in-plane neighbors. and are responsible for a sixfold spoke pattern of forces at

the top surface. The hcp crystal structure does not allow for
straight line propagation of forces downward through the

not straight lines of beads downward through the pack, s®ack. Even without disorder the forces must split at every
even in a perfect crystal the force cannot be transferred to &Yyer. o o _
single bead and still preserve vector force balance. Further- The splitting of forces within an hcp pack can be viewed
more, the nature of the geometry of the hcp crystal is suct? @nalogy to the force chain splitting model of Bouchaud
that the force on a bead in the second layer received from thigt &l [21]- In a perfect hcp crystal the force splitting is
top bead cannot be transferred to the three beads below. THVEN by the orientations of neighboring grains and is thus
would require a negative forcésee Fig. 10 or adhesion, nearly uniform everywhere, in contrast to the force chain

which is not present in dry granular systems. The result i%)rlggggo r:ol(ijte;:qtg] r;\:\r:jlgrr]n ;in?gglmesg?ﬁglengetﬁt: a?/g\r/: o
that a pack such as that shown in Fig(dQs not stable to an b ges. ' 9

. o . response of the system to multiple splittings is found to have
external force when there is no friction and the weight of the b y P'e Spiting

S L . similarities across these two systems. The force chain split-
individual grains is neglected. If only the weight of the beadsting model has been shown to lead to a central minimum of

is considered then a perfect hcp packing is stable down tgyce 4t the bottom surface in response to a localized force at
five layers after which it develops Fhe same instability. '”_the top for small packing heights, which is consistent with
order to keep the beads from moving there must be addipyr ohservations on hcp crystals of small heights. In two-
tional support. Inside a larger crystal this instability demandgjimensional simulations of force chain splitting with a small
that forces are transmitted to in-plane beads for close-packegkensity of defects the response pattern made a transition to-
crystals and that forces are transmitted upwards for nonclosgvards elasticlike behavior with a broad central peak for
packed crystals. If forces are allowed to be transmitted talepths larger than approximately six mean free paths of the
in-plane neighbors then Fig. () shows the propagation of force [21]. We find that for three-dimensional hcp crystals
forces for a small piece of a perfect hcp crystal in response téarger than approximately ten layers in depth the central
a downwards force at the top. In-plane forces will continueminimum of force fills in leading to a broad central peak
directly to the walls without additional scattering in a perfectresponse. This experimental result in three dimensions with
crystal. First-order scattering will result in a spokelike pat-splitting generated uniformly throughout the pack by contact
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orientations agrees qualitatively with the predictions of thethe beads. Nevertheless, the average response to a localized
force chain splitting model simulations in two dimensionsforce is greatly influenced by this structure.
where randomly placed defects generate the splitting.

Finally, it is important to note that previous experiments ACKNOWLEDGMENTS
have shown that the crystal structure does not afR{¢t), We would like to thank Adam Marshall, Daniel Blair,
the probability distribution of interparticle contact forces Daniel Mueth, and Milica Medved for their assistance with
[12]. We conclude that the fluctuations of forces within athis project. This work was supported by NSF under Grant
single pack are dominated by microscopic details of theNo. cts0090490 and by the MRSEC Program of the NSF
granular pack and are not influenced by the arrangement afnder Grant No. DMR-9808595.
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