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Entropic interactions in suspensions of semiflexible rods: Short-range effects of flexibility
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We compute the entropic interactions between two colloidal spheres immersed in a dilute suspension of
semiflexible rods. Our model treats the semiflexible rod as a bent rod at fixed angle, set by the rod contour and
persistence lengths. The entropic forces arising from this additional rotational degree of freedom are captured
guantitatively by the model, and account for observations at short range in a recent experiment. Global fits to
the interaction potential data suggest the persistence length of the fd virus is about two to three times smaller
than the commonly used value of 2.
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Colloidal dispersions exhibit a fascinating range of equi-lengthL . of the suspended semiflexible rods from interaction
librium and nonequilibrium structures, and they have impor-potential data. Global fitting of the data suggests that the
tant impact on our daily livegl]. The interactions between persistence length of fd virus is two to three times smaller
suspension constituents determines the stability of the dispethan the commonly used value of u2n [12].
sion against flocculation, and the phase behavior of the col- Our model relies on the assumption that if the rods are
loid. Quantitative models and measurements of these integufficiently stiff, they may be accurately approximated by
actions test our basic understanding about these systems, alued rods of lengtl. =L /2, attached together at a fixed angle
enable experimenters to better control suspension behaviors—2a, as shown in Fig. 1. The angke may be estimated
and properties. In this paper we focus on a particular class diy @=cos 'R/L., whereR=((R?))*?is the average end-to-
entropic interaction, exploring the forces between spheres iand distanceR is related tot, andL; by [13]

a suspension of rodlike particles. This system class has pro- 5 T

duced a variety of interesting phagés-4], and has stimu- (R)=2Lclp+2¢ (e e fr—1). 1)
lated several theoretical moddl5—9] and a measurement
[10] of the rod-induced depletion interaction.

The depletion attraction between two spheres immersed i
a dilute suspension of thin rods of length,, was first con-
sidered by Asakara and Oosayil]. Their most important
physical insight was that rods in suspension gain both tran ) ) .
lational and rotational entropy when the sphere surface SS than_the pa_rtlcle diameter, the _ro_tatlonal part c.’f the
come withinL. of one another. Subsequent theories com- epl_etlon_ interaction can be treated within the Derjaguin ap-
puted the attraction more accurately within the Derjaguinprox'mat'on[l]' . .
approximatior{6,7] and beyond5]. However, in many prac- . In the presence of replsive wallsee Fig. ], th_e rota-
tical scenarios the rods are not rigid, and current theories dgpnal degrees of fr'eedom of a pent rod are resricted. Con-
not account for the flexibility of the rods. Indeed, flexibility sider a bent rod W'trl one end displaced dfrom the wall
effects can be important as evidenced by a recent interactiotnd with orientation (§, ¢). The probability of finding a rod
measuremerftL0] of micron diameter spheres in suspensionsin such a configuration is given by the Boltzmann factor:
of the fd virus; in this case systematic deviations betweerf(r,u, ¢)xexg —BU(r,u,¢)], where 8=1/kgT, kg is the
experiment and “rigid-rod” theories were found at short
range, and were suggested to arise as a result of the flexibil-
ity of the fd virus. Flexible or bent rods have an additional
degree of freedom: the rotation about their central axis. As
the spheres get closer, this degree of freedom is depleted, the
system entropy increases, and the sphere interactions become
even more attractive.

However, a quantitative model for this observation is still
lacking, and indeed a complete theory of semiflexible rods
near surfaces remains a difficult task. In this paper, we intro-
duce a simple model to compute the depletion potential be-
tween two spheres in a dilute solution of semiflexible rods.

We use the model to quantitatively explain the experiments FiG. 1. (a) Typical configurations of a semiflexible rod whose
of Ref. [10]. The model accounts for the entropic effects of contour lengthL . is comparable to the persistence length (b)
flexibility at short range, and provides an accurate fit of theour approximation of the semiflexible rod {a); two stiff rods of
measured interaction potentials. The model also provides lengthL attached at a fixed anglé) A bent rod near a flat wall and
means to extract the persistence lengthand the contour (d) confined between two walls.

This approach simplifies the problem, while still capturing

}Ee essential physics. In particular, we show that the part of
the depletion potential associated with new rotational de-
grees of freedom is short ranged, i.e., of the order of the bent
§d width, W=L sina. Importantly, when is significantly
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Boltzmann constant, anflis the temperature. The hard wall 0.5

potentialU, is infinite if any part of the rod touches the wall BAy

and is otherwise zero. We consider the case where the con- PoL0_4_

centration of the rods is sufficiently low so that the thermo-
dynamics are well characterized by the grand potential of an

ideal gas of rods 0.3;

0.0 04 08,12 ne
Q=—NkBTJ d3rfd2uj do f(r,u,é). 2)

FIG. 2. The surface tension of a bent rod in the presence of a flat

. . . plane wall.
HereN is the number of rods. We define the surface tension
by the difference into different regions, whereif; , 6,, 65, and 6, take on dif-
A a-0, ) TJ dsrf dqu do e s ferent values. The new angles are
= = ) e(r.u,
=g Pkl 5] ag) 2At e J Jd-z
©)) 03(z,a)=m7— a—COS TRl (9)

Herep, is the average density of the rods &is the surface d—
area of the wall. To compute the integral in E§), we 04(2,00) = 7 COS - zZ | (10)
enumerate all the configurations of the bent rod just touching ’ 2L cosa
the walls.

Let us first consider a single flat wall, as shown in Fig. 1.If 61<0<6, and 6,<65, ¢ is restricted t0¢,<p<2m
There are three regions to considéil 0<a<m/4, (i) — Pa- If 03<0<64, ¢ is restricted to & p<m— ¢, and
ml4< a<m/3, and(iii) 7/3<a<m/2. Fora<ml4, we ob- Tt Pp<¢p<2m with

<6<
serve that wherd(z,a) <0< 6,(z,«a), for ) L cogm— 6—a)—(d—2) .
L sina sin(7— 0) - (4D

¢p(z,0)=cos !

, (4)

01(z,a)=cos Y| =——
2L cosa . .

When 6,> 65, ¢ is further restricted tep,< p<7— ¢, and
(5) T+ Pp<Pp<2m— ¢, if 63<0<6,. Thus, the depletion po-

tential per wunit area defined byV(d)=Av[d, «a]

the rotation of the rod about its symmetry axis is restricted to~ A Y[, a] is
< Pp<2m— ¢p,, Where

0,(z,a)=a+cos 'z/L,

2
. B - otpcor (6) V(d):—pokBT LCOSa(l_m -I—F(d,a)},
¢ba(z,0)=cos Csinasing cotfcotal. (12)
Using this construction, the surface tension is where
) 1 (Lsin2a 0
BAy(a) Lcosa L Js'”z“ fﬁz , T'(d a):—J dzJ désing ¢.(z,6; @)
o 2 +ﬁ . dx 01d05m6¢a(x,0), 7)o 6, a
(7) 1 ’ ’
o ——j dzj dosing ¢,(z,6;a)
wherex=z/L. Similarly, for w/2>a> /4, we have ™
. l ’ ’
Ay(a) Lcosa L (sin2x 0 ; .
BAY(a@) _ b dxf 2 40 5in 0(x. 6) —;j dzJ dosing ¢y(z,6;a). (13)
Po 2 27 0 01
L (1 0, Here’ indicates integrations over phase space restricted to
+ > dxf » dosinfo,(x,0). the allowed values. Figure 3 depicts the depletion potential
Tlsin2a  Ja-cos between two walls for differentr. At large distances the

(8) potential is determined by the “end-to-end” distariRef the
rod. At short distances the rotational degree of freedom be-
In Fig. 2, we plotA y(«) as a function ofa. Note that the comes important and increases the attraction between walls.
limiting  values, Ay(0)=3pokgTL and Ay(w/2)  The potential is bounded below by the potential of a straight
=2poksTL, agree with previous resulfg4]. rod with length 2. Although our calculation has been done
We now turn to the calculation for two wallsee Fig. 1 for two walls, we expect the same qualitative features to hold
Since the rods are stiff and is small in the experiment of for two spheres.
interest, we focus on the case wherel 7w/4. For a given Note thatV(d) can be written as a sum of 2 pieces. The
separation of the walld, we divide the interval 8.z<d/2  first term is the depletion potential of straight rod with
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0.0 ]
a ] ~ 0.0
F S 3 écn
] 3
—1.0 - 1 R; —0 5
BV(dyn ] ] '*qg: )
Pol Bent Rod with at= = 5 2
—2.0 — bBentRodwith o= 3 c 10F 4P e R=900 nm, YJM model ]
---- Straight Rod R=2Lcosa ] 2 - -~ R=740 nm, YJM-KP model
S Straight Rod R=2L E g — R=740 nm, Bent Rod model
—3.0f" ] E 158 ]
0.0 3 . . ,
kb ] 0.0 0.2 0.4 0.6 0.8
- ] Separation (um)
-1.0F 3
BV(din ] FIG. 4. Interaction potential between a pair of L@ silica
poL - spheres in a suspension of the fd virus with concentration
20 Bent Rod with o= 3 0.67 mg/ml. The dotteddashed lines are generated by the YJM
) - - Straiht Rod R—2Lzosoc ] model with R=L,=900 nm ®R=740 nm; L,=900 nm). The
‘gh R R_ L 3 solid lines are generated by E(l4) with R=740 nm andL,
S Straight Rod R=2 ] =900 nm. Clearly, the agreement of experimental data and our
-30F . . A E model which includes the addition rotational degree of freedom of a
0.0 0.5 1.0 1.5 2.0 bent rod is excellent. The dash-dotted vertical line indicatés

hiL =0.23um.

FIG. 3. The depletion interactiovi(d) [Eq. (12)] between two

planar walls(the_ solid curve mediated by a bent rod of conto_ur 1.0 um diameter silica particle in a dilute (0.67 mg/ml)
lengthL=2L with (8) @=7/7 and(b) /5. The dashed curve is sg|ytion of the fd virus. The theory curves are computed with
the depletion interaction of a straight rod wifk=2L cosa. At no free parameters and are then numerically blurred to ac-
large distances, they show little difference but the restriction on the. nt for the instrument's spatial resolutiésee Ref[10]).
additional degree of freedom at shorter distances gives rise to élearly, our model gives the best fit to the experimental data.

stronger attraction i (d), which is bounded below by the poten- In particular. both YIM and YIM-KP models. while havin
tial of a straight rod oR=2L (the dotted ling This is qualitatively P ' ' 9

the effect observed in the experiment of Réf0] (see also Fig. %

length R=2L cosa [14]. The second term depends only on
the additional rotational degree of freedom of the bent rod.
Moreover, the range df(d, «) is of the order of the width of
the bent rod W=L sine, which is small compared to the
sphere radius in Ref10]. These observations suggest that to
approximate the depletion potential for two spheres, the lat-
ter term may be treated in the Derjaguin approximation,
while the first term replaced by the YJM rigid-rod modg].
Thus, we write

S AU R T A B A8 AT

0.46 mg/ml

BU(h)=—poaR?

h a| = (=
K(R’R)_’_szh dXF(X,a) s
(14

Interaction Potential, U/kgT

wherea is the sphere radius artheir closest surface sepa-
ration.K(h/R;a/R) is the potential between two spheres due
to a straight rod of lengtR, which reduces to the Derjaguin
expressiorK p(h/R) = (/6)(1—h/R)% in the limit a/R>1
[5].

Figure 4 displays a typical experimental data set of Ref.
[10] with three different models(i) the YIJM model(dotted ' '
line), whose potential is given by the first term in E44) 0.0 02 S 04 0.6 0.8
with R=900 nm, the contour length of fdii) the YIM-KP eparation (um)

model (dashed ling whose potential is given by the first  FiG. 5. Interaction potential between pairs @j 1.0 xm and
term in Eq. (14) with R=740 nm; and(iii) the bent rod (b) 1.6 um silica spheres in a suspension of the fd virus with
model (solid line), Us(h) in Eq. (14) with R=740 nm and different concentration. The solid lines are generated by([E4),
L.=900 nm. The circles are experimental data for awith best fit parameters that give smallgét
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approximately the right magnitude and shape, fail to accountlynamic light scattering data with theoretical models
for the overall curvatures of the experimental curve. Further[17,1§, whose assumptions may well be questioned in the
while the YIM-KP model agrees with most of the data atlight of our results. Indeed, smaller values @f have also

largeh, our model clearly accounts for the depth of the meaneen reported based on dynamic structure factor models of

sured potential near contact. o semiflexible filamentg19], and using electron microscopy
In order to explore the best fits more quantitatively, we[2q).
2 . .
computed the® value of our models for all data sets with In summary, we have presented a simple analytical model

ranging from 720—825 nm arld; =880, 900, and 920 nm. If ¢4 the depletion interaction between two spheres mediated
a;‘l?(ed concentratioimeasured experimentallys assumed, .y semiflexible rods, and demonstrated its quantitative
X°is sr_nall_est forR=780 nm an_d__c=_920 nm. If the con- agreement with experimental data. Our theoretical model
centration is allowed to vary within it 5% experimental  compined with interaction measurements provides a basis for

2 - —
error, theny” is smallest forR=740 nm and..=900 nm.  axiracting the persistence length of a semiflexible rod.
Figure 5 shows best fits for each concentration. Note that the

width W~200 nm is smaller than the radius of the colloidal
spheres. This justifiea posteriorithe Derjaguin approxima-
tion made in Eq(14). Furthermore, we can estimaftg using
Eg. (1) and the values foR and L. above, yielding€, We thank R.D. Kamien, Tom Lubensky, C.M. Marques,
=850 nm(fixed concentrationand €,=680 nm(variable and Fyl Pincus for valuable discussions. A.W.C.L. is particu-
concentration Our results forL. of fd are consistent with larly grateful to K. Yaman for sharing his insights. This work
the literature, i.e., 850 nmL.<920 nm [15]. However, is supported by the NIH Grant No. HL67286, and partially
our values for¢, should be contrasted to the often-quotedsupported by the NSF through Grant No. DMR-0203378 and
valuet,=2.2 um[16,17. The latter is based on a fitting of the MRSEC Grant No. DMR 00-79909.
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