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Complexes of semiflexible polyelectrolytes and charged spheres as models
for salt-modulated nucleosomal structures
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We investigate the complexation behavior between a semiflexible charged polymer and an oppositely
charged sphere with parameters appropriate for the DNA-histone system. We determine the ground state of a
simple free energy expressiowhich includes electrostatic interactions on a linear l[emeimerically and use
symmetry arguments to divide the obtained DNA configuration into broad classes, thereby obtaining global
phase diagrams. We pay specific attention to the effects of salt concentration, DNA length variation, DNA
charge renormalization, and externally applied force on the obtained complex structures.
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[. INTRODUCTION on the problem of a single PE adsorbing on a single sphere.
The same problem in a very different context is encoun-
Complexes formed between charged polymers and oppdered with biological complexes formed between DNA, a
sitely charged spheres are a common pattern in chemistriather stiff, strongly negatively charged biopolymer, and hi-
physics, and biology. Electrostatic attraction between thé&tone proteins, which are basic globular proteins with a di-
sphere and the polyelectroly®E) leads to more or less ameter of roughly 10 nm. In the biological context, DNA-
tightly wrapped polymer conformations. The most importanthiStone complexation serves to package DNA in a very
question is how the polymer conformation depends on th&fficient way, making it possible to store the roughim of
various system parameters such as charge of the sphere dfgnan DNA in a cell nucleus of a few micrometers in diam-

polyelectrolyte, polymer length and sphere diameter, and saﬁt‘?r[g_la' It is now known tha.t the DNA wraps roughly
concentration of the surrounding medium. twice around each histone protein, forming the so-called nu-

Typical examples include the wrapping of synthetic PEScleosomes. In the chromatin structure these nucleosomes are

around charged micelldd, 2], charged plastic beads], or arrayed like beads on a string and form various types of

dendrimerg4]. One int " licati f h struct higher-order structures depending on the outer conditions.
endnmerg4]. Une intéresting application of such struc ureSBy certain procedures, to be discussed below, the DNA can

is the fabrication of hollow polymeric shells, which are o o+ petween the nucleosomes, while leaving the histone
formed on the basis of multilayer adsorption of charged, yteins and the structure of the adsorbed DNA strand intact.
polymers on oppositely charged colloidal particl&s5]. Of  \assive amounts of information is available on the behavior
particular importance in these applications is the phenomas these nucleosomal particles, which have been studied pri-
enon of overcharging, i.e., in each polymer adsorption cyclenarily to understand the behavior of the DNA organization
more PE adsorbs than is necessary to neutralize the substrajg the lowest hierarchical level. The advantage of such sys-
charge, making the formation of charge-oscillatingtems for the theoretical modeling is that the DNA can be
multilayer adsorption possible. In recent investigations, itprepared in an almost monodisperse manner, making com-
was found that very small gold particlésith particle diam-  parison with theoretical results meaningful.
eters down to 10 nincan be successfully coated only at  Hybrid systems consisting of DNA adsorbed to small
finite, nonzero salt concentratiofig 8]. On the other hand, it positively charged latex particlgsl6] or dendrimers[17]
was found that the complexation of PE with charged micellehave also been studied and hold promising potential for
only occurs below a certain salt concentratidj. Taken gene-technological applications.
together, these results indicate that PE-sphere complexation On the theoretical side, the adsorption of PEs on charged
is observed for intermediate salt concentration only, an obspheres was studied in a number of previous publications for
servation that triggered part of the current investigations rerather flexible polymers using variational and self-consistent
ported in this paper. methodq3,18—-2(, where the adsorbed chain forms a rather
In many experiments and applications, one is considerintjomogeneous charge distribution and mean-field-like ap-
complexation phenomena in solution, where a dynamicaproximations can be used. A different approach employs the
equilibrium between complexed and uncomplexed constitufact that if a polymer with a persistence larger than the
ents is present. Owing to the typical broad polydispersity ofsphere radius adsorbs, the polymer density distribution is
synthetic polymers, there will be some spectrum of differentather inhomogeneous artifl the adsorption energy is large
configurations consisting of one or more spheres bound to anough fluctuations around the optimal path of the polymer
single polymer. On the other hand, especially for syntheticare weak, making a ground state analysis quite useful
charged colloidal spheres in the micrometer range, more thar21—-24. Such studies predict a wrapping transition between
one polymer will be typically adsorbed. In this paper wea state where the polymer is tightly wrapped around the
exclude those more complicated structures and concentragphere and a state where the adsorption energy is not large
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enough to overcome the bending rigidigyhich, in general, Before we describe our model and results, we give a brief
contains mechanic and electrostatic contributjon§ the  introduction into the biological background and the impor-
polymer. Of particular interest is the effective charge of thetance of DNA-histone structures, the extended list of refer-
complex, since it was realized a few years ago that typicallynces might serve as a good starting point for further reading
more polymer adsorbs on a charged spheg:25-28, cyl- and investigation. A physicist not interested in the biological
inder[29,30, or plane[31] than is necessary to neutralize the context can skip this section.
charged object. Such calculations can be performed without
salt ions or counterionf25,26,30Q, in which case the over-
charging is of energetic nature, or in the presence of counte-
rions. In the latter case overcharging can be very large and is The length of DNA in eukaryotic cells ranges from 5 mm
obtained already on the lineafDebye-Hickel) level in yeast to ovel m in humans to several meters in some
[23,31,3Q in the presence of salt, though nonlinear effectsplants[45]. The nucleus of the cell, which contains all of the
associated with counterion release dominate the behavior f@ell's DNA, has a diameter of a few micrometers, calling for
highly charged objects at low salt concentratig2®9,2g.  some very efficient method of compacting the DNA. This
Monte Carlo studies of the complexation behavior of poly-packing strategy in fact consists of several hierarchical levels
electrolytes and charged micelles have been performed fand involves the negatively charged DNA and basic proteins
various chain models and for different subsets of parametetalled histones the resultant multicomponent structure is
values[32-36. called chromatin On the highest organization level of chro-
For chromatin, i.e., the structure formed by adsorbingmatin one finds the chromosomal structure, which is realized
many positively charged histone proteins on a single DNAonly during cell division. On the lowest level, DNA is
molecule, a number of different theoretical models have beewrapped roughly twice around a histone core consisting of
proposed. One class of models tries to understand the strugight proteins, a structural unit calleducleosome The
ture of chromatin by treating the geometry of a single nu-length of DNA in the nucleosomal unit varies in length be-
cleosome as a parametric input, characterized by a few pdween 165 BRyeas} and 240 BP(sea urchin sperin The
rameters such as entry and exit ang[@—41. Other length of DNA in a single nucleosome is only a small frac-
models concentrate on the electrostatic interactions betwedion of the total length of a typical chromosomal DNA mol-
the charged spherésr histonesand equilibrate the structure ecule, so this pattern is repeated many times along the entire
of a single sphere/PE compl¢#2,43. length of the DNA. This structural model is corroborated by
In this paper we report calculations of the ground state oflirect physical evidence, such as x-ray diffractie¥6,47,
a single semiflexible polyelectrolyte of finite length which is electron micrography48,49, and scanning force micros-
in contact with an oppositely charged sphere in the presendgopy [50-52. On the next-higher level of organization,
of salt. Polymer form fluctuations away from the groundthese nucleosomal particles can at intermediate salt concen-
state are neglected, which is an acceptable approximation férations spontaneously fold into a condensed fiber of 30 nm
rather stiff or highly charged polymers. We specifically con-diameter.
sider parameters appropriate for the DNA-histone system, The proteins that form the histone core are terrigA,
approximating the histone as a uniformly charged, impenH2B, H3, andH4. A pair of each of the four protein types
etrable, and solid sphere and the DNA as a uniformlyis present in the histone octamer, which resembles a disk of
charged semiflexible polymer. A brief report of some of ourdiameter 11 nm and thickness 8 nm. The mass of the core
results had been published previougfi4]. As one of our histones ranges from about 11 kd to 21 kd and the number of
main results, we demonstrate that it is possible to classify thamino acid residues in each of the eight subunits ranges from
complexation behavior by two symmetries, namely, a two-102 to 135. A large fraction of amino acids are basic, leading
fold rotational symmetry and a mirror symmetry, which canto a substantial positive charge, as we will discuss in more
be broken independently. Based on the order parameters co@letail later on. Although the core histones differ in sequence
nected with these symmetries, we obtain the global phastiey have in common a subdivision of the tertiary structure
diagrams as a function of the sphere charge and the sdh three regions. The first region exhibits a folding pattern,
concentration. We also consider the case of no salt, in whiclwhich is common for all four histones. The second region is
case(since a finite-sized object does not bind its countejionsunique for each histone and the third region is a labile ter-
charges interact via pure Coulomb potentials. We treat theéinus varying in length between 13 and 42 residues in dif-
screening due to added salt on the linéBebye-Hickel)  ferent histone$53]. The first region forms the center of the
level. Nonlinear effects associated with counterion bindingbctamer. The third region has the highest distance from the
release are treated using a simple charge-renormalizatiorenter and is believed to be responsible for interactions with
scheme in Sec. V. Most of our results are obtained for a DNADNA and influence transcriptiofiL3]. HistonesH3 andH4
polymer consisting of 146 base pai(BP), which corre- form a central tetramer to which binds a dimétZA-H2B)
sponds to the length of DNA in the so-called nucleosomabn each sid¢47,54).
core particles, in Sec. VI we investigate systematically length A striking biochemical property of chromatin is its re-
effects on the wrapping phenomena. In Sec. VIl we considesponse to nuclease digestion. Free DNA can be cleaved at
the effects of an externally applied stretching force on theany of its phosphodiester bonds, which are the repeat units of
DNA-histone complex structure. Details of the numericalthe backbone of DNA, by, e.g., deoxyribonucleag®Nase
discretization methods are found in the appendixes. I) or micrococcal nucleaséMNase [45]. After initial nu-

DNA-histone complexation: Biological background

011918-2



COMPLEXES OF SEMIFLEXIBLE POLYELECTROLYTE. .. PHYSICAL REVIEW E 66, 011918 (2002

clease attack of chromatin, gel electrophoresis patterns reveelose to another regulatory factor site, which for free DNA
clearly defined chromatin fragments which contain multipleswould be 200 base pairs aw@{3], thereby propelling tran-
of a base unit consisting of 165-240 BP, i.e., multiples ofscriptive cooperation. Nucleosomes are thus not just feature-
nucleosomedq10,45. Thus, the chromatin structure was less inducers of DNA compaction, they are in fact biochemi-
shown to suppress nuclease reactions over connectexlly active complexes.
stretches of about 200 base pairs, and it was concluded on The DNA that is wrapped around the histone core pre-
this basis even before direct structural evidence was avaikerves its helical structure. However, the helical periodicity
able that DNA in chromatin is organized into repetitive unitsis slightly changed. Whereas free DNA has a periodicity of
within which packing hinders access of nuclease. about 10.5 base pairs per turn, DNA that is complexed with

In the course of continued nuclease digestion, intermedithe histone core has an average helical periodicity of 10.2
ate structures of greater stability with respect to nucleasease pairs per turn. This change has been observed through
activity are generated. More extensive nuclease digestion rerarious experimental method47,57,58. For the consider-
leases individual nucleosomésonsisting of a single histone ations throughout this work it is only important to note that
octamer with DNA wrapped aroupdand further digestion the overall structure of the DNA is not altered much during
produces so-callegdhromatosomeswhich contain the his- complexation.
tone octamer with=165 BP of DNA wrapped around, plus It is commonly believed that part of the biologically sig-
an additional proteirH1 (or its variantH5) attached to it. nificant properties of chromatin can be understood in terms
The picture that emerges is that chromatin consists of chroef the properties of the nucleosomal structures, which form
matosomes, which are relatively nuclease resistant, and the basis and motivation for a host of different experiments
variable amount of so-called linker DNA, which is readily performed, which we briefly describe now.
digested by nucleases and connects the chromatoddres In the first class of experiments chromatin or subunits

Further digestion of chromatosomes leads to the so-callethereof are subjected to external mechanical stress to test for
nucleosomal core particleJhis is a chromatosome that has stress-strain relations and possible disruption of samples.
lost the histone proteill1 (or its variantH5) and ten base These experiments reveal the forces that stabilize the DNA-
pairs from each end of the DNALL]. It is a rather stable histone complex and give insight into the interaction in-
structure consisting of the histone octamer plus 146 baseolved between DNA and the histone core. In these experi-
pairs of DNA wrapped aroundd1 extraction leaves the re- ments, force vs extension curves are established that reveal
maining chromatin structure otherwise intact, which suggeststructural changes of the nucleosof68—-61. As one of the
that H1 sits on the surface of the chromatosome. Whereagnportant results, it was found that the stretching response is
chromatosomes can differ via differertl protein types or markedly different in low and high salt concentration envi-
arrangements, the nucleosomal core particle is highly conronment, being rather continuous at low salt concentrations,
served in evolution and equal for all eukaryotic c¢#6,47.  while exhibiting an abrupt transition at a characteristic pla-
It is also easily prepared and well defined in content andeau force at high salt concentratidr&9].
structure, it has therefore been the subject of most physical The second class of experiments comprises investigations
and chemical studies of the chromatin structure. Accordinglypf the stability of the nucleosomal core particle in solution
in most of this paper, we will concentrate on nucleosomalupon changes in core particle concentration, temperature, salt
core particles. concentration, opH of the solvent. These experiments can

It is now understood that chromatin serves at least twdde compared to similar experiments done with synthetic ma-
purposes; the compaction of DNA, but also the regulation oterials of which the nature of the interaction is known. Ex-
DNA repair, transcription, and replicatigil,12. If a eu- periments involving changes @fH and temperature of the
karyotic gene becomes transcriptionally active, the structurgolvent render interpretation of the obtained data difficult
of the chromatin in the neighborhood undergoes structurdl62—65. For example, changes pH modify the charge of
changes, e.g., repositioning of nucleosomes or loosening dhe different ingredients simultaneously and temperature
folds in order to accommodate transcription factgmoteins  changes not only modify the interaction between the ingre-
that initiate the transcription procesand RNA polymerase dients but also lead to denaturation of proteins and the heli-
[14,55. As a matter of fact, the presence of bound histonecal DNA structure. A huge number of experiments were de-
octamers on the DNA does not necessarily inhibit transcripvoted to investigations of the influence of the salt
tion. The mechanism by which the polymerase is able taoncentration on the nucleosomal core particle stability. Dif-
transcribe through nucleosome-covered DNA is not fully un-ferent methods have been employed, among them sedimen-
derstood, but probably involves a transient loosening of théation studiegd66—69, flow birefringence[70,71], neutron
nucleosomal DNA structure and possibly also minor confor-scattering[72], fluorescencd 73—79, electrophoresi$80],
mational changes within the histone octamer in order to acx-ray scattering81], and osmometry82,83. Some of these
commodate the transcribing polymerd&®]. Transcription results have been summarizgg¥] and the following main
can be inhibited, for example, if the nucleosome “sits” on points are interesting for our present investigations: At low
the promoter sité€the mark that signals the beginning of a salt concentrations, several transitions have been found. One
meaningful sequence of base paio the DNA, thereby in-  transition has been found at about 1 mM NacCl concentration,
hibiting transcription factors or promoters to access the sitewhich has been agreed upon in the literatiir@—74,78.
On the other hand, transcription can be potentiated by posHowever, different experimental techniques led to different
tioning the nucleosome such that the promoter site comesonclusions about its origin. Monitoring the DNA and his-
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tone core simultaneously showed that this transition involveslemonstrate by some explicit examples. The total number of
structural changes in both ingredients of the core particlelysine and arginine amino acids in a particular complete
which can be inhibited by cross linkinge., gluing together  histone octamer is 21®], which results from 13 lysine and
the histone octamdi68], thereby indicating that the transi- 12 arginine residues inl2A, 20 lysine and 8 arginine resi-
tion is connected with an expansion of the core histones andues inH2B, 12 lysine and 18 arginine residuesH8, and
simultaneous DNA unfolding. In contrast, neutron scatteringll lysine and 14 arginine residueshi®#. However there are
experiments led to the conclusion that only DNA unfolding also negatively charged amino aci@spartate or glutamate

is involved at this transition, leaving the core particle un-in the histones, namely 9 iH2A, 10 inH2B, 11 inH3, and
changed72]. Some authors suggest a second transition ovey in H5. Finally, the number of acetylation sites are one in
a somewhat wider range at slightly higher salt concentratiopy2A four in H2B, four in H3, and 4 inH4, and the number
[68,70.. A third transition, found to be at extremely low salt 4f hhosphorylation sites are onef2A andH2B each, two
concentration, 0.2 mM NaCl, is irreversible and involves dis-j,, H3, and one inH4. This brings the total number of

sociation of the histone core and DNA6,78. At high salt  charges down to less than half, i.e., 106 net positive charges.
concentrations, the situation is somewhat similar to the lowgyen this number might be too large, since fit¢ value of

salt regime. For increasing salt concentration one first enyginine is 12.0 and that of lysine is 10, both bases are rather
counters a change of the structure of the histone core pafyeak and complete dissociation is unlikely due to repulsion
ticle. This transition is located in t_he range betweeri_\/D.S between neighboring positive charges and due to image
and 0.781 by most authors and involves changes in thecharge effects. Likewise, it was found that trypsination,
DNA conformation[67,77,8Q. The integrity of the histone \hich cleaves the highly positively charged histone tails off
core has been either monitored by fluqre_scence measurpm the histone proteins, leaves the overall shape of the
ments or has been enfo.rced by cross I|nk|.ng. the histoneg,ctamer core and of the nucleosomal structure i@t

Above a salt concentration of 0.vf dissociation of the We should also mention that in many studies the DNA-
(H2A-H2B) dimers from the K13-H4), tetramer, dissocia- histone complexes have been reconstituted, which allows to
tion of the oligomers themselves, and dissociation of 9“90'study complexes consisting of DNA much longer than occur-
mers from DNA have been observgd7,79,84. The main  ing in natural nucleosomal core particlg88]. The length
effect, however, is the desorption of the DNA from the his-gependence of histone-DNA complex stability is therefore of
tone core, meaning that the nucleosomal structure is onlgyperimental interest and will also be studied in this paper.
stable for intermediate salt concentrations. The strong depen- gesides the histone proteins, there are many other
salt concentration of the solvent suggests an electrostatic offgnction supposedly is to produce DNA bendii@9,90. The

gin of the predoml_nant interactions, because eIectrqstatlgending of the DNA is in these cases produced by proteins
forces are strongly influenced by the presence of mobile coyjith a positive charge much smaller than the histone proteins

ions and counterions, which are introduced in the systemnq can also be addressed in our general model.
through salt. These observations motivated the present

model, which treats electrostatic interactions as the primary
driving force behind the complexation between DNA and
histone core. Designing a simple model that can explain the salt- and
The last class of experiments covers chemical modificacharge-dependent behavior of nucleosomal core particles re-
tions of the histones or DNA sequence. These experimentguires a number of approximations concerning the structure
can give an insight into the specificity of interactions andof the DNA, the histone octamer, and their interactions. Our
allow for precise alterations of, e.g., the core histone chargestrategy is to formulate the simplest possible model which
The most prominent modifications are acetylation and phoseaptures the characteristic features responsible for the salt-
phorylation of amino acid residues of the histones, i.e., neudependent nucleosomal core structures. In the following we
tralization of a positive charge or addition of a negativespecify the various approximations and their justification.
charge, respectively. The significance of these manipulations We describe the nucleosomal DNA by a semiflexible
lies in the fact that these modifications are also foimdivo  negatively charged polymer of length[91,92. In the most
and can influence the cell cycle as well as transcription angart of this paper we deal with nucleosomal core particles
modification of the DNA[13,85,88. In the context of pos- consisting of DNA with 146 BP of length 0.34 nm each,
sible charge interactions between DNA and histones, thedeading to a total DNA length af =49.6 nm; in Sec. VI we
modifications are interesting, because acetylation has an invary the DNA strand length over a wide range in order to
pact on the charge of the basic residues and may account forvestigate length effects on the stability of DNA-protein
gene activation or silencing by simple tightening or loosen-complexes. The stiffness of the DNA contains charge-
ing of folds around histone cores. The change of charge bindependent and charge-dependent contributions. The former
acetylation at different stages of the cell cycle in systéms are due to the energy associated with the deformation of
vivo [86] provides additional support for the assumption of hydrogen bonds that stabilize the double helical geometry of
predominant electrostatic interactions between histones ardNA and are incorporated by using a semiflexible polymer
DNA. It also means that in modeling DNA-histone electro- model with a mechanical bending stiffness. The latter stem
statics, it is a good idea to keep the histone charge as faom the fact that the negatively charged monomers of the
parameter that is varied in a broad range, as we will nonDNA tend to maximize their mutual distance and thus prefer

Il. MODEL
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an extended configuration. This electrostatic contribution deassume that no sequence specific binding effects between
creases with increasing salt concentration of the solution anblistone and DNA are present. These effects have been re-
vanishes at the hypothetical limit of infinite salt concentra-ported for some special synthetically produced DNA se-
tion [93,94. The salt-independent mechanical persistencgluences, and manifest themselves through nucleosomal po-
length of DNA is therefore the infinite salt limit of the total Sitioning on the histone octamgt04]. In contrast, naturally
persistence length, which has experimentally been detefccurring DNA strands do not exhibit significant sequence
mined asl,=30 nm [95-97. A discussion of different effects[105]. o S
methods to determine the persistence length of DNA is found W|th all these restrictions and simplifications |n.m|nd, let

in [92]. We take into account the electrostatic contribution toUS introduce our model. The free energy for a given DNA
the persistence length by explicitly including the electrostaticconfiguration of internal length, parametrized by the space
self-energy of DNA conformations; we therefore accuratelycurver(s) and in units ofkgT, reads

include the scale dependence of the electrostatic contribution It ()R]

on the persistence lengf8], which is particularly impor- Fe I—Odes'r'z(s)— lgZ7 de‘_e

tant in our case since the scale of benditige histone diam- 2Jo 1+xRJo ~  |r(s)

eten becomes of the order of or even smaller than the screen-

ing length. Since the ends of the DNA are free to rotate, twist L (L e Are=rs)

degrees of freedom of the DNA are neglected. Any twist- +|B7'2j0 dSJ; ds’m’ @

bend coupling would modify the effective mechanical persis-

tence length. Since we adapt th? persistence length from fihere we implicitly assume that the DNA molecule is inex-
periment, these effects are implicitly included.

The histone octamer is approximated as a rigid sphere densible, |_.e.]r(s)|= 1.The flrsf[ term describes the mec_hanl-
radiusRy=4 nm. This is of course only a very rough ap- cal bending energy, proport.|.onal to the bare persistence
proximation of the real structure, which is not a perfectlengthly, where the curvature(s) is given by the second
sphere and also possesses a very rough surface with specifierivative ofr(s) with respect to the internal coordinate s.
binding sites for the DNA. Also, any conformational changesThe second term describes the electrostatic attraction be-
of the histone octamer, which do occur for extremely low ortween the sphere and the DNA06]. The charge of the
high salt concentration, are neglected. The DNA is modelegphere in units of the elementary chamgé denoted byZ
as a polymer with a radius of 1 nm. In the actual calculationand the linear charge density of the DNk units of e) is
we fix the minimal distance between the sphere center andenoted byr. The strength of electrostatic interactions com-
the DNA monomer centers to l&=5 nm, which is the sum pared to thermal energy is measured by the Bjerrum length
of histone and DNA radii. lg=e€?/4meeokgT, Which is the distance at which two el-

The electrostatic interactions between charges on thementary charges interact with thermal energy; at room tem-
DNA with each other and the sphere are described by Debyeperature in water/g~0.7 nm. A key ingredient of the
Huckel (DH) potentials that neglect non-linear effe¢ssich ~ Debye-Hickel theory is the screening of electrostatic inter-
as counterion condensation or counterion release, for whichctions, which is quantified by !, the so-called Debye-
one would need to use the full nonlinear Poisson-Boltzmanittckel screening length. It measures the distance beyond
(PB) theory[99—-101]]. The main reason for this approxima- which the interaction between two charges is exponentially
tion is that the calculation of the optimal DNA configuration damped. For a monovalent salt one finds=8lgc, where
within the PB approach is at present numerically not feasible is the salt concentration. At VL concentration in water,
[102]. For large salt concentrations, the DH approximationi.e., at physiological conditions, one has!~1 nm. The
becomes valid, as has been shown by calculating the electrthird term describes the electrostatic repulsion between
static contribution to the bending rigidity of a charged cylin- charges on the DNA. We therefore have two terms that tend
der[100,101. The effect of counterion condensation for low to straighten the DNA, namely, the mechanic bending energy
salt concentration will be investigated in Sec. V on an ap-and the electrostatic repulsion between DNA monomers. The
proximate level, where we present results taking the charg®rmer is salt independent, whereas the latter looses impor-
renormalization of the DNA into account. The main messageance with increasing salt concentration. These repulsions are
will be that the phase diagrams are modified, but the generddalanced by the DNA-sphere electrostatic attraction, which
trends are preserved. The presence of water is introducddvors bending of the DNA in order to wrap it around the
through a dielectric constant & 80) which is homogeneous sphere, but also gets weaker for increasing salt concentration.
throughout the system. Image charge effects are neglected. Intranspires that salt will determine the DNA structures in a
addition, in our model, the interactions between charges omather complicated way, as will be demonstrated by our nu-
the DNA are not influenced by the presence of the region omerical results.
excluded salt introduced by the sphere. As was shown on the The DH potentials used in Eql) neglect nonlinear ef-
Debye-Huckel level, this effect modifies the interactions at fects. For highly charged cylinders in salt solutions, such as
most by a factor of 2103]. We also neglect the presence of DNA, Manning introduced an approximation scheme to the
additional nonelectrostatic interactions, such as van defull nonlinear problem. This approximation is based upon the
Waals forces and hydrogen bonds, since experiments hawsncept of the so-called Manning transition, which occurs at
shown that electrostatic interactions are the driving force fom threshold linear charge density ef =1/¢(5 and above
the salt-induced transition we are interestefi@d|. Also, we  which a certain fraction of counterions stays bound to the
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charged cylinder even in the limit of infinite dilution. From For accuracy tests of the discretization, the reader is referred
this result, Manning argues that i#f>1/g, a sufficient to Appendix B.
amount of counterions is condensed in a dense layer around

the cylinder, such as to renormalize the effective line charge Ill. ORDER PARAMETERS
to the threshold value* =1/g. A cylinder with this effec- ) ] ) )

theory[99]. It can be shown that the radius around the cyl-SPhere charg& and screening lengtk ~* can be classified
inder, beyond which the effective charge picture holds, ca®y tWo space symmetries, namely, the mirror symmetry and
be very largg 107]. However, the Manning argument serves & twofold. rotational symmetry. Elther of these symmetries
well as an upper limit for nonlinear effects. It consists of c@n be either broken or conserved independently, giving a
replacing the bare charge densityof the cylinder byr* total of fqur d|§t|nct configurations. To gnamblguously detect
=1/ if 7>1/g and treating the remaining problem using the Conflguratlonal symmetry, ‘we define two order param-
the Debye-Hukel theory. We follow this recipe in Sec. V. eters, which measure the rotational symmetry around an axis
However, as we will discuss in more detail in that section,2nd the mirror symmetry. The rotational symmetry is quan-
the Manning procedure becomes unreliable both at vergified by

small salt concentrations and at large salt concentrations

[100,101. We therefore use in the main part of this paper _ r(0)?=r(L)? @)
Debye-Hickel potentials with the full DNA line charge K L2 '

=2/0.34 nm, corresponding to the maximal degree of disso-

ciation of DNA. This quantity vanishes if an axis through the origin can be

In analyzing the model defined by Ed) we take advan- found, around which the DNA has twofold rotational sym-
tage of the short length of the DNA strafid most calcula- metry. In general;=0 not necessarily implies twofold ro-
tions of the order of 50 nincompared to the persistence tational symmetry but in the set of minimal configurations
length, which is at least 30 nm. We therefore neglect fluctuafound for Eq.(1) it does, as we explicitly checked.
tions and undulation force$23] between DNA and the The mirror symmetry is broken if the DNA is a nonplanar
sphere and apply a ground state analysis to the model. Thibree-dimensional space cur¢excluding special structures
consists of finding the configuration of DNA that minimizes which are nonplanar but conserve mirror symmgetWe re-

Eq. (1) with the constraintgr(s)|=1 (no stretching and  call some basic notion_s of the differential geometry of space
|r(s)|=R (impenetrability of sphede In the discussion sec- Curves; for more details, see, e.f110]. Consider a space
tion we will critically discuss this approximation and elabo- curver(s) with |r(s)|=1, where|r(s)| is the curvature. For
rate on how fluctuations come into play and will modify our nonvanishing curvature, every point on the curve is accom-
results. panied by a tripod of unit vectors, which are

Analytical minimization of Eq.(1) is difficult in three )
dimensions. Even in two dimensions, no closed-form expres- r(s)

F(s)|’

sion for the minimum configuration can be given. Previously

we considered a perturbative solution for infinitely long

DNA and studied some features, such as complexation berhe vectorT is the unit tangential vector i(s). The vector
havior and generic shapes for different salt concentration§ points fromr(s) to the center of the circle which approxi-
[23]. In the present work we minimize the functional equa-mates the curve atup to second order exactly. The center of

tion (1) numerically by discretizing the chain of length . . . . . )
usingN rigid subunits, where the number of our subunits has:[hls circle isr(s) +|r(s)|N, andB is the unit vector perpen

no relation with the physical monomers of the DNA chain.dic_UIar toT and N It i_S thl'_ls per.pendicular t_o the p_lane in
Each subunit, the lengths of which are not necessarily iden/hich the approximative circle lies. The projection fon
tical, is characterized by a vector and minimization is therB is called torsion,w(s)=N-B. If w(s)=0 for all s, the
performed in the configuration space of all subunit anglesgurve is a two-dimensional object and lies in the plane of
where the integrals in the electrostatic part of the free energgnirror symmetry. It therefore is mirror symmetric with re-
are replaced by sums over subunits. The presence of tigpect to this plane. If it is three dimensional, the mirror sym-
constraints due to the impenetrability of the sphere render thenetry is(for the typical configuration that we obtainelio-
solution of the problem even numerically highly involved. In ken and there is as for which w(s)#0. We therefore use
our numerical minimization we have used #BRTRAN NAG  the quantity

routine E04UCF[108], which is designed to find constrained

minima of functions for up to several hundred variables _Ef"d 4
[109]. The routine checks for local minima and finds the 7L 0 sw(s) @)
global minimum. In the case of coexisting minima, further

checks for global minima must be done explicitly. The as an order parameter for the mirror symmetry.

resulting optimum variables are then processed for a With the aid of these two order parameters we distinguish
systematic analysis. We found a discretization with 200four different symmetry classes which are defined and visu-
connecting vectors(401 variables to optimally balance alized in Fig. 1. In statéor phasg I, the complex exhibits
accuracy requirements and computer power limitationstwofold rotational symmetry around the axis connecting the

T=r(s), N B=TXxN. 3
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Phase| 7 o |feature

1 | =0/| #0 | wrapped I S~ ”( %
.
A Y

II | #0 | #0 | 3D asymmetric LS &
] v

I | #0 | =0 |2D asymmetric C\ /\

IV | =0 | =0 | expanded

FIG. 1. Characterization of four different symmetry states by the
two independent symmetries of twofold rotatiGcharacterized by Z =40
the order parameten) and mirror reflection(characterized by the
order parameter). —_— = e e 5 = ]

Z-axis

DNA midpoint and the sphere center. This state always oc- |
curs when the DNA is maximally wrapped around the |

sphere. In state Il both symmetries are broken, and in state |
[ll only the rotational symmetry is broken while the mirror |

symmetry is still intact. Phases Il and lll are intermediate |
and in the phase diagrams occur between the wrapped state | |

and the expanded state IV, in which both symmetries are

intact. All four symmetry states occur in the phase diagrams | |
and therefore allow straightforward and global classification Z =62

of the complexation behavior. [ |

IV. PHASE BEHAVIOR OF NUCLEOSOMAL
CORE PARTICLES

We now turn to our results of the numerical minimization
of Eq. (1). In this section, we use the full nominal line charge
of DNA, 7=2/0.34 nm, and therefore neglect counterion
condensation effects, which will be discussed in Sec. V. We
also confine our analysis for the moment to a DNA strand of
lengthL=50 nm corresponding to 146 base pairs as indeed |
found in nucleosomal core particles, length dependent effects
will be investigated in Sec. VI. We first display real space |
DNA configurations for vanishing salt concentration at vary-
ing sphere charge and after that for varying salt concentra- |
tion at a few fixed sphere charges. This serves as an illustra-
tion of how we deduce the generic phase behavior of DNA- [
sphere complexes from DNA conformation sequences and
order parameter profiles. Thereafter, we present the global FIG. 2. DNA configurations as obtained by numerical minimi-
behavior of the complex in a globally valid phase diagram. zation of Eq.(1) for vanishing salt concentration, i.e., pure Cou-
lomb interactions, full DNA charger=2/0.34 nm, and a chain
length of L=50 nm. Dashed frames indicate coexisting configura-
tions which have equal energy for one value of the sphere clzarge

In Fig. 2 we show the DNA configuration, as obtained by
minimizing the free energy functional E¢), for a selected self-repulsion of the DNAwith a total charge of 7=292)
set of sphere charges in the case of vanishing salt concentrdeminates the energy contributions and the arms show a very
tion, i.e.,k=0, that is, all charges interact via pure Coulombweak deflection, see Fig. 2. The configuration still exhibits
interactions. It is to be noted that indeed for very small saltwofold rotational and mirror symmetry. FdZ=40, both
concentrations, counterion condensation can be neglecteymmetries are still present, but the larger attraction of the
(since a finite length charged cylinder cannot bind its counsphere leads to an increased deflection of the DNA arms and
terions at infinite dilution and therefore the free energy ex- a larger DNA section which touches the sphere, within which
pression Eq(1) becomes exact in that limit. For any nonzero the radius of curvature of the DNA equals the sphere radius.
sphere charge the DNA bends to some degree around thdotice that at larger distances from the sphere, the DNA
sphere, i.e., even an infinitesimally small sphere chargarms bend away from the sphere. This humplike configura-
breaks the continuous rotation symmetry of the DNA aroundion is characteristic for low salt concentrations and has been
its long axis. For example, for a sphere chargeZef5, the initially predicted by analytic perturbation theofyee Fig. 2

A. No salt
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of Ref. [23]). At Z=62, the expanded configuration with
rotational and mirror symmetryy=0 ando=0 (phase |V,
coexists with a configuration in which both rotational and
mirror symmetries are brokemy#0 and o#0 (phase ).
This value of the sphere charge is therefore the locus of a
discontinuous transition between states IV and Il. It is re-
markable that at salt-free conditions both symmetries are si-
multaneously broken and, as we will see later on, salt is
needed to decouple them. The configurationZer100 ex-
emplifies the configuration for intermediate sphere charges:
the attraction between DNA and the sphere overcomes
gradually the self-repulsion of the DNA, and the extending
DNA arm is continuously pulled onto the sphere surface. At
Z=133, rotational symmetry is restored. The three-
dimensional (3D) asymmetric configuratiorfone arm ex-
tended, state Jland the state I, in which the DNA is fully
wrapped around the sphere, coexist. With a total DNA charge
of 7L =292 this results in an overcharging of the sphere, o
leading to an effective charge @f— 7L = — 159 of the com- c) F = -6465

plex. For even higher sphere charge ttn 133 the DNA

conformation changes very little and remains fully adsorbed front back
on the sphere. Our results are in agreement with the sequence

of phases and the overcharging initially predicted by Matee-

scuet al.[25] in the salt-free case for a flexible chain model

using analytic and simulation techniqu@s that respect, see

also the more refined models studied subsequdrBy)). d)

Gurovich and Sen§l9] studied the adsorption behavior of F=-6470

gﬁ;' rzlg d vsvsr?gpés Cuhs?r:%egq egﬂl}f/g?jcirhoéﬁtg/s ar?g ﬁr?gp:r?'toe\% - FIG. 3. Different locally stable configurations for a DNA strand
charging of the sphere by a factor of 1.5 of the originaIOf_IengthL_5O. ';m ‘? a sphet:_e of r?hargﬁzzor? and zero salt,f
sphere charge. We find a factor of £p292—133)/133, «=0. (a A straight chain touching the sphere has an energy o

s o . . ~=—23786 in units okgT as compared to a straight chain at infinity.
which is surprisingly close given the fact that the chain mod b) Metastable configuration with an energy which is 0.14% higher

els used are very different and we are in a situation wher h f th q . M bl p
-field theory is not expected to be valid at all. The goo an the energy of the groun State(d)'.(c) etastable configu-
mean ' ation with an energy which is 0.08% higher than the ground state

agreement between a host of different models and APPrOXEnergy.(d) Ground state.
mations shows that the overall features of the resulting
polymer-sphere complex are rather robust and generic.

In Fig. 3 we show different locally stable configurations at
a sphere charge &f=200 in the absence of screening. The
straight-DNA configuration in(@) is included as a reference
state, the energy of this state=—3786 in units ofkgT,
according to Eq.(1), is obtained by subtracting the self-
energy of the straight DNA configuration. Note that the
metastable configuration ift) has twofold rotational sym-
metry and no mirror symmetry, like the ground state depictecg
in (d), symmetry class |, and differs by onlyjkgT from the
ground state energy. On the other hand, the configurdtipon
breaks the rotational symmetry but has mirror symmetry, an(g

shows a three-dimensional structuftiis symmetry class k=0.4 nm !, the repulsion has weakened to an extent that

was not included in our classification scheme since it Wag o arms are deflected by an angle=e45° from the straight
never found to be the ground stati is of yet higher energy configuration. The bending radius of the DNA is everywhere

than _state(c). It transpires that the simple system Cons."s“nglfarger than the sphere radius. This behavior, which occurs for

of a line adsorbing on a sphere shows a number of differen . .
L srpall enough sphere charges, was predicted by analytical

structures and states, and it is clear that one has to take gredl - lations [23. For higher salt concentration

care not to miss one of the different states which might be-:0 82 L thé deﬂectiong angle reaches a maximl,Jl;‘n of

come the ground state for a restricted range of parameters.wgoo, Fig. 4d). Note that the screening length is ten times

smaller than the sphere diameter, such that the ends of the

DNA do not interact with each other. Still, the configuration
In Fig. 4 we show configurations for a DNA strand of preserves rotational and mirror symmetry, although the de-

lengthL=50 nm and fixed sphere charge=5 for inverse flection is rather high. Increasing the salt concentration fur-

back

back

screening lengths ranging fror=0 nm ! to k=2 nm L.

This value of sphere charge might be relevant to a class of
proteins that bind electrostatically to DNA and perform regu-
latory functions via induced bending of the DNI89], as we

will comment on at the end of this part. In Fig(a# the
Coulomb interaction caséo sal} is shown, which is the
same configuration as shown previously in Fig. 2. The arms
f the DNA are almost straight, because the strong repulsion
etween them is only slightly disturbed by the attracting po-
tential of the sphere. In Fig.(8) the screening length is
qual to the diameter of the sphere. Still, the arms bend only
lightly more towards the sphere. At inverse screening length

B. Salt dependence
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a O nm-1

side

0.40 nm-1 0.82 nm-1
i ‘ top o top
0.10 nm-1 4 4 ‘
b) — c) - d) -
" side y

0

0.90 nm-1 2.0 nm-1 E

N

"‘ top

FIG. 4. Configurations for a DNA strand of length=50 nm as obtained by numerical minimization of E). for fixed sphere charge
Z=5 and various salt concentrations. Bars on lower right indicate the respective screening (excgps when infinite All configurations
are rotationally symmetric around tzeaxis and mirror symmetric with respect to the paper plane.Zldes for side views is indicateda)

No salt. Very weak deflection of DNA armgb) xk=0.1 nm ! (0.9 mM for monovalent salt the screening length equals the sphere
diameter(c) k=0.4 nm ! (15 mM for monovalent salf the arms of the DNA are deflected by approximatel§5° and the DNA touches
the sphere only at one poirtd) xk=0.82 nm* (63 mM for monovalent salf the arms are maximally deflected by90° and the DNA
consists of a segment which touches the sphere and two almost straight(@rms=0.9 nm* (76 mM for monovalent salt the
configuration is similar tdc). (f) k=2 nm* (0.38 M for monovalent salt the configuration is similar t¢a).

e) f)

ther, as shown in Fig.(4) for k=0.9 nm !, leads to a de- The behavior becomes more complex as the sphere charge
crease of deflection. The electrostatic attraction of the spheré high enough to induce symmetry transitions of the com-
is more and more screened and the mechanical persistenpx. In Fig. 5 we show a series of DNA configurations ob-
starts to dominate the behavior of the system. In Ff), &ve  tained for a fixed sphere chargé=20 and for inverse
show the configuration fot=2 nm 2. The mechanical per- screening lengths ranging from=0 nm *t0 0.7 nm*. In
sistence of the DNA overwhelms the electrostatic interactiorFig. 5@ the pure Coulomb case with no added salt is shown.
completely. The top views of some of the configurationsThe deflection of the DNA arms is intermediate between the
show that mirror symmetry is never broken. It is interestingconfigurations forZ=5 andZ=40 shown in Fig. 2. As the

to note that configuratioib) is similar to configuratior(fy ~ salt concentration is increased from=0 to «

and configuratior(c) is similar to configuratiorfe). For low ~ =0.15 nm %, the deflection of the DNA arms increases con-
enough sphere charge, therefore, a certain configuration cdimuously, similar to the casgé=5 discussed in Fig. 4. In

be produced by two distinct values of the salt concentrationbetweenx=0.15 nm ! and k=0.16 nm* a continuous

As a main result, we note that in order to obtain maximaltransition occurs, at which the twofold rotational symmetry
bending of the DNA, the screening length has to be almosis being broken. The two configurations (in) show that the

ten times smaller than the sphere diameter. Naively, oneechanism of this transition involves the growth of the
would expect the optimal balance between electrostatitength of one of the arms at the expense of the length of the
bending energy and electrostatic attraction energy to be reabther arm, a process that clearly diminishes the electrostatic
ized when the screening length equals the sphere diameteggpulsion between the two deflected arms. Upon increase of
and on the scaling level, i.e., neglecting prefactors of ordesalt concentration, going frortb) to (c), the length of the
unity, this is indeed borne out by our explicit calculations.longer arm keeps increasing, while the shorter arm wraps
Looking more closely, the deviation from the naive expecta-around the sphere. In betweer=0.30 nm! and «

tion can be quite relevant when strong bending of charged=0.31 nm'! the mirror symmetry is continuously broken.
polymers around small spherical objects is the goal. Coming'he configuration ak=0.30 nni'%, (c), clearly shows that
back to the biological application alluded to in the beginningin the planar configuration the shorter arm gets very close to
of this section, it transpires that a maximal bending of thethe longer arm, and the breaking of the mirror symmetry, i.e.,
DNA can be achieved with a charge on a spherical protein athe escape to the third dimension, can be viewed as a means
low as five elementary chargésand only if the salt concen- to minimize the electrostatic repulsion between the short and
tration is adjusted For our specific system parameters, thethe long arms, at the expense of increased mechanic bending
maximal bending indeed occurs at a salt concentration closegidity. As « is increased further, the extended arm is more
to physiological conditions, which sheds some light on howand more pulled onto the sphere, as show(dinA slightly
rather weakly charged proteins can induce large bends odiscontinuous transition between states Il and | takes place at
DNA with the aid of a screening environmei@9]. k=0.624 nm?!, the two configurations in(d) at «
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a) b)

0 nm-1 0.16 nm-1

& - 8- _&-

(¢} d
) ) 0.34nm-1 yo4nm1  o06nm1  0.7nm-
G side side
_—

side

0.30 nm-1 0.31 nm-1 b Q

bottom

bottom

FIG. 5. Configurations for a DNA strand of length=50 nm as obtained by numerical minimization of E). for fixed sphere charge

Z=20 and various salt concentrations. Bars on lower right indicate the respective screening(kxathswhen infinite (a) No added salt,
x=0, the configuration shows rotational and mirror symmeny.Configurations ak=0.15 nm'* (2.1 mM for monovalent saltand at
k=0.16 nm! (2.4 mM for monovalent salt in between of which a continuous breaking of the rotational symmetry occurs. Mirror
symmetry is conserved, as the top views sh@y.Configurations ak=0.30 nm! (8.5 mM for monovalent sgltand atk=0.31 nm*
(9.1 mM for monovalent saltin between the mirror symmetry is continuously broké.Intermediate configurations a=0.34 nm*
(10.9 mM for monovalent salt k=0.4 nm* (15.1 mM for monovalent saltand xk=0.6 nn* (34.1 mM for monovalent salt The
discontinuous transition from the 3D asymmetiisymmetry class )l to the wrapped configuratioriclass ) takes place atx
=0.624 nm? (36.9 mM for monovalent salt

=0.6 nm! andxk=0.7 nm ! demonstrate that this transi- without screening is shown, identical to the Configuration
tion consists merely of the one short extending arm beinglready displayed in Fig. 2. The DNA shows twofold rota-
adsorbed onto the sphere, thereby restoring the twofold rotdional symmetry around theaxis and mirror symmetry. The
tional symmetry. pronounced Coulomb repulsion between DNA segments
The behavior is qualitatively similar at a higher spherebends the two arms away from the sphere. This behavior is
charge ofZ=40, for which we show a selection of signifi- generic for sphere charges that odor some range of salt
cant configurations in Fig. 6. Ita) the pure Coulombic case concentrationsinduce symmetry transitions and screening

side
side

onm-1 0.08 nm-1

e -—e¢ -0 o

0.13 nm-1 0.14 nm-1 0.418 nm-1 10.6 nm-1
l /,! bottom !!! bottom O /‘—T
c) — d) — e) - f) l

FIG. 6. Configurations for a DNA strand of length=50 nm as obtained by numerical minimization of Ed). for fixed sphere charge
Z=40 and various salt concentrations. Bars on lower right indicate the respective screening(kxmghswhen infinite (a) No added salt,
x=0, the resulting configuration shows rotational symmetry and mirror symntbjmt «=0.08 nm ! (0.6 mM for monovalent salthe
rotational symmetry is discontinuously broken and both the structures shown coexist. The DNA is still mirror symmetric as demonstrated by
the top and bottom views. At=0.13 nm! (1.6 mM for monovalent saltthe mirror symmetry is continuously brokeft) Shows the
mirror symmetric configuration right at the transitiqd) shows the mirror asymmetric configuration at a slightly elevated salt concentration
k=0.14 nm1. (e) At k=0.418 nm! (16.6 mM for monovalent saltthe rotational symmetry is restored in a weakly discontinuous
transition, as witnessed by the two coexisting structures which are rather sifhil@oexistence between fully wrapped and expanded
conformation atc=10.6 nnT! (10.6 M for monovalent salt
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lengths larger or roughly similar to the sphere diameter, i.e., o ' ' ' ' ' ' n
for 2R<« 1. At a slightly elevated salt concentration, Fig. 001k IV /’I'I‘I ~ I

6(b), the rotational symmetry is discontinuously broken, in ' \ 108
contrast to the sphere char@e=20, where this transition 0.008- |

was found to be continuous. The expanded configuration, to I \\—> 102
the left, coexists with a configuration where one arm is 0.006+ ' N

wrapped around the sphere while the other extends straight [ @) ~ 0.1
away from the sphere, to the right. From the top and bottom  0.004r | , \\

views of the complex it can be seen that mirror symmetry is i * ~_ _lo

preserved. Atk=0.13 nm ! this mirror symmetry is con- 0.002-

tinuously broken, similarly to the casé=20. Figure €c) 0 , <_ ) ) ) ’
shows the mirror symmetric configuration at the transition, 0 01 02 03 04 05 06 07

Fig. 6(d) shows the mirror asymmetric configuration at a x [nm™]

slightly elevated salt concentratiar=0.14 nm'*. It is seen
that the wrapped DNA arm moves out of the plane of sym- FIG. 7. Rotational order parametgr(dashed lingand torsional

metry. In the salt concentration range between order parameter (solid line) for fixed sphere charg&=20 for
=0.13 nm! andk=0.42 nm! the free arm of the DNA different salt concentrations. The icons represent all different sym-

is continuously drawn towards the sphere, but no symmetr Stry statest, _fm";'gﬁ ‘0_[;9“": exﬁ?n%e[?%o’ ‘7:?5 Clai% W,

change takes place. A=0.42 nm ! the rotational symme- " O.aiiin;;n?) ”\fvg . dg(;_bc aS::O'D’(:Iassa)sy':'nhrre]ei:rg%gtion, t?e-

try is restored in a weakly discontinuous transition. The two’ ™’ ’ P —o I "

coexisting structures shown in Fig(eb are rather similar tween _phase_s IV and III_as well as t_h_e transition between phases _III
and Il is continuous, while the transition between phases Il and | is

and correspond to a more or less fully wrapped state. In th cakly di :

. 1 y Iscontinuous.
salt concentration range between=0.42 nm - and «

— -1 i ti
=106 nm the DNA s tightly wrapped around the sphere. states Ill and 1l can now be clearly discerned, while the

At x=10.6 nn * a strongly discontinuous transition occurs character of the transition between states Il and | is un-
in which the DNA completely dewraps from the sphere. Fig- hanged

ure gf) shows the two coexisting states. The dewrapped stat®
at high salt concentration is markedly different from the state
at low salt concentration shown in Fig(&: There is only
one short region of nonzero bending of the DNA connecting  After demonstrating the benefit of the two order param-
two basically straight arms. This sequence of complexatiorters, we can use them together with energy considerations to
structures demonstrates one of our main results, namely, thekplore the global phase diagram of the system. We summa-
the wrapped DNA conformation is only stable for intermedi-rize our results for a DNA length df =50 nm in the phase

ate salt concentrations, explaining a large set of experimentaliagram presented in Fig. 9. In Fig(e® we show the tran-

C. Phase diagram—global aspects

results for nucleosomal core particlg]. sition from the wrapped statep=0, o#0, class ) to the
In Fig. 7 we show foiZ=20 how the order parametefs 3D asymmetric staterf#0, o#0, class I) without exhibit-
(broken line, right axisando (solid line, left axig reflect the  ing transitions between states I, lll, and 1V, which we denote

symmetry transitions of the configurations depicted in Fig. Sindiscriminatingly asinwrappedn the phase diagram. In the
For very small salt concentrations, both order parameterabsence of saltx=0, this transition occurs & =133, see
vanish, the complex is fully symmetric. Ai~0.15 nm'!,  Fig. 2. In agreement with experimeri@4], complexation is
the continuous phase transition to the rotationally asymmet-

ric configuration manifests itself through a continuous in- - = I n
crease of the order parametgrto a finite value. The con-

Y
: . . v s I
tinuous breaking of the mirror symmetry at=0.30 nnit 0.008 (‘_\__\’\J 03
. , N
appears as a continuous but very steep growih @fhich at 01008 < . 0.2

this scale appears discontinuous but on a smaller scale can be

shown to be continuolisAt k=0.624 nm* the rotational 0.004 T~ 0.1
symmetry is restored, which is indicated by the discontinu- C\‘\‘ e
ous vanishing ofp. As is expected for systems of several 0.002 i —--3o0
order parameters, transitions énhave an impact omy and o =
vice versa. 0 0.1

. . 0 0.1 0.2 0.3 0.4 0.5

The behavior of the order parameters Zor 40 shown in —
K

Fig. 8 is rather similar to the cage=20 and corresponds to
the sequence of real space DNA configurations shown in Fig. g g. Rotational order parameter(dashed lingand torsional

6. The major difference from the results f6r=20 is that at  order parameter (solid line) for fixed sphere charg&=40 for
xk=0.08 nm'', the phase transition to the 2D asymmetric different salt concentrations. In contrast to the results in Fig. 7, the
configuration is now discontinuous, which manifests itselftransition between phases IV and Iil is now discontinuous while the
through a jump of the order parameterto a finite value. transition between phases Il and Il is still continuous. The transi-
The continuous character of the transition between symmetron between phases Il and | is weakly discontinuous.
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150 9(a), and also with experimental results for the complexation
1 wrapped a) of polyelectrolytes with charged micelld®]. Figure gb)
n=0 shows an enlarged view of the low-+egion including all
100 | %0 symmetry-breaking transitions. The bottom line denotes the
transition from the expanded state€0, c=0; phase IV
to the 2D asymmetric statepf 0, o=0; phase Il). This
transition is continuous belo&= 34 (denoted by gray colgr
and discontinuousdenoted by black colgrabove, the tric-
ritical point is denoted by a square. The middle line is the
0 doe unwrapped transition between the 2D asymmetric statgA0, o=0;
0 2 4 ; 6 8 10 phase Il) and the 3D asymmetric statey¢ 0, o+ 0; phase
& [Ani] I); it is continuous and terminates at a critical end point
(denoted by a triang)eat a sphere chargé=55. Between
wrapped 6} Z=55 andZ=62.5 there is a direct, discontinuous transition
60 9 =0 between the expanded;&0, o=0; phase IV and the 3D
asymmetric state##0, o#0; phase Il. The upper line in
Fig. 9b) is the same line drawn in Fig(&. The three phase
transitions do not meet, even at high salt concentrations. The
true histone charge is not known precisely, as discussed in
detail in the Introduction, besides, our calculations neglect
counterion condensation on the sphere. The value of the
sphere charge in our calculation can thus be viewed as a
phenomenological parameter which is only indirectly related
to the nominal histone charge. For=12, we predict a fully
wrapped complex for a range of salt concentrations between
FIG. 9. Phase diagram for a DNA strand of length 50 nm as 4 mM and 900 mM, close to experimental values for the
a function of sphere chargé and inverse screening length (@ pNA-histone release threshold84]. The nominal histone
The solid line indicates the transition'from the wrapped state ( charge is certainly higher than 12 unit charges, but it is cer-
=0, 00, phase)ito the 3D asymmetric statey“0, o#0, phase 4y tempting (though fraught with danggrto use this
II). The dotted line is a local-energy-balance argument for thi alue as the effective histone charge within our model. We
wrapping transition, valid for large salt concentrations. The min_imalWiII come back to this value when we analyze the plalteau
sphere charge to wrap the DNAZs=10 and occurs at a screening stretching force for histone dissolution, which has recently

length k"*~1 nm, roughly corresponding to physiological salt . . . L
condition.(b) Detail of phase diagram for smad|, featuring all four been determined experimentally. The broken lines in Fig. 9

different phases. Discontinuo(sontinuous transitions are denoted d€Note lines of constant complexation energy &b and

by black(gray) solid lines. The dashed lines {a) and(b) indicate 10kgT. The Complexatlon. energy is defined as the difference

a complexation energy oflgT and 1KkgT (see text of the free energy Eq.l) in the ground state and the refer-
ence state consisting of the straight DNA strand touching the

. : : vsvphere, as, for example, shown in Figa)31t is seen that the
most pronounced at intermediate salt concentrations. For lo . ;
complexation free energy is much larger thiggil except

salt concentration, the strong DNA-DNA repulsion prevents

complexation, for high salt screening it weakens the DNA—}[/he;{ tﬁlgfniatltl) tir:]ed:C'%Z'Zag;[’v\r’\gapiﬁ'ngcgnar;;t'r?g' IZQEZ ds?:\f{\;]se
sphere attraction sufficiently so that the mechanical bendin y ppIng 9

resistance induces dewrapping. The minimal sphere charﬂéaIn part of the phase diagram, except at very low histone

to wrap the DNA,Z~10, is obtained forc *~1 nm (c oncentrations.
~0.1M for monovalent salt corresponding to physiological

conditions. Since the total charge on the DNA is about 300,

the complex is strongly overcharged for @2 300, i.e., in In the following, we give numerical details of the analysis
the whole region of the state | shown in the phase diagranthat led to the phase diagram shown above. A reader not
The dotted line is the high-salt prediction for the wrappinginterested in some of these subtleties can skip this section
transition obtained from locally balancing the various termswithout loss of overall understanding. We start by examining
in the free energy, Eq), namely, the bending energy per the transition at which the rotational symmetry is broken
unit length,Fpen= o/2R?, and the electrostatic attraction per (phase IV/phase ) This symmetry transition starts at van-
unit length in the limitkR>1, F=1gZ7/xR?, leading to ishing salt,x=0, at a sphere charge @f= 62, for increasing
Z,a=loxl2 g7 [23]. Note that the repulsion between DNA salt concentration the transition value of the sphere charge
segments, i.e., the electrostatic contribution to the bendindecreases steeply until it reaches a minimuniZats, «
energy, can be neglected for large enough salt concentra=0.7 nm %, beyond which it increases slightly, see Fig. 9.
tions. This prediction agrees well with our numerical resultsAs is already clear from the behavior of the order parameter
for large salt concentration, as can be seen from how thelots, Figs. 7 and 8, this transition exhibits a tricritical point
numerical resultgsolid line) approach the dotted line in Fig. at a sphere chargé= 34, at which the transition changes

50 -

80

40 A

20 -

D. Phase diagrams—details
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Z=10
04 . QR‘ : : : : D
n
031 e, i,
. ‘n ‘.f. a
02| i l
a) ;
041} :
O [secssercesscsscrcossasce # Q
-0.1 s
0 0.25 0.5 FIG. 11. Discretization effects induce discontinuous configura-
xnm] tional changes. Energetically unfavorable DNA configuratitmp)
Z=30 vs favorable DNA configuratiofbottom with arms at distanceRR
0.4 - and equidistant charges at spaciag DNA charges denoted by
n T small filled circles.
03 | *n
02 | The study of this symmetry transition is made compli-
b) cated by the fact that discretization effects distort the results
01 | . we expect to find for a continuous system. We shall therefore
) comment on the methods used to extrapolate our results for
R - (necessarily discrete systems to the continuum limit. The
key to understanding the discretization effects of the order
01 0 01 0.2 parameteryn, which become more pronounced for higher
x[nm ] sphere charge and which lead to the horizontal steps that can
7-34 be seen in Figs. 193) and 10(b_), lies in the self-interaction
0.4 . of the DNA. Breaking the rotational symmetry can be under-
n - stood as a sliding of the DNA along the sphere, see, for
03! *n example, Fig. B). This leads to an interdigitation effect be-
tween DNA legs, which results from the discretized charge
02} distribution along the polymer, as is demonstrated in Fig. 11.
) If two parallel rods with equally spaced charges at distance
0.1} are at distanceRR from each other other, but can slide colat-
erally, they will prefer a conformation where the distance
o between opposite charges is nd® dut V4R?+a?/4. This
01 ‘ . introduces an energy barrier for every sliding of the DNA
o 0.05 0.1 0.15 arms along each other and introduces a discrete sliding step
xfnm™) of width a. Since the legs of the DNA come closer to each

FIG. 10. Breaking of rotational symmetry. Every point denotes
the order parameter valug for an equilibrium DNA configuration
for a strand of length. =50 nm of Eq.(1) for fixed sphere charge
and varying salt concentration. All configurations exhibit mirror
symmetry @=0). (8 At Z=10 and«=0.261 nm'%, % continu-
ously assumes positive valugb) At Z=30 and«=0.11 nm'},

assumes positive values continuously but stedpeAt Z=34 and . iy ! -
x=0.105 nnT, 7 jumps to the almost maximal value of the order NUMber of discretization points will show a sequence of

parameter, indicating the presence of a tricritical point at a slightiySmall but finite steps. In discriminating continuous from dis-
smaller value of the sphere charge. Discretization effects manifegtontinuous transitions, i.e., in locating the tricritical point,
themselves via formation of small, discrete stépme texk

other at increasing sphere chaikgé Figs. 4 and Bthe effect
gets more pronounced &sincreases. Introduction of a dis-
crete sliding stef_/N results in a step width of the order
parameter ofA =~ 1/N. This explains the steps that are seen
in Figs. 1@a,b. We conclude that only for a chain with in-
finitely many discretization points will a continuous transi-

tion look really continuous, whereas the chain with a finite

this has to be taken into consideration. On the other hand, a
genuinely discontinuous transition, as shown in Fig(cl,0
jumps from a symmetric to a highly asymmetric state in one

from being continuous to being discontinuous. In Figs.step. No intermediate states can be generated, and discreti-
10(a)—10(c), we show the behavior of the order parameter atzation effects play no role.

different fixed sphere charges and varying inverse screening We stress that we are extrapolating our results for a dis-
length. At sphere charges beldw= 34 the transition is con-
tinuous. The variation of; with « gets more and more steep ation of discretization effectsee Appendix B It should be
as Z increases, as is obvious from Figs.(4d0and 1Qb).

crete model to the continuum limit, by a careful consider-

clear that of course all charged polymers and DNA, in par-

Above Z=34 the transition is strongly discontinuous, dem-ticular, do indeed exhibit discrete charge distributions, and
onstrated in Fig. 1@). therefore the effects we see with our discrete model do re-
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o 2 chargeZz=40, which is the same data as already shown in
0.008 | FERRRE Fig. 8. In Fig. 12b) we show the same order parameter at a
-G : smaller scale, where the continudissit nonanalytit behav-
0.006 | . ior at the transition is clearly demonstrated. This transition is
. not distorted by discretization effects, because the arm that
0.004 . breaks the symmetry moves perpendicular to oscillations of
0.002 | the potential generated by the discrete charges on the DNA,
. see Figs. &) and &d). Technically, this fact manifests itself
0 esoesacnnsans through the absence of any metastable states. To establish the
order of the transition precisely, we generate a sequence of
-0.002 - 02 two-dimensional reference configurations, which satisfy the
constrainto=0 exactly. The energy difference between the
optimal configuration, which breaks the mirror symmetry,
o 0.0007 and the reference configuration, which satisfies mirror sym-
AF metry, is denoted b F and plotted in Fig. 1@) close to the
0.0041 1 0.0005 transition. The energy differencAF can be fitted with a
quadratic function, while the order parameter can be fitted
with a square root function, as one would expect for a stan-
0.002 1 0.0003 dard continuous transition within a mean-field description.
This establishes that the transition between symmetry classes
0 | 1 0.0001 Il and Il is indeed a continuous one.
The precise location of all three transition lines that are
[ e T 10 present at large salt concentratiof/Ill, I/, and II/1 )
-0.002 . . . : -0.0001 can only be determined for 0 nm<«<3 nm !, because
0.13 0.1302 0.1304 0.1306 0.1308 0.131 . S . . . .
1 the numerical minimization becomes increasingly difficult at
®[nm™’] high salt concentrations due to the strong screening of elec-

trostatic interactions. For higl, the energies of different

FIG. 12. Behavior of the mirror symmetry order parameten fi . | ith h |
the vicinity of the continuous phase transition from state Il to stateCONTigurations are very close. Although we cannot resolve

Il at a sphere charg€=40 for a DNA strand of lengthL the three transition linedV/III, 11I/1l, and I/ ), which get
=50 nm.(a) Every dot denotes the value ofat the global mini- ~ Very close at high salt, we still can give the point of inter-
mum of Eq.(1) as a function of<. Smaller dots are obtained for section between the phase I¥xpandeyl solution and the
smaller step width £x=10"* nm™?) in a sweep of the salt con- phase [(wrapped solution. This transition is of first order. In
centration. Intermediate points can be generated at will. The transFig. 13 we show the energies of the symmetry states | and IV
tion is continuous(b) Comparison of the energy of the ground state for Z=40 andZ=70. As one can see, the energies cross with
configuration with a configuration that is constrained in a plane. They finite angle, indicative of a discontinuous transition. As
energy difference behaves a"QFN(Kjl"cZ)' as denoted by the eyxplained before, this high salt transition can be obtained by
broken line, WhereKC.:O.13O.486 nm-. Positive AF indicates balancing the mechanical bending energy per unit length,
that the 3D asymmetric state is favorable. For the order parameter Fueni=lo/2R, and the local electrostatic DNA-sphere attrac-
we find o~/ — «;, solid line. tion, Fa=—Z7g/«R?, leading to the prediction for the
transition value of the inverse screening length,,,,

_ =2Z7lglly. FOr Z=40, kypp=10.9 nm* and forZ=70,
flect a property of real systems. .Howev_er, .the Ipcauon owarap: 19.2 nm %, which is quite close to the values seen in
DNA charges with respect to the histoehich itself is only  the numerical minimization. Taking into consideration the
approximately described by a spheis by far not clear. nymerical error in calculating the bending rigiditsee Ap-
Furthermore, the charges are not attached to the central |”1§‘endix B and deviations from the tightly wrapped configu-

of the DNA but at the phosphodiester backbone. This leadg,tion in the numerical investigation, since parts of the DNA
to different discretization patterns than in our model. Wegngs are released, the agreement is very good.

therefore decided to concentrate on the continuum model as
the limiting case of our discrete calculations. Nevertheless,
as our investigations show, shape transitions that are pre-
dicted to be of second-order in the continuous limit can be In the preceding section we neglected any nonlinear ef-
transformed into first-order transitions as the discreteness décts pertaining to the coion and counterion distributions
the charge distributions becomes pronounced. around the sphere and DNA and treated all electrostatic in-
We now examine the transition from symmetry class Il toteractions on the linearized Debye-tke! level. The purpose
class Il, i.e., the breaking of the mirror symmetry, the middleof this section is to show to what extent the results change, if
line in Fig. 9b). The breaking of the mirror symmetry is a we include the effects of Manning condensation by renor-
second-order transition. In Fig. & we present the order malizing the DNA charge. We therefore repeated the numeri-
parameter behavior close to the transition for fixed sphereal analysis of the phase diagram with a renormalized linear

V. RENORMALIZED DNA CHARGE
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100
a)
-1 _’rife_regci___,_____——— wrapped a)
F - _.ex—panded
v
15|
wrapped
I Z=40
) . ,
10.4 10.6 10.8 1
K [nm'1]
b) K [nm'1]
F 30 : :
b)
0o ) wrapped
reference o5 (“ n=8 7
—_—— — q \ C#
1 - expanded | z \ \ - |
v 5
Z=70
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FIG. 13. Dewrapping transition for a DNA strand of lendth 10 s — s s
o [ o2 0.4 0.6 08 1

=50 nm at highk for Z=40 (a) andZ=70 (b). The energy of the 2Ry 3
equilibrium configurations vs inverse screening lengtfs shown. i [om
Evgry dot denotes an equilib.rated.configuration Whigh is not neces- FIG. 14. Phase diagram for a DNA strand of length
sarily the ground state configuration. Lines are guides to the eye.
The energy in the expanded stgte IS _Iess sensitive mrle_lt_lons function of sphere charge Z and inverse screening lergth) The
than in the Wrapp_ed state. The discontinuous phas_e transm_on OCCULSjiq line indicates the boundary of the wrapped stae 0,0+ 0;
wherg the energies cross. The reference state is a stralght Chaﬂﬁase J. The minimal sphere charge to wrap the DNA occurs at
touching the sphere at half length and is added for comparison. x~1~0.5 nm (25 mM). The dashed line is the local-energy-
balance argument for the wrapping transiti¢b). Detail of phase
diagram for smalk, featuring all four different phases. Discontinu-
charge density ofr=1/Ig, which is about a quarter of the ous(continuous transitions are denoted by blatray) solid lines.
bare linear charge density considered before. The main idea
behind this charge renormalization is that counterions will
strongly bind to the DNA and therefore reduce the effective~11, then increases witk and approaches the prediction
line charge density99]. We will at the end of this section from the local-energy-balance argument, see broken line in
discuss the limitations of this approach. Also, since the surFig. 14@). The high« slope of the lines is about four times
face charge density of the histone equals the DNA surfactarger than in the unrenormalized case considered before. In
charge density only for sphere chargeZet 200, we can for  Fig. 14b) we show an enlarged view of the low+egion
the most part of the phase diagram neglect counterion corwith all phase transitions. The bottom line denotes the tran-
densation on the sphere. sition from the expanded state;€0, o=0; phase IV to
In Fig. 14 we show the global phase diagram for a DNAthe 2D asymmetric statey# 0, o=0; phase ll). In contrast
strand of lengthL=50 nm and with renormalized line to our findings in the preceding section, this transition does
charge densityr=1/¢5z. Comparison with the analogous not exhibit a tricritical point, the transition is always continu-
phase diagram for the bare value of the DNA linear charge@us and terminates at a critical end pointZat 22 and
density in Fig. 9 demonstrates that no qualitative changes o£0.055 nm! (left triangle. The middle line denotes the
the phase diagram topology are induced by reducing the lintransition between the 2D asymmetric statgeA0, o=0;
ear charge density of the DNA. All four phases are presenphase Il) and the 3D asymmetric statgy¢0, o+ 0; phase
and are broken independently. The line indicating the boundH ); the transition is of second order. As opposed to the line
ary of the fully wrapped stater(=0,0#0, phase ) inter-  found in the preceding section this line now has two critical
sects thez axis (k=0) atZ=27.75(roughly a quarter of the end points. The first critical end point coincides with that for
value found for fully dissociated DNA Since the total the bottom line and forms a bicritical poinZ €22 and «
charge on the DNA is roughly 75, this results in a zero-salt=0.055 nm ). The second one occurs At=15.75 andx
overcharging of about 1.5 times the sphere charge. The tran=0.4 nm 1. Above the bicritical point aiZ=22 and «
sition line decreases to a minimum at0.5 nm'!, Z =0.055 nm!, the solid black line denotes a direct first-

50 nm with a renormalized line charge density-1/(g as a
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a) 24.82 nm b) 49.64 nm %
c) 99.28 nm 5 e) 297.84 nm
—P | o —

: - :

FIG. 15. DNA conformations at a fixed sphere cha#ye 100 in the absence of salt for varying chain leng#, 73 base pairsl
=24.82 nm,b) 146 base pairk=49.64 nm,c) 292 base paird,=99.28 nm,d) 584 base paird,=198.56 nm, ande) 876 base pairs,
297.84 nm. For each length we show the DNA configuration on an identical scale, for configufalicies we also include pictures that
contain the complete chain. liv) and(c) the mirror symmetry is broken, ifa), (d), and(e) it is conserved. The length of the chain that
touches the sphere decreases as the chain length increases, since the DNA arms pull the center segment flat due to their mutual repulsion. I
(d) and(e) we used a variable discretization.

order transition between the expanded staje=0Q, o=0; be considered as an estimate of the maximally possible effect
phase IV and the 3D asymmetric statey¢ 0, o#0; phase that charge renormalization can have.

II). This line ends aZ =23.75 and«=0 (lower solid circlg.
The upper line is the same line as the one drawn in Figp)14
and denotes the boundary of the fully wrapped stage (
=0,0#0, phase ). As demonstrated in detail before, we  So far we have considered a DNA strand of fixed length
infer the order of all transitions from the behavior of the L=50 nm, corresponding to a nucleosomal core particle
order parameter and the energy difference. In summary, weith 146 base pairs. In this section we investigate effects due
found that the qualitative aspect of the phase diagram is lefio a varying DNA length, as they occur, for example, for
unchanged by Manning condensation. However, some detaihromatosomal particles for different digestion strengths.
and the precise location of phase transitions are sensitive #nother example where such effects could be studied are of
this effect. course reconstituted nucleosomal particles with synthetic

We hasten to add that the simple procedure of replacingpNA strands of fixed and rather arbitrary length.
the bare line charge density of the DNA by the renormalized As an illustration of how DNA length modifies the com-
one is a crude approximation for the following two reasons:plexation behavior, consider Fig. 15 where equilibrium DNA

(i) Even for a straight charged polymer in the absence o$tructures for a fixed sphere chaige 100, full DNA charge
an oppositely charged sphere, the charge-renormalizatiotensity 7=2/0.34 nm, and varying chain length at zero salt
procedure is only valid for a finite window of low but not too are shown. For very short strands, $ag the DNA is fully
low salt concentrations. At zero salt concentration and vanwrapped around the sphere. Short DNA chains exhibit the
ishing histone concentration, no counterions can condense @D asymmetric state Il, the single arm configuration, @ge
the DNA (since it is an object of finite extenand the Cou- while longer DNA chains are organized in a configuration
lomb limit of Fig. 9 is recovered characterized by the barewith two DNA arms of almost equal length, sée). The
DNA line charge density. Also at high enough salt concen-mirror symmetry is restored for very long chains, sgeand
trations the Debye-Hikel theory becomes valid even for (e). This sequence of transitions has already been discussed
highly charged cylinders withrlg>1: A simple box model by Mateesciet al. [25]. It is clear that the amount of wrap-
for the counterion distribution around the cylindéi1] sug-  ping (the meaning of this term will be precised belofirst
gests that for salt concentratior®R> 715, the surface po- increases and then decreases as a function of length, the lat-
tential is correctly given by the DH theory and thus the bareter trend can be easily understood as a result of the electro-
linear charge density has to be used in the free energy estatic repulsion between the two extending DNA arms, as
pression Eq(1). will be discussed shortly.

(i) If two oppositely charged objects, each with a layer of The effect of DNA length on the phase diagram is illus-
condensed ions, approach, pairs of condensed ions are jointlsated in Fig. 16, where we show the wrapping transition
released into the solution. This effect has been recently nudrom state | to state Il for a DNA length df=50 nm (al-
merically studied within the full Poisson-Boltzmann ap- ready shown in Fig. Pand for a lengthL=70 nm. The
proach for the case of a cylinder at a planar charged surfadeansitions between states Il, 1ll, and IV are not shown. The
[102]. It was found that ions are locally released in the regionformer length corresponds to a fully digested nucleosomal
of contact, which makes the analytical prediction of suchcore particle, while the latter length might be more represen-
effects difficult. Solving the present problem of a deformabletative of DNA at the initial stage of digestion, where some of
charged cylinder at an oppositely charged sphere within théhe linker DNA is retained on the histone particle. It is seen
full PB scheme is desirable but numerically not possible. Thahat at increasing chain length the transition moves to higher
phase diagram obtained in this section should therefore onlyalues of the sphere charge, or, at constant histone charge,

VI. VARIATION OF DNA LENGTH
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Four contributions determine the energy difference which
o " L=70 nm g in the following we discuss one by one.
TN, wrappe 7 (i) The two solid straight lines are ifa) separated by a
. ‘\\ | | distanceX, the electrostatic energy {for zero salx given by
L=50 nm~,
N L L 1
160 E?=72|Bf dsf ds'———
0 0 s+s'+X
____________ =7l g[ X In X+ (2L+X)In(2L + X)
o | unwrapped ‘ —
0 0.5 1 —2(L+X)In(L+X)]. )

-1
el The interaction between the two solid lines in configuration

FIG. 16. Phase transition from the wrapped staje=Q, o#0,  (b) is given by
phase ) to the 3D asymmetric statepé~0, o# 0, phase Il for two
different DNA lengths. The solid line denotes the fully digested L 1
nucleosomal core DNA of length=50 nm and the dashed line EP= TZIBJ ds dS’—,=272|BL In2. (6)
represents the transition for DNA of length=70 nm, which cor- 0 0 Sts
responds to the nucleosomal core DNA plus linker DNA.

L

The energy difference between the configurations is in the

the transition moves to larger salt concentrations. It is noteliMit L/X— given by

worthy that indeed the influence of different DNA lengths on
the low salt nucleosomal stability threshold has been exten-
A Gepeni 15 OVerges garmcaly s the DNA s becorne
dence of the amount of wrapped DNA on the DNA length, onger. We will Iater_se_e that this is in fact the driving force
e for the gradual unwinding of the DNA from the sphere seen

we repeat here an argument initially made for the salt depen- . .
dence of the low-salt unwrapping transition for an infinite " Fig. 15 as the DNA Ie.ngth Increases. . .
charged polymer chaif23]. As a result, we will obtain the (||).The st.ra|ght. lines interact with Fhe dashed_l|ne_d|ﬁer-
critical sphere charge which is needed to wrap a certaiﬁntly in configurationga) and (b). The interaction in(a) is
length X of DNA around the charged sphere. . « 1

For our calculation we compare the Coulomb energies in E2=2.2 J dsJ ds’
the reference state depicted in Fig(&7where the DNA is § ®lo 7)o T s+
straight and touches the sphere only at one point, and in the )
wrapped state Fig. 1B), where a segment of lengtK is =277g[L In(1+X/L)+XIn(1+L/X)]. ®
wrapped around the sphere. We assume that the sphere in
wrapped state is positioned in the middle of the nonwrappe
DNA portion, as indeed is obtained for very long DNA *. ) :
chains, see Fig. 15. Our results are therefore valid only fopion to be wrapped in one or several circles around the

rather long chains. More detailed models have been devise%Ph_ere of radiusR, depending on t_he lengtix, an_d the
for the one-tail configuration, which is important when the Straight strandsdrawn as solid lines is more complicated.

DNA is short enough that it is almost completely wrappedSirlce we are i.n.teresteq in effects as the arms pecome Very
around the spherf25]. We also do not treat the charge dis- long, the specific details of the charge distribution do not
tribution of the DNA in the wrapped region very carefully matter m_uch ang we Car; tregtbthe chgrgehof the fwrappgd
and assume that it forms one or multiple circles. Models?NA Portion as being replaced by a point charge of magni-

treating the correlation effects of the wrapped part carefull)}Ude.XT Iocgted in the sphere. center. With this simplification
have been considered recenit36]. the interaction with both straight DNA arms becomes

AE;=EP—E?= 725X In(L/X) (7)

e . . .
he calculation of the interaction between the DNA segment
drawn as a broken line in configuratidn), which we envi-

a) b) b~ 2 JL X
Ei=271 ds————
e S A A B L ! 8lo " JR%+ 2
. £ sy =272 X In(L/R+ JL2IR?+ 1). 9)
| 2 | | ;R | The energy difference is finite in the limit df/X—o and

L/R— and is given by
FIG. 17. The two DNA conformations that are compared in the
scaling argument for the length dependence of the wrapping transi- AE;=Ep —Ef=71gX In(X?/R?). (10
tion. (a) Straight chain touching sphere at one poib). The DNA
segment of lengtiX (drawn as broken lineis wrapped around the (iii) The difference of self-interaction of the dashed line in
sphere. configurationg@ and (b) reads,
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AEji~ 7l gX (12)

as follows from our detailed calculation in Appendix A and
therefore constitutes an unimportant constant.

(iv) The difference of the attraction between the DNA and
the sphere is in the limit of very long DNA strand given by

AE;,=—Z7lg2mX/R (12 200¢

and simply corresponds to the Coulomb energy of two

charges oZ and 277X at a mutual distanck. L .
Adding up the energy difference contributions in E(B,

(10), and(12), we arrive at the total energy difference

AE=—Z7lg2mXIR+ X2 gIn(XL/R?). (13) 10055 200 500 1000

L [nm]
300 — ; ;

When this energy difference is zero, the wrapped and un-
wrapped configurations are of equal energy, which corre-
sponds to a wrapping transition. The critical charge where
this happens, denoted &/, is Z

LX

Z* ~7RIn (14)

200

As a main result, the critical sphere charge needed to wrap a
DNA strand of lengthX around the sphere increases logarith-
mically with the strand lengthX, but also with the DNA I ]
lengthL.
We now show a numerical corroboration of this result for
a DNA strand of nominal charge density=2/0.34 nm. For 100 Lo 50 550 1000
the numerical analysis, we need to define when we consider L [nm]
a DNA segment as being wrapped precisely, which, of
course, introduces a certain arbitrariness into the result. We FIG. 18. Critical sphere charge needed to wrap the chain once
call a DNA monomer wrapped when it is contained within a(corresponding to a strand of length=31 nm) and 1.5 timeor-
spherical shell of thickned around the sphere representing responding to a lengtK=47 nm) around the sphere as a function
the histone protein. In the following, we show that the resultsof the total chain length.. In () a DNA monomer is considered
are robust with respect to variation of the free parambter Wrapped when it is found within a shell of thickneBs=1 nm
within a sensible range of parameters. The DNA lengtiround the sphere, itb) we show results foD=2 nm. The de-
ranges between 100 nm and 1000 nm. In our actual numer[)_endence on the chain length is well described by a logar(twiid
cal calculations we determine the equilibrium DNA configu- €S-
ration for fixed sphere charge and DNA length and from that
deduce the length of the wrapped DNA portion. In Fig. 18cross the broken lines. The DNA length where this crossover
we plot the critical sphere chargé® as a function of the occurs moves out to larger lengths as the sphere charge in-
DNA lengthL on a logarithmic scale. The behavior follows a creases. This sheds some light on the transition from a sym-
straight line, confirming the prediction E@l4). It is also  metric configuration with two DNA arms of roughly equal
seen that the precise value of the shell thicknesssed to  length, which occurs for long DNA, to the asymmetric con-
distinguish wrapped DNA from unwrapped DNA is unimpor- figuration with only a single DNA arm, as observed in the
tant unless one is interested in obtaining numerical prefaceonfigurations shown in Fig. 15. This can be rationalized
tors. because for long DNA arms the complex becomes under-
In Figs. 19 and 20 we show the amount of wrapped DNAcharged, and therefore there is a net attraction between the
U= 17X as a function of the DNA length and as a function complex and the dangling DNA arms, pulling the complex
of the sphere charg@. Each figure brings out different as- into the middle of the DNA arms, while for short DNA arms
pects of the wrapping behavior at vanishing salt concentrathe complex becomes overcharged, giving rise to a net repul-
tion. In both figures the spherical shell used to determine theion between the complex and the DNA arms, pushing the
amount of wrapped DNA has a thicknessd&1 nm. The complex to the extremity of the noncomplexed DINZ6].
main point of Fig. 19 is the continuous crossover from over- Figure 20 visualizes the symmetry-breaking transition
charging of the spheréhe amount of wrapped DNA which from a planar DNA configuration, at very low sphere charge,
exactly neutralizes the sphere charge is denoted by a brokéa a three-dimensional configuration. This transition, which
line for each of the four different data sete undercharging roughly occurs at a constant amount of wrapped DNA,
of the sphere, which is located at the point where the datanoves out to larger sphere charge as the DNA becomes
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a) x=0.7 nm-

1
] 1 pN 3pN S7pN
O 15 pN

b) x=1.0nm-1

0-8-—90

0 L . .
0 250 500 750 1000 1pN 15pN

200

L [nm] FIG. 21. Equilibrium DNA configurations for a DNA strand of
lengthL=50 nm and sphere char@e=20 for various representa-

) tive external force$. (a) Configurations are shown for salt concen-
fixed sphere chargeZ & 100, 200, 300, 400n the absence of salt. tration of k=0.7 nm'; at an intermediate force of=3 pN a
One full turn corresponds to a wrapped chargeot 184.4. For o, qti0ration appears which breaks the twofold rotational symme-
small chain lengths, all data collapse onto a single straight Ime[ry_ At large forcef =15 pN the DNA is in the expanded state IV.

corresponding to completely wrapped DNA, for largea discon- ) configuration for slightly higher salt concentration
tinuous transition occur&@enoted by broken vertical linpand part ~ _ 1.0 nnil.

of the DNA unwraps. For very large the wrapped charge becomes
less than that needed to neutralize the sphere chadeyeted by
horizontal broken lines

FIG. 19. Wrapped DNA charge versus DNA length. for four

For finite salt concentration, the DNA lengthhas to be
replaced by the screening length* whenever the screening
dength is smaller than the DNA length. This leads to the salt

longer, in agreement with our analytical arguments leading t ) 2
Eq. (14). This transition is denoted by a broken line in Fig. dgpendence of the wrapping transition at low salt concentra-

20 and it occurs at a wrapped charge which corresponds f#°NnS, as discussed previougi33].
almost a full turn of wrapped DNA. This is in agreement

with the configurations shown in Fig. 15 for a fixed sphere VIl. STRETCHING FORCE
charge Z=100, where the DNA chains longer than

=100 nm show a two-dimensional structure whereas shorter Very recently, a number of experiments have bgen re-
chains exhibit a three-dimensional structure. The crossovdforted where nucleosomal structures have been subjected to

- h hi f DNA i externally applied forces and the resulting DNA extension
g}%ﬁiﬂ ;)r::ézusrsh\évreere roughly one turn o S Wrappedhas been measurg89,60. In those experiments, the DNA

was typically quite long, and a whole lot of histone proteins
600 , , , were attached to the chain. In such experiments there is a
99nm | dynamic equilibrium between histones attached to the DNA
U and histone detached from the DNA, including interactions
198nm between histones on the DNA. As one of the main findings,
the response of chromatin to applied force depends on the
salt concentration. In this section, we show how the DNA
conformation of a single strand of lendth-50 nm changes
as an external stretching force is applied to the two ends. Our
model neglects many of the effects present in the experi-
ments[59,60, most notably the interaction between different
T = e hree-dimensional nucleosomes. However, it seems that our model captures
expanded, state IV =T some of the salient features seen in experiments, as will be
0 . . . explained at the end of this section.
0 100 200 300 400 Within our microscopic model defined by the free energy
Y4 expression Eq(l), an external force couples to the two ends
FIG. 20. Wrapped DNA charg versus sphere chargefor six of the DNA. We therefore have to minimize the modified

fixed chain length€146 BP~L=49.6 nm, 292 BP-L=99.28 nm,  [T6€ ENergy expression

584 BP~L=198.56 nm, 1168 BPL=397.12 nm, 2044 BPL

=694.96 nm, 2920 BPL=992.8 nm in the absence of salt. The Frorce=F —f-[r(L)—r(0)]/kgT, (15
broken line denotes the transition between the planar two-

dimensional configuratioffor small U) and a configuration where WhereF denotes the free energy functional Ef) and the
the mirror symmetry is broken. The jump at large valueZ if the ~ forcef points into an arbitrary direction.

transition to the fully wrapped configuration. In Fig. 21 we show representative equilibrium configura-

400t

200r Ngg2nm
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50

28 pN
—30 ¢ p .
E 10 p/o ___/‘¥_
=20 L ]
/ a) k=0.5nm-1
10 L ]
0 10 20 0 6 Q
flpN] 42pN 0.9pN
50 .
» — @ — 0 —
40 -
b) k=4 nm-1 c) k=8nm-1
— 30 E
E FIG. 23. DNA configurations for a sphere chaigje 40. (a) For
xR20} P g low salt concentrationc=0.5 nni', at f=5 pN the complex is
only weakly affected by the external force. & 10 pN one arm is
0, 1 pulled out (rotational symmetry brokenAt f=28 pN, the rota-
tionally symmetric, mirror symmetric complex undergoes a discon-
0O o o 30 tinuous transition to the extended stat®). At high salt concentra-
f [pN] tion, k=4 nm!, all intermediate steps have vanished: The
50 . . ‘ complex stays unaffected in the complexed conformation until it
o) - almost completely expands in a discontinuous transition at a plateau
40 | ] force f=4.2 pN. (c) At even higher salt concentrationg
=8 nm 1, the plateau force has decreased t00.9 nm.
— 30+ i
E 2
< 0 x=\[r(0)—r(L)]% (16)
which measures the spatial extensi@r end-to-end dis-
10 tance of the DNA chain. This parameter is plotted in Fig. 22
0 . . for Z=20 and three different salt concentrations. For all
0 2 4 6 three salt concentrations the extension paramettarts, for
FIpN] vanishing force, at aboyg=10 nm, which corresponds to

FIG. 22. Chain extensiory for a sphere charggd=20 as a the fully wrapped state, and approqcI}eSSO nm, the_conj
function of the external force for three different values of the s.alttOur length of the DNA strand, for high forces. The situation

concentration(a) x=0.7 nmi'%, (b) x=1.0 nm'%, and (¢) « at low salt is depicted in Fig. Zd). One discerns two dis-
=2.0 nmi'L. It is seen that the discontinuity of the stretching re- continuous transitions at=2.5 pN andf=3.5 pN, be-
sponse gets more pronounced with increasing salt concentratiofveen which the DNA is in a rotationally asymmetric con-
Furthermore, the rotationally asymmetric configuration seefain figuration, compare Fig. 2&). At a higher force of about
[cf. Fig. 21(a), 3 pN] is absent in(b) and(c). 10 pN a rather large discontinuity appears, where the chain
extension roughly doubles. At slightly larger salt concentra-
tion, Fig. 22b), the intermediate state Il has disappeared, and
a discontinuous transition d=5 pN between two states |
- . - . with different values of the extension parameter is seen. At a

:0'7. nm *, depicted in Fig. 2@, _several dl_fferent Sym- larger force off =8 pN a strongly discontinuous transition
metries are observed as the a.pp!led force increases. Fora%pears between the wrapped and the expanded phases,
force of f=1 pN the complex is in state I, which is also giates | and IV. At even larger salt concentration, FigcR2
realized in the absence of an external force; for a somewhgjn)y 4 single transition is left at which the configuration
higher force off=3 pN, state Il is realized, while for a jumps from the fully wrapped to the fully expanded state.
slightly higher force af=7 pN the complex jumps back to  Qur results for the two different salt concentrations in Figs.
state |. For an even higher force b 15 pN the force has 22(b) and 2Zc) entail the presence of a critical point at in-
destroyed the wrapped state and induced the expanded statermediate salt concentrations. As the main result, it is seen
Somewhat similar behavior is observed at a higher salt conthat at large salt concentration, the force response consists of
centration ofk=1.0 nm !, depicted in Fig. 2(b). In con-  a single jump at a certain plateau force, whereas at low salt
trast to the lower salt concentration, we do not observe stateoncentrations the extension grows rather continuously at
[l at intermediate forces in Fig. 24). low forces. This continuous growth can be understood as

To quantify our results, we introduce the parameter being due to electrostatic repulsion between DNA segments,

tions obtained by minimizing the functional E¢L5) for a
sphere chargeZz=20. At the lower salt concentrationg
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50 . . 30 . . . .
anesasessetsorereesantsg -
a
40! ) ] fplat
[PN] | mZ=40
— 30 |
3 o 21, xZ=20 ]
= 20 - \
\
10} \
10 x\ a ]
% 0 fON] 40 60 x\\
P AN
50 . X\
] i N
b) 0 L * T e 1 I
40 ¢ 1 0 2 4 6 8 10
ey ! « [nm-1]
% o0 | ] FIG. 25. Plateau forcé,, versus inverse screening length
for sphere charge&=20 andZ=40. Crossegsquaresdenote nu-
10 L ] merical results foZ =20 (Z=40). The dashegsolid) line denotes
analytic results forZ=20 (Z=40) according to Eq(18). Above
0 , , k~2 nm !, numerical and analytical calculations agree well. The
0 5 fIoN] 10 15 curves predict a vanishing plateau forcexat5.5 nm! (Z=20)

andk=11 nm ! (Z=40), which reflects the presence of the salt-

FIG. 24. DNA extension as a function of the externally applied iNduced dewrapping transition.
stress for a sphere chargé=40. (8 «=0.5 nm?! (b) «
1

=2 nm L low- and high-salt conditions. The situation at low salt is

depicted in Fig. 2da). Between the two discontinuous tran-
which gradually assist the external force in detaching théitions atf=8 pN andf=14 pN, the twofold rotational
DNA from the sphere. For larger salt concentration, on theSymmetry is broken, while at a larger force b¥28 pN a
other hand, the wrapping state can be understood by a simpférongly discontinuous transition from the wrapped phase
local-energy argument, as will be explained in more detai7=0, o#0; phase ) to the expanded phase 0, o=0;
later on. This qualitative difference between the force rePhase IV occurs. This sequence of symmetries is the same
sponse at low and high salt concentrations is in agreeme®s for sphere chargé=20. The situation at high salt
with experimental results, where a force plateau could only=2 Nm™*, is depicted in Fig. 2). Here, no intermediate
be observed at high salt concentrations whereas at low sddhases are present and the system goes directly from the
concentrations the extension rose continuously as the forcdrapped phase 7=0, o#0; phase Il to the expanded

was increasefs9]. phase (=0, o0=0; phase IV at a plateau force of
In Fig. 23 we show some configurations obtained for a=9.7 pN.
higher sphere charg&=40. At low salt conditions,« At high-salt conditions, the asymptotic functional relation

=0.5 nm!, depicted in Fig. 2@), the dewrapping with between the plateau force and the inverse screening length is
increasing force occurs in several steps, similar to our resultsimple. As screening is strong, nonlocal interactions can be
for sphere charg&=20. First, one arm is pulled outle- heglected. Equating the energy of the fully expanded state,
picted configuration af=10 pN), making the complex to- which only consists of the force-induced enefdy, with the

tally asymmetric #0, oc#0; phase II. Then, at higher €nergy of the fully wrapped state, which contains the elec-
force, the second arm is pulled out and at even higher forcdrostatic attraction and the mechanic bending enemyyd
f=28 pN, a highly discontinuous transition to the fully ex- neglecting the force contribution as the two ends are close
tended state occurs. The corresponding force is called plély)v

teau force and in Fig. 28) we show the two coexisting

configurations. In Fig. 2B) we show the completely differ- If o1l L Zrllg 1oL
ent situation for high salt k=4 nm'). Here, for f — |2 - >t (17)
<4.2 pN no structural changes are induced in the complex. B kR 2R

At f=4.2 pN the complex expands directly and highly dis-

continuously to the almost fully expanded state. At stillwe obtain the plateau forcé,,,. The thermal energy is

higher salt concentrations,=6 nm 1, the same behavior is kgT=4.1421 pN<nN at 300 K. Solving forf 515 We obtain

observed. In Figs. 2B) and 23c) we show the coexisting

states at this force-induced dewrapping transition. Zds
fplat: B (

The extension parameter is plotted in Fig. 24 ¥or 40 __9
kR?> 2R?

and two salt concentrations which exemplify the behavior at

. (18
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For high«, this agrees very well with numerical calculations, experimental findings concerning the stability of the nucleo-
as is demonstrated in Fig. 25, where we show the numerisomal core particle upon variations of the salt concentration
cally determined plateau forcédata points for Z=20, 40  of the solvent[84]. At high salt concentrations we find a
and compare them with the analytical prediction according talewrapping transition at an inverse screening length of
Eqg. (18). Our analytic argument is based on a balance owarapsz_ The linear dependence of on Z and 7 is in
local-energy contributions and therefore becomes invalidaccord with experiments on synthetic systegrhg].

when nonlocal electrostatic interactions start to dominate. According to our calculations, the sphere charge that ac-
From Fig. 25 we see that this crossover occurs at aout counts for the experimentally found conformational transi-
=1 nm ! for our system. This also roughly is the threshold tions of the nucleosome, i.e., salt concentrations-af mM
below which the extension behavior starts to be dominatednd 1M, range betwee# = 12 (for fully charged DNA with-

by the continuous increase of the extension and where syngyt taking into account counterion condensatiemd Z
metry transitions occur at intermediate values of the applied- 2o (taking into account charge renormalization via DNA
force. Our results for the plateau force agree quite well Withcharge renormalizationThis is in rough agreement with ex-
recent results from AFM experimer{ts9] (where the plateau periments of Khrapunowet al. The authors find that only
force was found to be of the order of 5 pN for a salt concengapout 30 of the 200 basic residues of the core histones are
tration of the order of 100 mMif one assumes that the jnyolved in interactions with DNA79].

effective histone charge can be represented by a valie of  QOur results also agree qualitatively with experiments in
=20. This effective histone charge agrees roughly with ouiyhich the nucleosome is destabilized by heating the system
estimate from the critical salt concentrations at which theg2 65. Since k~1/\/T, heating of the system leads to a
dewrapping transitions occur, see Sec. IV C. In a second eXjecrease i, which results in an extended phase. It must be
periment a somewhat higher value for the plateau force wagoted, however, that thermal denaturation affects many pa-
obtained 60], but it is clear from our results that meaningful rameters of the system, and eventually leads to the melting of
comparison between different experiments can only be dongye DNA double strand structure, thus making a detailed
at identical salinity. Our results suggest that part of thecomparison with our model impossible.

stretching response of a chromatin fiber is due to internal Increasing the DNA length results in a higher sphere
rearrangements and interaction within a single nucleosomaharge that is needed to wrap the DNA. Formulated differ-
particle and that the strain-stress relation of the nucleosomantly: The larger the stretches of uncomplexed DI¥Ag.,
subunit is an indispensible input for any serious mechanicajnker DNA) the lower the stability of the core particle.

model of the chromatin structure. Our calculations in the presence of an applied external
force show two distinct patterns of unfolding, depending on
VIIl. CONCLUSION the salt concentration. At low salt concentrations, the poly-

electrolyte gradually unfolds for increasing force and exhib-

In this paper we have considered the interaction of a semits a sequence of all four symmetry states. At a certain force
flexible polyelectrolyte and an oppositely charged spherehreshold, called the plateau force, the polyelectrolyte dis-
with specific emphasis on the experimentally relevant DNA-continuously expands to almost full length. At high salt con-
histone system. We concentrated on the salt dependence oéntration, no gradual unfolding occurs; at the plateau force
the resulting complex structure and investigated the influencéhe system directly expands from a wrapped to an almost
of externally applied forces, DNA length variation, and DNA fully expanded state. This is in good agreement with experi-
charge renormalization, using the DNA symmetry group as anents on stretched chromatin fib¢E9)|.
means to classify its conformation. All our results demonstrate that indeed electrostatic forces

For given linear charge density of the polyelectrolyte, theplay a dominant role in the formation of the DNA-histone
system exhibits two distinct responses to a variation of th&eomplex. In a number of experiments on salt effects on nu-
ambient salt concentration, depending on the cha@rgéthe  cleosomal core particle structures, the authors attributed dif-
sphere. FoZ<Z*, whereZ* is a threshold charge, the poly- ferent symmetry states of the nucleosome to different salt
electrolyte exhibits a salt-dependent deflection towards theoncentrations. Their strategy consisted of finding structural
sphere, which is maximal for an intermediate salt concentramodels for which the theoretically calculated scattering data
tion and disappears both for very small and very large salf72] or hydrodynamic/optical daf& 0,71 coincides with ex-
concentrations. The polyelectrolyte is always described by @erimentally obtained data. It would be interesting to redo
planar curve, i.e., it exhibits mirror and a twofold rotational such calculations with our conformations.
symmetry. This case might be applicable to small basic pro- Useful extensions of our model would include the calcu-
teins adsorbing onto DNA. FaZ>Z* the system assumes lation of interactions between two or more nucleosomes. For
four different symmetry states, which are defined via thehigh enough salt concentration, the chromatin structure
existence or nonexistence of the independent rotational amslvitches from the extended bead-on-a-string structure to a
mirror symmetries. For very low and very high salt concen-fiber of 30 nm in diameter. This further step of DNA con-
trations, the polyelectrolyte is in an extended conformationdensation must be the result of a net attraction between nu-
The low-salt expansion occurs at a value of the screeningleosomes, which should naturally come out of such more
lengthx 1, which is of the order of the sphere diameter. Fordetailed models. We also plan to bring our model closer to
intermediate salt concentrations, the polyelectrolyte igeality by considering the discrete nature of charges, non-
wrapped around the sphere. These results are in accord wigdectrostatic interactions, deviations from the idealized ge-
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ometries of DNA and the histone core, including structuralcharged rod into a closed ring on the linearized Debye-
changes of the core, and chemical equilibrium between difHuckel level. This calculation sheds some light on the scale
ferent states of the system. dependence of the electrostatic contribution to the persis-

Before we close this section, we will discuss the validity tence lengtif98] and discusses quite clearly the concept of
of our ground state analysis and critically evaluate how andhe electrostatic closure energy. Most importantly, the result-
under which circumstances thermal fluctuations of the DNAIng expression can be compared with our numerical results
conformation can modify our results. Thermal effects comeand allows to estimate the importance of discretization ef-
into play in three ways. fects.

(i) First, for very dilute solutions of nucleosomal particles, Suppose a charged line of lendttand line charge density
the law of mass action dictates that uncomplexed histone is located in an ionic medium with screening length®
proteins and DNA strands coexist with complexed structuresand Bjerrum lengthg. We are interested in the energy dif-
The balance between complexed and uncomplexed structurésrence between the ring configuration, where the line forms
depends on the nucleosomal particle concentration, but als®closed circle, and the rod configuration, where the charged
on the entropy content of the complex, which we made ndine is totally straight. Direct calculation of these two respec-
effort to estimate in this paper. Our phase digrams will not beive energies is difficult, even on the DH level. We therefore
modified by such effects for not too low concentrations.  subtract from each configuration the energy of the pure Cou-

(i) Thermally activated flucutations will smear out the lomb case, i.e., where the screening length is infinity, which
boundaries between the various phases present in our phasmders all terms finite and computalgtéearly, in the final
diagrams. In order to examine the stability of the complexedxpression, the pure Coulomb energies have to be added
state, we calculated the free energy difference between thegain.
ground states and a reference s{ahich is a straight DNA The straight rod energy with the Coulomb energy sub-
piece attached tangentially to the spheta Figs. 9a) and  tracted reads
9(b) we show the parameter combinations for which this free
energy difference equalskgT and 1&gT (dashed lines It Frod L L ,EXF(K|S— s')—-1
is obvious that for most parameter combinations thermal en- 2| /2= fo dsfo ds
ergy is much smaller than this free energy difference and we B
therefore conclude that the wrapped states we find via L L

—K f ds f ds’
0 0

|s=s']

ground state analysis are thermodynamically stable. Clearly, =

1
| apexs-pris-s')
all transition lines(which do not correspond to phase transi- 0

tions in the thermodynamic senssill be smeared out over 2
a certain width, but based on our estimates the phases should =~ lexp(—«L) = «LI'(OkL)+1]
still be detectable.
(i) DNA fluctuations are suppressed in the tightly +2L[1—In(kL)—v]. (A1)
wrapped states and increase the free energy of those phases
with respect to the unwrapped states. This effect can be exn this expression,y=0.5772 ... is Euler’s constant and

pressed by undulation forces, which reflect the pronouncefi(a,x) is the incomplete gamma function. Note that by con-
repulsion between polymers and confining surfafks3. struction this energy expression stays finite in the limit of
The free energy of confinement of a piece of DNéngthL  vanishing salt concentration, i.ec—0.

and persistence length) in a tube of diametebD is approxi- For the ring configuration we obtafagain subtracting the
mately Foon=LD 2, [113]. Assuming the effective case of pure Coulomb interactions

tube to have a diamet&~2 nm (this is a wild guess and

based on nothing but the feeling that lateral fluctuations can- ex;{ _ ﬁ sinW—S, ) 1
not be suppressed at length scales smaller than the diameter Fring L iy L
of the DNA itself and thereby yields an upper bound for the Tle/ZZ fo L] ms
undulation free energywe arrive for a single DNA turn p smT

around the histone with~30 nm and ;=30 nm atF .,
~5 in units ofkgT. The bending energy of such a wrapped w kLl _
piece is of the order of,.,+~20 and thus much larger. Z—LL d Hfo dBexp—Bsino)
Thus, undulation forces, though present, do not change our

results considerably. kLl
In summary, we conclude that the presence of thermal =-—aL fo dB[1o(B)—Lo(B)]
fluctuations do not invalidate the ground state results re-
ported here. 1/ 1) 212
= KL21F2(_,( ),_)
2'\3/2) " 442
APPENDIX A: ELECTROSTATIC ENERGY
OF CHARGED RING 2.3 3/2 22
In this appendix we calculate in closed form the electro- +—2F3 (1) 3/2 A | (A2)
static energy associated with deforming a finite length T 2 7
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In the intermediate expression, denotes the modified AF - 2 1

Bessel function of zero ordekr, is Struve’s function of zero - InE + ( =73 (kL)2+O([kL]%). (A8)
order, and ,F, are generalized hypergeometric functions L7lg ™

[112].

The total energy difference between the ring and the ro

(#]n the high-salt case, fokL>1, the following expansion
configuration is given by

olds[112]:

2k)!'(2k—1)!
AF=Fing~FroatFiing —Frag a3 = f dBl1o(B)~Lo(B)]=In(22) + y E ((I(),(T)Zk)
where Fio' and F 3" are the pure Coulomb energies ( (A9)

=0) of the ring and rod configurations, respectively. hich allows the expansion of expressidA®) and (A7) for
To calculate the difference between these Coulomb term\évl_l>1 Wlt\lflvthe resxl?lt I Xp aA2) (A7)

we need to regularize the interaction potentials by introduc-

ing a short-length cutoft. The rod Coulomb energy then AF 1 1( - )2 9( 4

+O([xL]79).
(A10)

reads

4

kL

—:_+_ _
L2y &L 2\l

Froa [t [ 1
7.2|B/2_2J0 dSJS+8dS S,_S—ZL(InL—l—Ins). All our results for the total electrostatic energy difference

(A4) include in addition to the electrostatic bending energy also
the electrostatic closure energy, which is the energy that is
This expression diverges logarithmically for0. The simi- needed to connect the two ends of the line to a closed circle.

larly regularized expression for the ring configuration reads!n the following we will isolate this closure energy. As a side
remark, we note that by symmetry, only terms of even order

 Coul L—s 1 in the curvature of the PEwhich is proportional to 1/)
g _ f S should occur in the bending energy. The first term in Eq.

ds
Tle/Z e L sinw—s (A10) is of odd order, but this term will now be shown to be
T L related to the closure energy and can thus be eliminated by
— suitable subtraction. To explicitly obtain this closure energy,
~LlInta S we calculate the electrostatic energy needed to connect
— rods of lengthL/n to one rod of length., which reads

=2L|In5T 2L

em 1llem\? 4
In—+3 —1] +0(&")

—k(s'—9) L/n L/n —k(s'—9)
(A5) Foose_ f fds —nj dsJ ds

and also diverges as the cutoff goes to zero. However, the n-

(i+1)L/n L-s e
difference between the two expressions Hdst) and (A5) = J ds J _ ds’'—
S . 1=0 JiL/n —s+(i+1)L/n S

stays finite in the limitt —0 and reads

-1

anundzr(o,z)— fKLdzr(o,z) . (A11)
0 0

FCouI FC%UI - =K
%=2L(1—In§>. (AB)
B Sending the length of the rod segments to infinity,/n

Putting all terms in EqSAB) and(A2) together according —o, we neglect the finite length of the subrods and end up

to Eq. (A3), we find with
lg
kL 1/1 kL \2 Flose= P (n—1), (A12)
=N =InkL—=In(7/2)+ y— — 5 1F2 330 27 o |
which is the closure energy to connectods to a single rod
) 3/2 5 (in the limit when the rods are much longer than the screen-
N 1/xL F 1 32| [ XL ing length. Clearly, the closure energy of a single connec-
2\ 7/, S\\a) 2w tion is obtained by choosing=2, in which case we obtain
1 F _ e (A13)
+ —[1—exp(— kL) + kLT (0kL)]. (A7) close™ e

This is the first term in Eq(A10). Subtracting this constant,
The expression§A7) can be expanded in the low-salt case,we obtain the electrostatic bending energy without any addi-
for kL<1, as tional contributions from the closure energy and which thus
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AF/2lgL e Ty
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0.1 18 |
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17}
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xR number of discretization points
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FIG. 27. Mechanical bending energy for a ring of radius 5 nm
2 -10f and bare persistence lendtf+30 nm. The broken line denotes the
c result in the continuum limitF,.,~ 7l /R, while the solid line
S -20f results from the numerical integration for varying number of dis-
B cretization points.
'S -30}
[4}]
© _a0l lose=1.5 nm. The mechanical persistence length of DNA is
=30 nm. We therefore conclude that in our problem either
-50f the Odijk-Skolnick-Fixman persistence lengthsg is not
valid ( for k<1 nm?1), or it is negligible compared to the
mechanical persistence lengttfor «>1 nm ). This
kR stresses that it is important to explicitly evaluate the electro-
10 20 30 40 50 static bending energy in the DNA-histone binding problem,
75000 as we have done throughout this paper.
2 _sol 200
£ 11‘:’)% 1000 APPENDIX B: DISCRETIZATION EFFECTS
% 10 Discretization effects have been discussed at length in
R 50 Sec. IV D in connection with artifacts related to the breaking
© of the rotational symmetry. A more fundamental discretiza-
80 tion effect is due to the fact that in the energy contributions
entering the free energy equati¢t), we approximate inte-
100l ©) grals by sums, so that the final outcome depends on the num-

ber of discretization steps that are used to represent the DNA

FIG. 26. (a) Electrostatic contribution to the bending energy for conformation. In order to estimate the error caused by this
a closed ring as a function of the rescaled inverse screening lengtRumerical integration we first numerically calculate the elec-
The solid line denotes the analytical result E47) and the data trostatic (DH) and mechanical bending energy of a closed
points are based on a numerical discrete sum with 100 discretizatioing and compare it with analytical expressions valid in the
points.(b), (c) Deviation of the numerical summation from the ana- continuum limit.
Iytical calculation in percent for different numbers of discretization =~ We first consider the electrostatic bending energy of a
points. charged polymer of length2R, which is bent into a circle

with radiusR, which has been calculated analytically in Ap-
can be compared with previous results. Consider the bendingendix A. In Fig. 26a) we show the comparison of numeri-

energy of a Kratky-Porod chain with persistence lergi:  cal calculations for 100 discretization points with the analyti-
bent into a circle with radiuR=L/27. The bending energy cal solution given in Eq(A7) as a function of the inverse
of the chain ifFpenq= 7l ose/R. If we compare the quadratic screening length. Overall, the agreement is quite good.
term of Eqg. (A10) with this expression, we obtaihpse  Closer inspection of the relative error, done in Figs(h26

= 72l5/(4«?), which is the standard expression for the elec-and 26c) for different numbers of discretization steps, re-
trostatic contribution to the persistence leng®3,94. This  veals substantial deviations for large salt concentrations and
approximation breaks down fatR<<27 as an inspection of for small numbers of discretization steps. As an example, for
Eqg. (A10) shows. In the case of DNA wrapping around a kR~5 , which for a histone protein of effective radils
histone, the bending radius is about 5 nm. This implies that=5 nm corresponds to a physiological salt concentration,
one needsk>1 nm ! in order for the Odijk-Skolnick- and a discretization with 100 points for a piece of length
Fixman expressiothggr to be accurate. However, for fully 27R (which corresponds to about 200 points for a total
dissociated DNA andc=1 nm !, the electrostatic persis- lengthL=50 nm, as was used in the main part of our pa-
tence length idose~6 nm and fork=2 nm litis only  pen, we underestimate the electrostatic bending energy by

011918-25



K.-K. KUNZE AND R. R. NETZ PHYSICAL REVIEW E66, 011918 (2002

400 } 0.086
x X
2 _ x
c 300/ 0.085 "
c —
o D x
o E0.084 |
z 200 v
o
0.083 |
100 |
0.082 x : !
| 100 200 300

number of discretization points

Y
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FIG. 28. Electrostatic energy between a charged sphere and a

straight DNA segment which extends radially away from thefor a straight DNA segment of length=49.6 nm, starting
sphere. Shown is the deviation of numerical results from the anaat distanceR=5 nm from the origin and extending radially,
Iytical prediction in percent and as a function of the number offrom the exact continuum result. The DNA interacts with a
discretization steps. charge in the origin via the DH potential as defined in Eg.
(1). The deviation of numerical integration from analytic cal-
~30%, which constitutes a large error. However, as we willculation depends on the salt concentration and on the number
show in the following, the situation is not so bad, as for largeof discretization points. As for the DNA self-interaction, the
salt concentration, the total bending energy starts to be domerror becomes larger as the salt concentration increases, but
nated by the mechanical contribution, and the large errors ifor the range of salt concentrations where we obtain most of
the electrostatic contribution do not matter much for the deour results, the error is not larger than a few percent. In
termination of phase boundaries, as we will explicity dem-contrast, for a polymer wrapped around the sphere, the nu-
onstrate. Still, it is interesting and important to note thatmerical integration reproduces the continuum result exactly
discretization effects become quite pronounced at moderatelyue to the symmetry of the problem. Since the collapsed
large salt concentrations, but become unimportant at low salitate and the straight line are extreme conformations of the
concentrations and, in particular, at zero salt in the Coulomipolymer, the error of our calculations is usually smaller than
limit. This result is of course connected to the fact that thegiven in Fig. 28.
Coulomb interaction is very long ranged such that small As a check of the interplay of all different discretization
length scale effects become irrelevant at large length scalesffects discussed here, we show in Fig. 29 the variation of
In Fig. 27 we show the mechanical bending energy for ahe location of the transition that breaks the rotational sym-
ring of radiusR=5 nm and persistence length)=30 nm  metry at a sphere charge zf=40 as a function of the num-
as a function of different numbers of discretization pointsber of discretization points. We see that above 200 discreti-
(solid line). The broken line denotes the continuum result,zation points the transition value changes only very slightly.
which isFy.,— 7lo/R. Above 100 discretization points the  In summary, the deviations due to discretization effects in
accuracy is within 1%. Abov&R~5 the total bending en- the electrostatic parts of the free energy, EL, increase
ergy is dominated by the mechanical persistence length, sua@trongly with increasing salt concentration. Discretization er-
that the strong deviations in the electrostatic contribution forrors in the mechanical bending energy are, in general, unim-
xR>5 do not influence the results, as we will demonstrateportant. In the regime of salt concentrations where most of
shortly. the phase transitions occur, 200 discretization points approxi-
We next address discretization effects on the interactiomate the continuum model sufficiently well, meaning that the
between the sphere and the DNA. In Fig. 28 we show thghase boundaries reported in this paper reflect the continuum
deviation of the numerically determined electrostatic energyimit with sufficient accuracy.
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