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Amplified-spontaneous-emission power oscillation in a beam-wave interaction
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~Received 24 September 2001; revised manuscript received 11 February 2002; published 11 June 2002!

We present in this paper compelling evidence supporting the three-wave traveling-wave theory developed by
Pierce fifty years ago. The transition in a Smith-Purcell free-electron laser from low, through moderate ampli-
fied spontaneous emission, to strong gain conditions was carefully controlled. Below threshold, the emitted
far-infrared power exhibits oscillations with a cubic dependence on the electron beam current. Both character-
istics are expected in a three-wave interaction yet, to date, have not been observed.
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Free-electron lasers~FELs! are able to produce cohere
radiation in regions of the electromagnetic spectrum inacc
sible to traditional bound-electron devices, notably the f
infrared and x-ray regions. For this reason, much effort
been dedicated to their development and many different
signs have been realized. Lasers based on the Cerenko
Smith-Purcell@1# effects, traveling-wave interaction, undul
tor and magnetic bremsstrahlung radiation, and cyclot
resonance have all been demonstrated. It has been show
the stimulating interaction providing the gain in each ca
share the same relations between spontaneous and stimu
emission parameters@2#. Therefore, shedding light on any o
these interactions informs the entire field.

In 1946, several groups, that of Pierce among them,
covered the traveling-wave interaction and created
traveling-wave tube~TWT! to utilize it. Shortly after, Pierce
described the interaction as the mutual feedback between
two electron beam space-charge waves and the coprop
ing resonant cavity wave@3#. TWTs typically operate with
dense beams and so the collective action of the electrons
incorporated. Pierce derived a cubic dispersion relation,
plying one of the three-wave components should grow ex
nentially with a rate proportional to the cube root of t
electron number density (n0

1/3). He assumed the cold bea
limit in which the relative electron velocity spread is mu
smaller than the growth over one wavelength. Walsh
tended the traveling-wave analysis to include warm bea
@4#. He concluded that the gain in this limit is proportional
n0.

Interestingly, a recent paper by Kimet al. @9#, identifies
yet another mode of operation. When the beam is nar
enough to neglect transverse propagation effects within
the cold beam gain varies as the square root ofn0. It is
important to note that this mode produces no power osc
tions because both growing and decaying waves share
same phase.

In many cases, laser gain is calculated in the sing
particle limit where the presence of the electron beam
assumed not to influence the resonant mode and so the
done on each particle separately determines the net grow
the mode amplitude@5,6#. This limit applies to FEL oscilla-
tors in which the single pass gain is typically weak. T
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single-particle result exhibits nonexponential gain with sim
lar dependence on operating parameters to the warm b
case, contrary to Pierce’s collective result, though they h
been shown to be limits of the same underlying mechan
@7,8#.

The Pierce theory predicts behavior in the output pow
that can be classified into three regimes: weak, moderate,
strong. The total power is the square of the sum of th
amplitudes, one of which grows while another is attenuat
In the weak regime, growth is compensated by attenua
and output power is proportional to the current, which ch
acterizes spontaneous emission. With strong gain, the gr
ing wave dominates and the power grows exponentially w
gain. It is the moderate regime, commonly called amplifi
spontaneous emission~ASE!, that exhibits distinct behavior
Due to a gain dependent phase, the three waves beat ag
each other, producing oscillation in power with increasi
gain. The applicable theoretical model can be distinguis
by shape of this oscillation.

To our knowledge, only one observation of interference
a traveling-wave system has been reported. Risticet al. @10#
probed the surface waves propagating along a beam fi
plasma column. Only weak gain was achieved. By mapp
the wave amplitude as a function of distance along the a
they found fringes that they attribute to interference betwe
two waves of different phase velocities, the growing spa
charge wave and the forward traveling resonant wave. T
result implies the coexistence of two waves but does
identify the means of generating the growth. An earlier e
periment by Boydet al. @11# produced a growing wave bu
no evidence of beating with another.

This paper describes an experiment with a Smith-Pur
based FEL~SP FEL!. Previously, we reported that an ele
tron beam, produced in a scanning electron microsco
passing over a diffraction grating achieved strong gain
terahertz frequencies@12#. Super linear power was observe
above a distinct threshold current level. Intriguing rippl
appeared sporadically in that data but not sufficiently p
nounced or reproducible as to warrant comment. By expa
ing the beam radius, thereby reducing the gain, we have b
able to investigate the subthreshold ASE regime system
cally.

Traveling-wave gain develops in an SP FEL as follow
An electron beam emits an evanescent wakefield while m
ing parallel to the grating surface and transverse to the
©2002 The American Physical Society03-1
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ings. The conductive surface reflects the field back into
beam which, in turn, forces the beam to coalesce into a t
of bunches. The field with wavelength commensurate to
bunch spacing grows with the degree of bunching. In ad
tion to providing the feedback for this fundamental mod
the periodic boundary scatters the wave throughout an
nite set of spatial harmonic orders. Energy is coupled ou
Smith-Purcell radiation through harmonic orders that f
within the lightcone.

Pierce described this process by combining the wa
continuity, and Newton equations into a quartic dispers
relation, representing two counterpropagating, reson
modes supported by the cavity and two space-charge w
carried on the beam. Significant energy transfer among th
fields occurs only when their phase velocities match~the
synchronism condition!. In this case, the dispersion relatio
factors into a real, cubic equation with complex roots.

The synchronous wave is necessarily ‘‘slow’’ and so
evanescent away from the grating surface. Therefore, the
ergy flow is strictly along the grating surface and in the
rection of the beam, defined asẑ. Assuming the growth is
purely spatial and defining the normal directionx̂, the field
amplitude can be written as

E5E0g~y!exp@2qx1 i ~kz2vt !#, ~1!

where the frequencyv is real, thez component of the wave
vector is complex, andg(y) is the resonant mode distribu
tion in y direction. The coefficientq is the inverse evanescen
length.

Near synchronism, the three roots of the dispersion r
tion are

~v/v2kj !5a$1/A31 i , 1/A32 i , 22/A3%. ~2!

Given a beam of currentI and relative energyg and velocity
b5v/c, the gain per unit length is

a5
A3

2 bg S I

I A

v h

jvgroupAmode
D 1/3

, ~3!

where I A5mc3/e517 kA, Amode and vgroup are the mode
group velocity and transverse area,h is the normalized over-
lap of the beam and mode profiles, andj the fraction of the
mode energy density contained in the longitudinal field.

Detected power is proportional to the total intensity of t
interacting waves. In the weak to moderate gain regimes
three waves have comparable amplitudes and must be
cluded. The fourth, counterpropagating wave is far o
resonant and not excited by the beam. The detected po
can then be related to the spontaneous emissionPsp ~in the
absence of gain! by

Pdet}
Psp

Dz
E

z

z1Dz

dzU(
j 51

3

Aje
( ik j 2G j )zU2

, ~4!

whereDz is the range accepted by the detector, andG j and
Aj5Aj exp(ifj) are the loss and initial complex amplitude
the j th wave, respectively. The detected power will oscilla
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with current due to the difference in the real parts ofkj .
Note thatPsp is linear inI andDz as long as the beam profil
remains constant.

With nine independent parameters in Eq.~4!, the gain
cannot be determined with great certainty. In order to av
this ambiguity, the threshold currentI th is defined to delin-
eate the high gain region where the pure exponential t
dominates. Given constant losses, initial phases, and b
profile, expanding the sum yields an expression that inclu
a pure exponential term and a growing amplitude sinuso
term. Just below threshold the oscillating term domina
whereas above threshold the purely exponential term is
sponsible for the rapid rise in output power. At thresho
these terms are equal implying that the threshold gain
constant and equal to the loss on the growing mode.

The SP FEL consisted of a 1-cm-long diffraction gratin
acting as a single element resonator, driven by a high qua
electron beam produced with a modified scanning elect
microscope~SEM!. Figure 1 depicts the apparatus that
described in more detail in Ref.@12#. The grating employed
in this experiment was aluminum alloy with rectangular pr
file of dimensions 180-mm period, 100-mm slot width, and
100-mm slot depth. The output was collected by a compou
lens imaging the center of the grating onto the active area
a helium cooled Si-composite bolometer detector. Additio
computer automation of the beam tuning and scanning fu
tions allowed for tight control and real-time monitoring o
the beam characteristics.

The beam profile was measured with a set of three ve
cally displaced, grounded wires mounted next to the grat
on a translating table. The wires were placed to coincide w
the center and either end of the grating. As the beam swe
across each wire it casts a shadow, which is reflected in
signal from the Faraday cup collecting the beam after
grating. Given the wire diameter, the rise time of this sign
indicates the beamwidth at the level of the wire.

In order to test the Pierce theory, the radiant power w
recorded as a function of beam current for several accel
tion voltage values ranging from 23 kV to 35 kV. The pow
was measured with a lock-in amplifier while sweeping t
beam normally past the grating surface~in the plane of the
page in Fig. 1!. By this method, the total current could b

FIG. 1. Schematic of the experimental apparatus. The elec
beam is swept over the face of the grating~in the direction indicated
by the wide arrow! at 200 Hz. The center of the grating is image
onto the active area of a helium cooled bolometer.
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recorded simultaneously. The SEM column was adjus
prior to each current scan to produce a beam profile of
62) mm and (9068) mm full width at half maximum at
the center and either end of the grating, respectively,~corre-
sponding to a depth of field of roughly 5 mm). A separa
measurement showed no discernible change in profile u
1.2 mA. The tilt of the grating was adjusted to maximize t
lock-in amplifier output, generally 1°–2° facing the bea
Also, the frequency of the output corresponding to first-or
Smith-Purcell emission at 0.5 THz was verified by transm
sion grating filters.

Figure 2 shows a plot of radiant power vs current at
kV, which contains typical observed features. The pow
builds from a low level and then develops distinct oscil
tions up to a certain threshold above which monotonic ra
growth ensues. This indicates that the data spans the
ASE, and high gain operating regimes. The solid line is
predicted power, Eq.~4!, with the parameter values chosen
fit the data as indicated in the inset table. It is important
note that while the parameters were assumed constan
this fit, space-charge effects alter the beam profile and
resonant mode as the current is increased. The exce
agreement of the fit suggests that these effects are sma

It should be noted, however, that the fit parameters w
found manually and some of them are certainly not uniq
Changing the loss terms (G j z0) by a factor of 2, with a
commensurate change in the gain (a) results in a fit similar
to the one shown in Fig. 2.

The disparate values for the lossesG i deserve further
comment. Pierce investigated the effect of imposing a co
mon loss into his theory and surmised that the initial am
tudes of the three waves should vary relatively with the
gree of loss. This approach, in which the losses were

FIG. 2. Plot of SP FEL radiant power vs electron beam curr
of a typical current scan. The solid line is a fit to Eq.~4!. Inset: the
same data plotted logarithmically. The threshold is defined to be
intersection of two power law fits to the regions above and be
threshold.
06650
d
0

to

.
r
-

5
r

-
d
w,
e

o
for
e
nt

re
.

-
-
-
et

equal, resulted in a slightly inferior fit to that of Eq.~4!. We
present instead a generalization of Pierce’s theory that
duces the best fit to these data. It should be noted that
system is not strictly one dimensional. The influence of
electron transverse velocity spread and the asymme
boundary conditions on the interaction is likely to be su
stantial and complex. The loss and phase parameters ar
gregate indicators of these effects without suggesting
physical origin. The prominence of the power oscillatio
despite this complexity only fortifies the prediction that t
three-wave interaction is the fundamental mode of operat

The sinusoidal term in the expansion of Eq.~4! involves
the growing and unattenuated waves~first and third!. The
second, attenuated wave has only weak influence in the A
regime. Accordingly, the value ofG2 can be varied by more
than an order of magnitude without diminishing the fit si
nificantly. As noted above,G1 determines the threshold whil
G3 primarily affects the oscillation amplitude. Attributin
different parameters to the individual waves is only justifi
if the modes are distinct. In the absence of loss, the mo
are spaced byA3a with widths a, suggesting that they ar
just resolved. With loss, the modes are even more dist
because the net growth, and so the mode width, is smalle
the Smith-Purcell case the loss originates primarily fro
coupling of power into the radiative mode.

The method employed for finding the threshold curren
illustrated by the inset in Fig. 2, which is a logarithmic pl
of the same data set. Subsets of the data~above and below
threshold! were separately fitted to power law functions a
the intersection of these lines determinedI th .

The subthreshold oscillations are clearly evident about
power law fit. When this section is plotted after normalizin
by the fit ~in this specific case the fit wasI 1.1!, the oscillation
amplitude is constant. The three-wave model in the c
beam limit implies that the oscillations should be sinusio
with I 1/3, while the warm beam limit implies the dependen
is I. Figure 3 shows the subthreshold normalized power p
ted twice, againstI 1/3 ~dots! and I ~circles!. For easier com-
parison the abscissae were scaled with the functionsI
2I 0)/(I 12I 0) and (I 1/32I 0

1/3)/(I 1
1/32I 0

1/3), respectively, to
ensure that the first maximum~at I 0) and following mini-

t

e

FIG. 3. A focus on the oscillating region. Dots represent the d
plotted againstI 1/3 along with the best sine curve fit. For compar
son the same data set is plotted againstI ~circles!, which cannot be
fitted in the same way.
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mum ~at I 1) coincide. TheI 1/3 dependence is sinusoidal, a
confirmed by the sine fit to the dots~solid line!, while the
period of theI dependence clearly increases with curre
The conclusion that the SP FEL operates in the cold be
limit is reasonable considering that the thermionic catho
introduces only a few eV energy spread so that the rela
velocity is only one percent of the growth per waveleng
(Dv/v&0.01 a/k).

Together, the observation of oscillations with cubic d
pendence on current and the transition to exponential gro
at high gain offer compelling evidence that the SP FEL o
erates in the cold beam limit through the three-wave inter
tion developed by Pierce. There are, however, three im
tant implications from the theoretical fits. First, the growi
v,

,

le

y
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wave must be initially smaller relative to the other two.
this were not the case, the growing wave would domin
long before an oscillation develops. Second, detecting on
narrow portionDz of the grating is necessary for observin
the oscillations. The fit suggests the detected power is e
ted from a small fraction of the total interaction length, es
mated to be between 5 and 10 mm. Varying the fitting p
rameterDz reveals that the oscillations wash out when t
viewed portion encompasses the full interaction length.
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