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Constitutive property of the local organization of leaf venation networks
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The leaf venation of dicotyledons forms complex patterns. In spite of their large variety of morphologies
these patterns have common features. They are formed of a hierarchy of structures, which are connected to
form a reticulum. Excellent images of these patterns can be obtained from leaves from which the soft tissues
have been removed. A numerical image processing has been developed, specially designed for a quantitative
analysis of this type of network. It provides a precise characterization of its geometry. The resulting data
reveals a surprising property of reticula’s nodes: the angles between vein segments are very well defined and
it is shown that they are directly related by the radii of the segments. The relation between radii and angles can
be expressed very simply using a phenomenological analogy to mechanics. This local organization principle is
universal; all leaf venation patterns studied show the same behavior. The results are compared with physical
networks such as fracture arrays or soap froth in terms of hierarchy and reorganization.
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I. INTRODUCTION wings, which are practically identical from one individual to
another. In this latter case the pattern thus seems more di-
The venation patterns of plant leaves have a great beautyectly determined by genetics. One aspect of this variability
which results from the visual combination of their complex- was investigated by Wyli€6,7] who demonstrated a depen-
ity and regularity. The pattern shown in Fig(al is the  dence of the leaf thickness and the interveinal distances on
venous network of a dicotyledon leaifGloeospermum the intensity of the exposure to the light.
sphaerocarpumThis leaf was subjected to a chemical treat-
ment to remove all the soft tissues, leaving only the veins. A
vein, in fact, is more properly called a vascular bur{dlg].
It is formed of three parts, each of them with a different In spite of the large variety of patterns observed in leaves,
function. At the core of these bundles are clusters of twosome properties are always present. Several features con-
distinct types of ducts. Xylem, which transports water fromcerning the structure of the network can be noted.
the roots to the tissues, and phloem, in which the chemical (1) The hierarchy of the vein radii corresponds to a tem-
products synthesized in the leaf flows in the opposite direcporal order during the pattern formati¢8,1]. The primary
tion towards the rest of the plant. These ducts are surroundagkin of the leaf in Fig. {a) is the central midvein. It is the
by a sheath of ground tissue made of ligrimood). This  largest and oldest. The secondary veins grow towards the
sheath has a mechanical role in strengthening the rigidity ofeaf edge on either side of the midvein. The veins of third
the leaf. What we observe is this sheath; its diameter is najrder are observed between the secondary ones. The higher
necessarily proportional to the diameter of the ducts themorders are visible in Fig.(b). The veins become both thinner
selves. and shorter as their order increases. Approximately seven
successive orders of veins can be identified in Fi).1
(2) The general pattern forms a reticulum. This means
that, generally, all veins are connected at both their ends to
The patterns of different species exhibit a large variety ofthe global array. For instance, each secondary vein is con-
structures. For this reason, leaf venation has been investirected, at its base, to the primary vein and also by a loop to
gated for its possible use in the systematic determination aéinother secondary vein near the border. Similarly the tertiary
species. Several attempts to classify the patterns were donegins usually connect two secondary veins. This feature is
initiated by von Ettinghausef8]. His classification was re- observed for all orders except the highest where the thinner
fined and completed by Hickeyl]. The more recent books veins (called the veinletsare often left open ended. As a
by Klucking [5] give a systematic photographic record of aresult the small scale structure of the arfahown on Fig.
large number of venations and propose a different classificak(b)] is formed by a juxtaposition of polygons called the
tion. areoles. All the open-ended veinlets are enclosed within
Until now, however, the venation has not been considerethese areoles.
as a safe criterion for the systematic classification of plants In mature leaves the network morphology of the system
because of its observed variability. When several leaves deads to a redundancy in the flow paths, which is physiologi-
the same plant are examined, they exhibit a common type afally beneficial. If a vein is accidentally severed, the flow is
structure with still an individual pattern. This is the signaturenot deeply perturbed because it bypasses the damaged region
of the role of self-organization during the growth. This situ- using the neighboring network. This is a very efficient pro-
ation contrasts with, e.g., the venation pattern of dragonflicess, as demonstrated by WA{id and Magnasc9].

B. The global structure of the vein pattern

A. Variability of the patterns
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FIG. 2. Four steps of the image processi@y.The leaf skeleton
is scanned by a commercial scanngm. A new, binary image is
built up. The gray points in this representation correspond to the
black value points of the initial image, the black points between the
gray and the white points are the borderlines and the black points in
the middle of the gray regions are the results of the skeletonizing
process(c) Smooth borderlines are obtained using a linear interpo-
lation. In this image they are projected on the scanned imafye.
) The final aspect of the transformed image; nodes are represented by

- ,?- | triangles and open ends by black disks. Between two nodes, a seg-

’ . ment is defined by its two border lines and a middle line.

(b)

distinguish different generations. The classification of veins
and generations simply based on the local radius, therefore,
fails. Another problem is that many-shaped ramifications
are observed at small scaleee Fig. 1b)], where three seg-
ments of equal radii are connected by angles of 120°. Sup-
posing that at such & ramification three distinct veins are
4 connected, will result in defining an unrealistic number of
A veins and generations. If we suppose, on the other hand, that
all three branches of thébelong to the same vein, too many
segments are stuck together and netlike veins are formed. In
short, it is often not easy to define an objective criterion by
L : s which to decide where a vein starts and where it ends.

FIG. 1. The venation network of a dicotyled6Bloeospermumn These problems can be avoided by focusing on the local

as it appears after a direct high-resolution s¢anThe whole pat- 9€ometric structure. The concept proposed here and used in
tern (the leaf is 11.5 cm long (b) A detail of the structure the following text is simple and can be used for networks of

(0.75 mmx0.59 mm). very different natures. In contrast to the description based on
continuous veins of different orders, which can be seen as a
global approach, this concept allows analysis of the local
structure. We consider the venation pattern as a set of nodes,
The continuity of the veins within the above reported hi-segments and free endings. A node connects at least three
erarchy provides an intuitive description of the venation patsegments in the same way as a crossroad connects at least
tern. However, in terms of strict definitions, this conceptthree parts of street. A segment is the link between two nodes
gives rise to fundamental problems requiring a specific in-or between a node and a free ending. It can be compared to
vestigation. The central vein, large at the base, becomes thilg- segment of street which links two crossroads or a crossroad
ner and its radius in the tip region is often of the same magand a dead end. This is shown in FigdR The nodes are
nitude as the radii of the small veinletdrig. 1(a)].  represented by triangles, the free endings by black disks.
Furthermore, the histogram of radii of the vein segmentsiwo border lines and a middle line form a segment. Different
(Fig. 7) is very smooth and does not give any indication toproperties are assigned to nodes and segments. Each segment

C. Global versus local geometric structure
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has a defined length and radius, both measured in the image original image

processing. At a node three angles between the segments are
determined. While this representation allows for a systematic
analysis, the concept of veins and hierarchy is kept in mind

to interpret the obtained results.
In this study we focus on the angles between vein seg-
ments to characterize the geometry of the pattern. This

choice permits comparison of the venation so as to better few mage

understand physical reticula. This is dealt with in the conclu- b |b |b b |b |b bt fw]]b |t |w

sion. b |b |b b |b |t bt [w]l]t Jw]t

Il. IMAGE PROCESSING AND STATISTICAL b b |b | b Jt Jw][b ft Jw ] |w]t |b
TECHNIQUES

FIG. 3. The principle used to apply the threshold and to decom-
pose the image into blacdlb) and white(w) areas. The borderline

In the case ofGriffonia simplicifolia the skeletons were points are represented by)( In the alternating situatiorat the
obtained from fresh leaves of plants in culture, which wergfight) the value of the center point of the new imageug (In this
naturally cleaned by unidentified animalmong which are Way we qbtain distinctb) areas and eadlt) point can be unequivo-
the larvae ofPlatyhelminthes For all the other species the Cally assigned to oné) area.
skeletons were obtained from leaves collected on dry plants
of the herbarium of the Laboratoire de Phesgamie, points with the imposed threshold. The results are shown in
MNHN (P). They were put in 10% sodium hydroxide solu- Figs. 2b) and 2c): in Fig. 2(b) the (w) areas are drawn in
tion at 70—80 °C until the epidermis unstuck. Then for bothyhite and the(b) areas in gray. The black points separating
materials, the epidermis and mesophyll were removed byhese areas form the border line. Figure)2shows these
fine grips and writing brush. The skeletons were themyorger lines, which are stored in memory as a series of real
bleached in 10% hydrogen peroxide for 30—60 min, washega|ye vectors, projected onto the original image. They are
thoroughly in water, stained in 10% Fuchsine for 2 h,gmoother than those obtained by direct application of a

washed, dried, and conserved in crystal paper. _ threshold[Fig. 2(b)] and thereby discretization effects are
The leaf skeletons were then scanned directly using Y

! - S . J Qvoided.
commercial scanner in transmission mode with a resolution

of 2000 pixelsfinch and 256 gray values. Figute) shows The second st_ep consists in detecting the topology of the
o A network. To do this, thek)-value areas are shrunk from the
the type of resulting image. As can be seen in Fig),lthe

whole structure, including the highest order veins, is WeIIborder line to simple lines shown as black lines in Fith)2

resolved. We want to treat this image so as to obtain relevarﬁf\’iaﬁng from the standard skeletonizing technique, the
data on the pattern. We thus need to extract all the informa-iStory” of the shrinking process is kept in memory so that
tion about the topological structur@onnections, areolgs [oF €ach point of a central line, we are able to find the two
the segmentdlength, diametey and the nodegangles. cor'res'pondlng points on the border Imes' from where 'Fhe
Since we want to obtain statistically relevant data, it is necShrinking process has started. On these simple central lines

essary to develop a numerical process for imaging a wholéhe nodes(points with at least three neighbomnd the free
leaf. endings(points with only one neighborare detected; the

In Fig. 2 the different steps of this treatment are demon4information about the connection of a node with its three
strated for the detail in Fig. 1. The initial imagi€ig. 2@@]is  neighbors is obtained as well. As the history of the shrinking
strongly contrasted with dark veins on a light background. Inprocess is stored in memory, a node is not a point but a
the first step, a gray threshold is imposed and the image isiangular zone and two neighboring nodes are connected by
decomposed in whitégray values smaller than the thresh- the two border linefA’'B’ andA”B” in Fig. 2(d)]. All mea-
old) and black areas. This is done in the following way. A surement procedures are based on these triangles and border
new image of double size is created by the mask shown itines.

Fig. 3. The value of a point with coordinatesi (2k) of the The measurement procedures used on the set of nodes and
new image is white\) if the gray value of the correspond- border lines are demonstrated in Fig. 4. In order to define the
ing point of the original imagei(k) is smaller than the triangle representing a nodé-ig. 4@] we choose three
threshold; otherwise it is blackbj. The values of the in- pointsa,b,c on the three borders surrounding the node. We
serted points are defined by the neighborhood. They have traide them on these borders until we obtain the three points
black value if the new point is located between two blackA,B,C forming the triangle with a minimal perimeter. As the
points(b) and the white valuéw) if the new point is located area of this triangle belongs to the all three segments, neither
between two white pointsi). The points with a white and a lengths nor radii nor angles have any meaning in these re-
black neighbor define the borderline of black and white.gions. The two border lines and the two triangles enclose a
These borderline poinfgalled(t) for threshold in Fig. 3 are  quadrangular region, the aré&) of which can be computed
enumerated and an exact position is calculated by comparindjrectly. Then, starting from one side of a node triangle, we
the linear interpolation of the gray values of the neighboringcan move in parallel on the two border lines, until we reach

A. Image acquisition and processing
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FIG. 4. The three steps for the definition of the geometric char-
acteristics of the patterita) Nodes: The trianglegbc) representing
the node is changed by shifting the apices on the border line in
order to minimize its perimeterABC) is the minimized triangle.
(b) Segments: The areA of the segment is defined as the area
enclosed by the lines connecting the poirB<(C'B’). The middle
line is obtained by simultaneously moving frdto B’ and fromC
to C' on the two border linesarrows, and by calculating at each
step the middle of the line between the linB8’ and CC’. The .
length and the radius of the segment are calculated during this 3 AN
“wrapping process.”(c) Angles: On a length of the order of the 0 360° &
triangle side, the extremities of the middle lines are fitted by straight o
lines. Note that each node connects three segments having a large F1G- 5. Sketch defining the absolute angigs(a) and the rela-

width (L), an intermediate widthl§, and a small width §), re-  tve anglesay (b) at a node. When the three absolute angles are
spectively. chosen at random the resulting dqf(#) is constant in inseta)]

and the corresponding(«) [inset (b)] are proportional to (360°

the next triangle. For each step there is a small line that links- a,,).
the two border lines and by calculating its center a new, . o
smoother middle line is obtaind&ig. 4(b)]. The lengthL of analyze statistical results on the distribution of angles at a
this line is computed and the characteristic value for the seg?de, we first have to examine their behavior in the case of a
ment's radius is defined bir=A/2L. random array. The Euclidean geometry requires the sum of

At each node, each of the segments is replaced by gll angles between segments at a node to be 360°. To ana-
straight line that is the best fit of the middle line starting lYZe the angle data we have to understand the action of this

from the side of the triangle with a length equal to this sideconstraint on the statistics. o
of the triangle[Fig. 4(c)]. These straight lines define the  Let us consider the case where the directions of the three

absolute directions of the segments at the node and, ther8€gments at a node are chosen randomly and isotropically.
fore, the angles. When two nodes are very close to eac§/e consider a nodgFig. S(@)] and first define the position of
other, the length of the middle line separating the two tri-the segments by their angde with a fixed directiorOx. For
angles is smaller than the fitting length. In such cases the twgach of the three segments, the probability that it is oriented
triangles are pasted together and nodes with four or mor# the absolute directiogb; is independent of; . As a result,
segments are formed. These nodes are ignored in the follovihe probability density functiom,,,(¢;) (where the index

pdf(cr)

ing. They should be treated separately in the statistics. “ran” stands for random is a constanfFig. 5a) insef and
the probability thate; is contained in an intervala,b],

B. Statistical analysis: The geometrical constraints P(a<¢;<b), is proportional to the length of the interval.

in & two-dimensional network We are now interested in the angleg formed, at a node by

Since the analyzed leaves are flat, we will consider theitwo segmentk and! (Fig. 5 inset. The probability density
venation patterns as two dimensional. Since we are going tlunction (pdf) of these angles is less trivial.
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We first consider two segments 1 and 2 being placed in - = 10 fitering
random directionsp, and ¢,, respectively. If no orderis | e &fépg
used they form two angles¢b—¢1) or [360°— (¢, - g ~ R°=3 gix
—¢41)]. One of these angles ia,,<180° and the other , — R =4 pix

a1,=180°. The value that will actually be measured de-
pends on the position of the third segment. If it is placed in a
random direction it has a greater probability of being be-
tween 1 and 2 on the side of the larger angle. As a result, the
chosena, has a greater probability of being the smaller of
the two possible values. To simplify the argument we assume _
that ¢,=0, e.g., the coordinate system is chosen so that the

fixed directionOx is identical to the directiorp,. The prob- -
ability of obtaining an anglex,, is the sum of the two prob-

abilities, —

Pran(@12) = P(do=a1) P(d3>aq)) e

+P(p1= 1) P(p3<360°— ayy). 40 80 120 160 200
a [deg]

p (v

As P(¢,= 1) =P[¢,=(360°-«a;,)] are constant and FIG. 6. The normalized pdf(a) for all the nodes of a leaf of
as P(¢3>a1)=P[¢3<(360°— a;5)]<(360°~ay,), the GloeospermumThe bold line shows the complete histogram, the
resulting pdf is others are histograms obtained on filtered patterns with different

values of the radius threshoR, (1 pixel=12.5 um).
Pran( @12) (360 °— ayy). (1)
We must note that for a very small number of nodes

This probabilityp,,(a15) is given in Fig. 5b) (insed. In (much less than 1%the automatic treatment fails and th_e
the following, using the image processing we obtain experi/n€asured angles are close to 360°. Due to the renormaliza-
mental probability density functione,g(ay,). In order to 110N bY Pray these points become important when mean val-
eliminate from our results the effect of the geometrical con-U€S are _calculated. To avoid this artifact, all the points cor-
straint, all the pdfs that will be shown below are the mea/€Sponding to values ot larger than 300° have been

sured histograms rescaled by the random value. removed. , _ , _
The visual impression given by Fig. 1 suggests that the

Pexel @12) structure is more isotropic at small scales than at large scales.
p(ag)= Pexp 7127 2) For this reason we investigated whether or not the angle
Pran(@12) distributions depended on the vein sizes. Figure 7 is the his-
togram of the width of all the segments of the patterns. It is
Note that if there were no irregularities and if the anglesdominated by the small scales. Using the measured thickness
were really randomly distributed the resulting histogramof the veins, we could create “filtered patterns” from which
p(a12) would be constant. all segments with a radius smaller than an imposed threshold

IIl. ANGLE DATA

A. Global pdf for the vein radii and angles

The results presented here were obtained using a .
Gloeospermunteaf of the type shown in Fig. 1. For a given
leaf the venation pattern is composed of several thousand  _ -
nodes[73526 are detected in Fig.d] and free endings ®
(46 129 with thousands of segment6l27610. 10181 A
simple nodes with three segments are collapsed because the
fitting length was shorter than the segmésee aboveso
that for this leaf the statistics were done on 63345 nodes
with three segments.

Figure 6 shows the histogram p{«) in this case. It can
be immediately seen that the network is not random, since : :
the angles between vein segments are found to have values o 2'0 4'0 elo slo 10'0
mostly between 90° and 180°. Furthermore, the pdf seems R [um]
to have two ill-defined maxima. Similar results were ob-
tained in all the leaves we analyzed, as will be discussed FIG. 7. The histogram of the radii of the segments. The vertical
below. lines are the threshold radii used in the filtering prodese Fig. .
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-), FIG. 9. The normalized pdf(«) for a leaf of Gloeospermum
and its decomposition into three pdi$a ), p(«as), andp(a.s),
) in which the relative radii of the segments have been taken into
) account.

The pdfsp(ey), p(es), andp(as) shown in Fig. 9
are much simpler; each of them has only one maximum and
the three maxima are different. The double maximum of the
total histogram is, therefore, a result of the superposition of
these three simpler histograms. The values of the three
angles of a node are thus directly related to the local hierar-

FIG. 8. Details of theGloeospermumnieaf after filtering with Ch)ll of tge Teetmg t\./felr;hs.lzfs' | hi h
different threshold radii(a) without filtering, (b) R,=25 um, (c) n oraer {o quan 'y_ IS loca _'erarc y We_ use as a pa-
R.=37.5 um, and(d) R,=50 wm. rameterRs/R, , the ratio of the radius of the thin segment to

that of the thick one. The radius of the segment of interme-

diate size is usually close to the large one and, therefore, the
Rc were removed. Figure 8 shows details of the resultingconfiguration of radii is well defined by the chosen parameter
networks for three different values of the threshold. NeW(See Fig. 10 For RS/RL close to 1 all radii are nearly equal
histograms are computed on the filtered network, and ar@nd no hierarchy can be defined. Ry/R, close to 0, a thin
plotted in Fig. 6. In the absence of filtering, the thin veinsvein is connected to a thick one. Figure 11 shows the nor-
dominate the statistics. The pdfs do not change in shape butalized histogram oRg/R, . It has a maximum at about
the two maxima are slightly better resolved. There does ndd.5, which means that intermediate situations are frequent.
seem to be a strong dependence of the angle distribution on Figure 12a) shows a set of conditioned histograms
the global size of the veins. The fact that the maxima become(«,,) for the angle between the thick and intermediate
sharper will be understood in the context of the results giverveins. Each single histogram is obtained by taking into ac-

in the following paragraph. count only the nodes wheRs/R, is in a chosen range of
values. The original histogram is thus decomposed in
B. Conditioned pdfs for the angles sharper, more symmetrical histograms. RafR, close to 1

o the three veins have approximately the same size and the

Up to now, no distinction has been made between theymmetry of the situation is reflected in the symmetry of the
three angles of a given node. However, it is clear that MOSAngles that are all approximately equal to 120°. For very
nodes are the meeting points of veins having different diamsmall values ofRs/R,, a very thin vein is only a small
eters. In the following, before building up histograms, we perturbation to the thick vein and the anglg, is close to
will, at each node, distinguish the three segments by theirg0°. Between the two extreme situations the angles of the
radii. They are labeled largd §, intermediate ), and small  peak vary continuously.
(S). We will then measure three angles. The first ang, is The dependency of the pdis(«,s) and p(«,s) [Figs.
the angle between the segments of largest and intermediat®(b) and 12c)] on the ratioRs/R, is much weaker. The
radii, o5 is the angle between the segments of intermediatenean value ofy,g is about 100° for smalRs/R, and rises
and smallest radii, and, s is the angle between the seg- to the symmetric 120° foRg/R, close to 1.p(«ag) Stays
ments of largest and smallest radii. remarkably constant. Its mean value and its maximum
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FIG. 10. The averaged values Bf /R, as a function oRg/R,
(black disks. Lines (A) and(B) are the limits imposed by the defi-
nition, lines(C) and(D) are explained in Sec. V.

are both close to 120°. The pdff«,s) and p(«a g) stay
quite large. Note that the small veins still dominate the sta-
tistics. Either we have a small vein connected to a large one,
or three small segments are linked together. The number of
nodes with three large segments is so small that these con-
figurations have no influence on the statistical results. But
nevertheless, comparing the results with Fig. 1, the same
behavior can be seen in configurations with large segments,
too.

The results can, therefore, be interpreted as the perturba-
tion of a larger, older vein by a younger and smaller vein that
connects to it. The difference between; and 180° is a
measure of this perturbation. It is a function of the ratio of
the radii of the two veins. If the older vein is much larger
than the younger one, the perturbation is minor and the vein
remains straight. With increasiri®s/R, the perturbation be-

(a)

(b)

(c)

p (op )

p (og)

p (o)

PHYSICAL REVIEW E 65061914

— 0.0 <Rg /Ry <0.2
=== 09<Rg/Ry <10

40 80 120 160 200
ags [deg]

FIG. 12. (a) The decomposition of the pdis(«,) [shown in

1.0 - @], p(es) [in (b)], andp(e ) [in (c)]. Each node is characterized

by its ratio of radiiRg/R, . Each pdf is obtained by limiting the
analysis to nodes witlRg/R, in a fixed interval. As 8=Rg/R

0.8 — <1, nine distinct intervals have been defined. The bold lines are the

06 —

pRg/Ry)

normalized pdfs for small values &s/R, , the bold, dashed lines
are the normalized pdfs for large valuesR{/R, .

comes stronger and stronger, the old vein seems to be pulled
by the smaller one. The 120° angles ®g/R, close to 1

0.4 - result from the mutual perturbation of the three segments: the

| I I I I 1
0.0 0.2 04 0.6 038 1.0

width of the histograms gb(«,s) andp(«, g) indicates that
the orientation of the small vein is less well determined.

C. Comparison to other specimens

Specimen of the leaves of six other dicotyledofsphir-
rhox longifolia Griffonia simplicifolia, Hybanthus caledoni-

Rg /Ry cus Melicytus macrophyllusRinorea amapensjgndLeonia
crassa were analyzed in a similar way. Figure 13 shows
FIG. 11. The number of nodes as a function of their values ofdetails of the photos of these six leaves together with a detail
Rs/R, (normalized: intermediate situations are frequent. of the already discusse@loeospermunieaf. Although the
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FIG. 14. The averages of the three anglgs, «,5, ande| g as
a function ofRg/R, for the seven specimens. The legend to identify
the different leaves is given in Fig. 13. The bold line is for
GloeospermummNote that they show identical behavior. The slightly
different one isMelicytus(dashed ling

characteristics as the interveinal distances, the number of
free ending veinlets, or the size hierarchy of the veins, we
find the networks to be very different from one another.

In spite of these differences, the results of the analysis of
the angles show the same properties as those for the
Gloeospermuneaf. Figure 14 collects the averages of the
three angles depending &ty/R, for the seven leaves stud-
ied. Surprisingly, only small interspecies variation can be
observed. Nevertheless, the local dependency on the relative
scale and the invariance on an absolute scale are mainly the
same for all leaves. The relation between angles and radii, is,
therefore, much more general than we expected. This univer-
sality seems to be an organization law of the venation pat-
tern, and we are, therefore, not able to distinguish the differ-
ent species by the angle pdfs. Other properties, for example,
the area of the areoles, the number of veinlets, and the radii
of the veins, seem to be more appropriate quantities for sys-
tematic botany.

IV. MODELING
A. The “force model”

The previous results lead to the so called force model

FIG. 13. Details of the seven venation patterns of leaves ofFig. 15. We imagine that each segment pulls on a node with
various dicotyledons at the same sca;Gloeospermum sphaero- g force in the direction of the segment. Its magnitude is an

carpum (b) Amphirrhox longifolia (c) Griffonia, (d) Hybanthus
Caledonicus (e) Melicytus macrophylys(f) Rinorca amapensijs

increasing function of the radius of the segment. In the equi-
librium state the sum of the three forces has to be zero:

and(g) Leonia crassaThe height of each is 3.9 mm. Although six

of these leaves belong to the same family, their networks differ in 0=F;(R;)+Fx(R,)+F3(Ry), 3)
the distribution of the radii, the number of free ending veinlets, and
the characteristic length scale. The symbols used in Figs. 14 and 17 0= F(Rl)e¢l+ F(Rz)e¢2+ F(Rg)e¢3. (%)

are indicated on the right of each image.

The directionse; , and with them the angles, are deter-
seven species are close to each other in evolut of  mined by the three radii. For three segments of equal radii
them are part of the same family dfiolaceae[10]) their  the resulting angles are 120° and for a very thin segment and
venation patterns show a large variety. If we consider suclwo thick segments, the angle between the two thick seg-
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Fy FIG. 16. The calculated functioriS(R) for the seven leaves.
The strength of the “force” in the force model is almost linear to
the radius.

FIG. 15. lllustration of the so-called force model. Each segment

is replaced by a force depending on its radius. The angles between For the anglesy;, the calculation matches perfectly with
the three segments result from the mechanical equilibrium. the experimental results. For the two other angles the calcu-
lated values show qualitatively the same behavior as the ex-
ments will be close to the 180°. Qualitatively, this descrip-perimental values, but for smafls/R, there is a quantitative
tion agrees with the experimental results and allows the ungeviation. This may result from the fact that for such nodes
derstanding of the intermediate situations. the direction of the small segments is very sensitive to slight
The condition(4) is equivalent to changes in the radii of the thick segments. The nonperfect
overlap of experimental and theoretical values may, there-
fore, have its origin in the nonperfect accuracy of the deter-
mination of the radii. Note that in both figures, Figs. 14 and

F(Ri)Sinaik=F(R|)sina|k. (5)

To find the functionF(R) that matches the experimental

results. the functional 17, the Melicytosleaf differs slightly from the others. The
' measured differences are reproduced by the calculation.
[F(R)sina;— F(R,)sinay]? Assuming the linear dependency of the force on the ra-
E[F(R)]= dius, the reported results can be expressed in a simple geo-
ali'nodes K F(RO?+F(R)?
(6)

180
has been minimized numerically. The denominator is an es-
timation of the error. The obtained force functions are plotted
in Fig. 16 for the seven leafs. The force can by definition be
given in arbitrary units. For all seven leaves it increases lin-
early with the radius. This is in agreement with the absence 1404

160

of an absolute scale in the angle désae Fig. 6. We can a0

note that this well defined result differs from what would be = 10
obtained in the interaction of cylindrical elastic segments. In 8

this latter case a quadratic dependency of the force on the

radius would be expected. The linear dependency corre- 1004
sponds to an interaction of the elastic tubes.

80
B. Comparison with the measurements

The best test of the force model consists in taking the
whole data, removing the measured angles, taking the fitted
force function and calculating the angles based on the force F|G. 17. Same as Fig. 14, but with the angles calculated by the
model. After this the histograms can be plotted and comforce model. The calculations reproduce the measurements well.

pared to the measured histograms. Figure 17 is of the sanMote that, as in Fig. 14, th#lelicytus (dashed ling is slightly
nature as Fig. 14, but here the angles are calculated. different.
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intermediate radiudR, is by definition close toR, . For

(@ (b)
Rs/R, close to 0, the small radius is much smaller than the
2R, large one, the measured intermediate radius is actually close
2R1 X 2R3 to the large one. But in general the raRy, /R, is not con-
. f ’2R3 stant and equal to 1: the plot &y /R, as a function of
Q ’ 7 2R Rs/R, shows a minimum aRg/R, =0.5. This characteristic

i can be recovered from the data on the angle distribution,
using the force model. It is observéBigs. 12 and 1jthat
the angle between the large and the small segmegstays
constant at 120°. The construction of Fig. 18 and simple

FIG. 18. Construction of the angles between three segments: C&;lgonometry leads to
the three segments at right angles. Assemble them so that the cuts 2 2 2 °
form & trangle. gntang R2=R2+ R2— 2RqR, c04180°— o o). ®)

0"‘ .| 2R2

) - o .. With o s=120° we obtain in terms of the ratios
metric way shown in Fig. 18. After building up the equilib-

rium force triangle with forces having magnitudes R, [ Rs [Rg)?
proportional to the segment diameter, each force is rotated by R~ 1- R + ( R_> . 9)
90° (an operation that does not change the relative angles L L L
The directions of the segments are given by the directions of | o (C) in Fig. 10 is the plot of this function. Qualita-
the forces. The former are, therefore, directly obtained by e|y this is in agreement with the measured data. The con-
cutting each segment at right angl[erg. lqa)] and réas-  stant 120° angle is, therefore, the direct consequence of the
sembling them so as to form a triangle with the ciR®.  gifferences between the intermediate and the large radii.
18)]. : S e If one radius is larger than the sum of the two other radii
The force triangles in(Fig. 18 are very similar to the  yhe torce model cannot work since the triangle of Fig. 18

triangles representing the nodesg. 2(d)]. This fact is not  .annat pe built up. This constraint corresponds to the forbid-
trivial. The image processing has also been tested on fractulg,, 5rea below lin€D) on Fig. 10. Points in this forbidden

arrays. In this case, the force model does not match the angle.. e nodes with a very large segment and two very thin

data. The description developed here is, therefore, charactfhes No such node is ever observed directly on the images,
istic for the venation patterns. but a few numerical artifacts are responsibleRay R, close
to 1, the mean value dRy, /R, goes down in the forbidden
V. RELATION BETWEEN THE RADII OF THE THREE area. The pointsRy /R, ,Rs/R,) are, therefore, well lo-
SEGMENTS cated in the region enclosed by the linég ( (B), and D).

Radii and angles have been defined as local propertie¥/hile the lines(A) and (B) are limits given by the defini-
ignoring the intuitive continuity of veins of a given age and tilons, we do not understand the origin of lit@) from the
size. This concept of nodes and segments allows us to col@c@l point of view, but its absence would make the local
relate radii and angles. The relation between these, con{0rc€ model collapse. .
pactly described by the so-called force model, can be seen as The relation between the three radii cannot b_e underst_ood
a constitutive relation of the local organization of the pattern @t this level. It rather refers to the concept of veins and hier-
The angles are determined by the three radii, or more preafchy, S0 that a combination of global analysis and local
cisely, by the ratioRs/R, andR, /R, . The relation between e_maIyS|_s of the pattern is necessary to complete the descrip-
the three radii is not trivial: the coexistence of nodes withtion of its structure.
three segments with equal radii, and nodes with two large
segments and a thin one, do not allow a relation of the form V1. DISCUSSION AND CONCLUSION

Thus, aside from their global propertié@®ticulum struc-
ture and hierarchythe leaf venations also have other com-
mon features. We have shown that the angles between vein
'segments are surprisingly well defined and directly related to

ations. . . ,
. . , the radii of the segments. As a simple but powerful descrip-
The choice of the rati®s/R, as a parameter to define a tion of this regularity in the local organization, the so-called

node can be justified by a discussion of the results displayegh, .o el has been worked out; each segment pulls on the
in Fig. 10. At a given node the intermediate and the 1arg€,,4e \yith a force proportional to its radius and their orien-

radii are usually close to each other. Direct observation of th‘?ation is determined by the mechanical equilibrium. This
pattern s.hows th"?‘t the cqrrespondmg segments belong 1o the, e appropriately reproduces the measured results.
same vein on which a vein of smaller diameter is connected.

If the larger vein was of constant diameter, there would be
equality of R, andR, and the representative points would be
located on line(A) in Fig. 10. The measured data do not Focusing on the local geometry, we have introduced a
confirm this hypothesis exactly. F&ts/R, close to 1 the local hierarchy; at each node we distinguish three segments

R7=RJ+RJ, (7)

which would be expected by flow conservation consider

A. The formation of the vein pattern (its ontogeny)
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by their radii: the small, the intermediate, and the large oneKaplan [17]. They found an interesting crossover in their
This local hierarchy is related to the global hierarchy ofstatistical distribution. For very thin layers the pattern is
veins of different orders described in the Introduction. Mostdominated by the nucleation of independent fractures around
of the nodes correspond to the collision of a younger veimclej. These often have a three armed star structure and

with an older one. angles of 120° dominate the statistics. In contrast, for thicker

The most common modelsee Refs[11-13) for vein .
formation in plants assume that the differentiation results!ayers’ each fracture propagates on long distance and the

from a diffusive process. In these theories, a hormone jpattern is dominated by the collisions of independent frac-

generated, and diffuses through the tissues, inducing a lociiTeS at right angles. The statistical analysis of the nodes
differentiation into veins that progressively canalize the flow.show a domination of 90° angles. It is worth noting, inci-
In a variant of this model proposed by Meinhafd#] the  dentally, that other networks are characterized by the angles
venation results from a Turing reaction-diffusion processat their nodes. For instance, in the case of 2D soap froths
The simulations of both types of models lead to complexeach node is in equilibrium; it is the point of connection of
treelike branched patterns. The extremities of the branchesree films with an equal surface tension. The resulting
are free; they do not reconnect to form closed loops. In thigingles are, therefore, always 120°. In the present work we

regard the morphologies differ from the observed netlike,ngertake a similar analysis of the nodes of the leaf venation

structures that are dominated by reconnections that form thgrray With the hypotheses of Coudatral. the venation ar-
reticulum. - .

For this reason Coudezt al. proposed[15,16| that the ray should have some analogy with crack patterns in that it

venation patterns result from growth in a tensorial field, TheShould form a netlike pattern. However, there are also impor-
basis of this hypothesis is that such growth naturally proi@nt differences. For crack patterns the formation of a frac-
duces net"ke morpho'ogies_ An archetype iS the growth oiure results in a d|SrUpt|0n of the medium |ead|ng to a total
two-dimensional2D) crack patterns as in, e.g., drying mud release of the stresses. This is not the case for the proposed
or the glazes of ceramics. The origin of the formation of amechanism for the procambium formation. The stress is par-
reticulum is directly related to the tensorial nature of thetially relaxed by compression of cells. Here we do not know
stress field and can be easily explained. In a homogeneousihything about the resulting angles.

2D stretched medium the propagation of a crack relaxes one

of the components of the stress. Consequently, if another

crack comes from another region of the sample, it can still C. Comparison with the venation network

propagate in the vicinity of the first one by relaxing the sec-

ond component of the stress. This means that, ultimately, the In this paper, we established that in the venous network
second crack will collide with the firgt one at a I’ight angl(?.the angles between vein segments are surprisingly well de-
Couderet al.[15,16 performed a series of analogic experi- fined. But in contrast to crack patterns and soap foams there
ments on the patterns generated by the drying of a gel dgs hot a single characteristic angle, but a continuum. We have
posited on a glass plate. Using samples of various geomyq v that this continuum results from different configura-

etries, with various boundary conditions they recovered IrAions at the nodes. The angles are directly determined by the

their experiments the main global morphologies observed in X :
plants. In the same articles Coudsral. [15,16 suggested a radii of the segments. This fact can be expressed very simply

hypothesis about a possible role of the mechanical stresses iy the so-called force model; each segment pulls on the node
the formation of the veins. In the initial stages of its growth with a force proportional to its radius and their orientation is

a leaf is formed of two epidermal layers separated by a softedletermined by the mechanical equilibrium. This model re-
tissue; the mesophyll. It is a well known physiological fact produces appropriately the measured results. Further, as all
that high stresses exist in the leaf during the growth becausihe studied leaves show the same behavior, the relation be-
of the difference of these three layers. The two epidermis ar@veen the angles and the radii of the segments seems to be a
Under an eXtenSion stress Wh”e the mESOphy” iS Under Conl]'niversal feature in |eaf Venation_

pression. The veins are imbedded in the mesophyll and ob- The difference between the two physical networks dis-
servz_ation of their formation shoyvs that it occurs through suc+ssed above and the venation pattern can be understood in
cessive stages. A precursor first appears when some cefigimg of hierarchy and reorganization. Crack patterns are
differentiate into a specific tissue: the procambium. At f'rStdominated by right angles: this results from the nonsymmet-

this procambium is only weakly differentiated from the sur- ric interaction of a propagating fracture as it comes in the

rounding tissue and is mainly characterized by strands of. . . : : LT
elongated cells having specific cell divisions. It is only at aV|C|n|ty of a previous, frozen fracture. The interaction is lim

later stage that the procambial cells differentiate into xylem'tEd to the time immediately preceding the fractures’ colli-

o ghiocn and acqure fl vanspor popertes, Coudepr, 1€ ST patters s & it errchic g,
et al. [15,16] propose that when cells of the mesophyll are ’ 9

submitted to a stress larger than a threshold value they u gne. In contrast, in soap foams, the characteristic 120° angle

dergo specific divisions that generate the procambium is due to a nonhierarchized continuous interaction; the pat-
' tern reacts instantaneously to changes and minimizes its en-

ergy, and all the forces are identical.
Here the venation pattern is an intermediate case. The
The angles at the nodes where several fractures collideeins of different order form in a sequence so that most of
were investigated in a desiccating material by Groisman anthe nodes, like in cracks, correspond to the collision of a

B. Angles in physical networks
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younger structure with an older one. But, as in soap foams, a Although we are not stating that the forces in the model
later mutual interaction allows a reorganization. While theare actual mechanical forces, we note that our results are
veins are transported in the growth field, the growth fieldcompatible with the hypothesis of the role of a tensorial field
may not be independent of the venation pattern. Veins havim vein formation.

mechanical properties different from the surrounding tissue. Accessible for mainly two-dimensional experimental in-
They conduct water, organic, and inorganic substances angestigation, leaf venation patterns can serve as a model sys-
their physiological functions can be supposed to be differenttem for network formation in biology. Such networks, neither
Which of these properties affect the local growth, and inordered nor disordered, limited by local and global con-
which way, is not understood, but it seems evident that therstraints, but free enough to differ from one realization to
is a mutual interaction between the venation pattern an@nother, are current in the physical and biological worlds.
growth. The measured angles and their relation to the radisince there is a lack of methods for their characterization and
can, therefore, be understood by the coexistence of local ha lack of understanding of their genesis, a specific study of

erarchy and the possibility of reorganization. leaf venation is more than an aesthetic pleasure.
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