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Kinetic bottleneck to the self-organization of bidisperse hard disk monolayers formed
by random sequential adsorption
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We study the self-organization of bidisperse mixtures of hard spheres in two dimensions by simulating
random sequential adsorpti¢RSA) of tethered hard disks that undergo limited Monte Carlo surface diffusion.
The tethers place a control on the local entropy of the disks by constraining their movement within a specified
distance from their original adsorption positions. By tuning the tether length, from{therpure RSA process
to infinity (near-equilibrium conditionsthe kinetic pathway to monolayer formation can be varied. Previously
[J. J. Grayet al, Phys. Rev. Lett85, 4430(2000; Langmuirl7, 2317(2001)], we generated nonequilibrium
phase diagrams for size-monodisperse and size-polydisperse hard disks as a function of surface coverage, size
distribution, and tether length to reveal the occurrence of hexagonal close-packed, hexatic, and disordered
phases. Bidisperse hard disks potentially offer increasingly diverse phase diagrams, with the possible occur-
rence of spatially and compositionally organized superlattices. Geometric packing calculations anticipate the
formation of close-packed lattices in two dimensions for particle size ratiefRg/R, =0.53, 0.414, and
0.155. The simulations of these systems presented here, however, reveal that RSA kinetics frustrate superlattice
ordering, even for infinite tethers. The calculated jamming limits fall well below the minimum surface cover-
ages necessary for stable ordering, as determined by melting simulations.
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INTRODUCTION namely,ng, n_, ¢s, and¢, . The fact that binary solids of
large and small particles can form with various stoichiom-
Particles that experience hard sphere interactions with iretries L,,S, complicates matters significantly. In terms of
terparticle potentiadb, defined as a function of the center-to- identifying stable lattices of bidisperse hard spheres in three
center interparticle separatian and the particle radiu®  dimensions, both theoretical and experimental efforts have

where yielded significant resultg4—9]. One of the most useful ob-
servations from these studies has been the realization that
o jf r<2R, geometric packing calculations provide reasonable predic-
= 0 if r>2R, (D) tions of stableL,S, phases of hard spher8]. This result

has broad significance, as real systems with more compli-
Ocated interparticle interactions can often be mapped effec-

represent an important model for understanding fluid-solid;

phase behaviof1]. Understandably, hard spheres cannotively onto hard sphere phase diagrams, thus providing in-

give rise to gas-liquid phase coexistence, as there is no cgight into the phase behavior of more complex systems
hesive force between particles; however, hard spheres do 1H0-12. ] ) S o )
fact give rise to a first order fluid-solid phase transition in N two dimensions, the situation is qualitatively different.
three dimensiong3D) [2]. This disorder-order transition Many years ago, Peierls showed that thermal fluctuations
arises solely from the entropgicreasegained upon organiz- disrupt true long range order in 2D systeiisS]. Mermin
ing into a lattice at high packing fractions. The system losedater showed conclusively that true long range order is im-
configurational entropy, but gains significant free volume en{ossible in 2D; however, these conclusions could not be
tropy by ordering. Consider, for example, that the maximumdrawn for hard spherefl4]. Nonetheless, for all practical
packing of a face-centered-cubic lattice in 3D is 0.74 as oppurposes, translational order does occur in 2D at sufficiently
posed to~0.64 for the random close-packed structurehigh surface area coverage. The nature of the freezing tran-
[3]—one might view the ordering transition as a disorder-sition in 2D, however, remains under debate and it is still not
avoiding transition. The phase behavior for bidisperse sysknown whether the transition is first order5,16. Much of
tems of hard spheres is significantly more complex than fothe controversy stems from Kosterlitz-Thouless-Halperin-
the monodisperse system. One must consider the size ratiNelson-Young theory predictions showing that the 2D melt-
o=Rs/R, , between the largR,; and smallRg particles and ing transition is continuous and second orflef—19. Given
the number fractions or volume fractions of each sizethe substantial qualitative differences between 2D and 3D
phase behavior, it is questionable how meaningful geometric
packing calculations will be in providing insight into the

*Corresponding authors. FAX512) 471-7060. existence of stable,,S, phases. Regardless, geometric pack-
"Electronic address: rtb@che.utexas.edu ing considerations have been used to predict a variety of
*Electronic address: korgel@mail.che.utexas.edu ordered lattices and have been invoked to explain the recent
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observation of 2D ordered superlattices of bidisperse sterithe LS, array of interest. Particles diffuse on the surface
cally stabilized gold nanocrystal20,21]. between adsorption attempts according to a Monte Carlo
In real materials systembpththermodynamic and kinetic scheme that adjusts step size to obtain 50% acceptance of
effects constrain the phase behavior. For example, in the caseoves[30]. The magnitude and direction of each move are
of quasicrystals, geometric packing calculations can providselected from two uniform distributions. Moves that place
guidelines for possible structures; however, quasicrystal forthe particle outside the range of the tether or lead to particle
mation undoubtedly depends intimately on the kinetic path t@verlap are rejected. Two hundred Monte Carlo cycles are
phase formatiorf22]. In protein and colloid crystallization, completed after every successful adsorption attempt, where a
kinetics plays a fundamental role. The use of simulations taycle is defined abl successful moves, witN as the current
gain an understanding of how kinetics affect colloidal assemnumber of particles on the surface. Since most particle ad-
bly is a daunting task due to the extreme computationasorption attempts are unsuccessfl0™ 8 success rate at long
power required to witness transitions from densely packedimes, surface diffusion rates far exceed particle addition
metastable states to equilibrium structur23]. Nonetheless, rates at long times when the important phase behavior and
we recently developed an approach for studying the effect okinetics are observed.
kinetics on hard sphere phase evolution in [24,25. The Melting simulations are performed starting with a perfect
approach is a modification of the random sequential adsorg-,,,S, lattice and allowing particle diffusion to occur accord-
tion (RSA) process for building up a monolayer of particles ing to the Monte Carlo scheme used in the RSA simulations.
(or hard disks A control parameter, the tether lendthR, , Simulations were performed fdtS and LS, lattices com-
is used to tune the system from kinetically limited to near-prised of large and small discs with the appropriate size ra-
equilibrium conditions. The tethers control the local entropytios, =0.155 (S,), 0.414(LS), and 0.53 [S,), deter-
of an adsorbed particle after incorporation into the mono-mined by Likos and Henley[20]. The initial surface
layer. Adsorbed disks diffuse freely between adsorption ateoverage was decreased by increasing the interparticle spac-
tempts on the surface within the boundaries set by the tetheing.
a tether length of zero represents the pure RSA process Overlap calculations are implemented using a grid of 400
[26,27]; whereas, an infinite tether provides near-equilibriumcells to accelerate computation. By dividing the simulation
conditions. We found that hard disks order into hexagonabox into cells, only those cells that serve as a destination for
close-packed lattices with relatively short tether lengthsparticle addition or diffusion need to be investigated for par-
L/R_=4. Furthermore, the ordering transition proceeds fronticle overlap. RSA simulations were run for 3—7 days on a
the disordered phase througlhexaticphase before organiz- SGI or HP Unix workstation. Melting simulation times were
ing with long range translational order. In the range 1highly dependent on the surface coverage, i.e., low surface
<L/R_<4, the monolayer locks into the hexatic phase—coverages melted after only a few minutes of simulation time
even when the surface coverage jamming limits are greatesr less than 1000 diffusion attempts, while others remained
than those required for crystal formation at the longer tethestable after 24 h of simulation time or diffusion attempts of
lengths—and tethers less than one particle radius frustratée order of 16.
organization altogether. Therefore, we naturally considered if

bidisperse hard disks with the appropriatefor ordered RESULTS
LS, lattice formation determined by geometric packing cal-
culations(c=0.53 (LS,), 0.414(LS), and 0.155(S;,) [20]) Ordered L,,S, structures were not observed for RSA

would organize during the tethered RSA process. We wersimulations regardless of the size rasi@r the length of the
particularly curious, given the absence of any simulded  tetherL/R, . It was essentially impossible to maintain a con-
ther using computer or experimental models,S, phases of ~ stant rations/n,. on the surfacgand therefore, to hit the
hard spheres in 2D in the literatuj28,29. targetng/n, ) during the course of the RSA simulations when
Ns bui/NL buik Was fixed, as the small particles always enrich
the surface at long timesefer to Figs. 1 and)2 The kinetic
EXPERIMENT data from selected simulations are shown in Fig. 3. The ki-

The tethered RSA simulations are performed as describeidetic data can be replotted in power law fofgeneralizing
in Refs.[24] and[25]. Hard disks are adsorbed to the surfacethe form observed first by Fedg26] and derived by Swend-
following the standard RSA procedure of attaching particlesse€n[27]):
to random anchor locations in a periodically replicated
square and rejecting overlapping particle placements. The
system is 5&50(R,)?, whereR, is the radius of the largest
adsorbing particles. Particle adsorption follows one of two
routes. In the first, the ratio of the bulk number fractionswhered is the fractional areal coverage on the surface and
(Ns,pu/NL pui) is maintained, allowing the fraction of small is the number of adsorption attempts normalized by the area
ns and largen, particles on the surface to vary with time. In of the simulation cellA, and the disk area, to obtain the
the second, the ratio of the surface number fractiongrf,)  jamming limit coverage$.., and the two kinetic parameters,
is maintained. This is accomplished by choosing a particler andB. Table | shows.., «, andp, fit to the kinetic data at
for adsorption such that its successful attachment to the suleng times using the Levenberg-Marquardt algorithm. For
face will on average satisfy the number fraction required bysimulations with the bulk number fraction held constant at

va\
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FIG. 1. Tethered RSA simulationga) 967 total particles;d
=0.74, 0=0.53, ngpyk/NL pu=0.04 (maintained number frac-
tion), ng/n =1.2, L/R_ =5. (b) 1012 total particlesp=0.66, o
=0.53, Ns pui/NL puk= 2, Ns/n_ =2 (maintained number fraction
L/IR =.

Ns,bui/ N pu=1/25 (L/R_=5), at two different size ratios
Rs/R, =0.53 andRg/R, =0.414, 6,,=0.91 andf.,=0.94,
respectively. Note that foor=0.53 and 0.414, the coverages
at maximum packing are 0.914 and 0.920, respectively,
within the experimental error fof,,. The coverage at maxi-
mum packing foro=0.155 is 0.95. The kinetic exponegt
was found to be 0.11 and 0.12, much lower th@# 0.5,
characteristic of the standard RSA model. It has been pro-
posed thatB is related to the degrees of freedody,of the
system 3~1/d) [27,31, implying that the tethers and the
disk size distribution increase the effective dimensionality of
the system. Values @& are similar to those reported in Refs.
[24] and[25] for equivalent values dof /R, , 0.1<3<0.2.8
appears to be a weak function 0§ /N pyk, While de-
pending sensitively on the polydispersity and tether length.
Values for« were determined to be 0.51 and 0.58, slightly
higher than the 0.4 determined previously for systems with
similar L/R, [24,25. The jamming limit coverages are
higher for the bidisperse disks studied here than those stud-
ied with Gaussian size distributions in REZ5]. The greater
size difference between large and small particles in the bid-
isperse distributions provides more free space among the
large particles for small particle adsorption to occur, which
leads to highe®,. .

In order to reach targeted values w§/n, required for
LS, ordering, tethered RSA simulations were also per-
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FIG. 3. Kinetic results(a) Coverage versus timerg ya/A)
and (b) coverage vs scaled timer(#) for various tether lengths,
size ratios, and surface and bulk concentratigids) o=0.155,
ng/n =2, L/IR =x; (V) 0=0.414,ng/n =1, LIR =; (H) o
20.414,n5/n|_:1, L/RL:5, (O) (T:0.414,nsybu|k/n|_’bu|k:0.o4,

L/RL:5, (<>) 0'2053, ns/nL:2, L/RL:OO, (\:‘) 0':053,
Ns pul/ N pu=0.04, L/R_ =5. The lines in(b) correspond to fits
from Eq. (2).

formed with fixedng/n, . Ordering of the bidisperse par-

ticles still did not occur, even at infinite tether length. Figures
FIG. 2. Tethered RSA simulationéa) 911 total particles;y  1(b), 2(a), 2(b), and 4 show representative images of the
=0.67,0=0.414,ng pui/N_pui=1, Ns/n_ =1 (maintained number random close-packed structures obtained in these simulations
fraction), L/R, =. (b) 931 total particles;#=0.68, 0=0.414, for various size ratios. Wheng/n_ is held constant, the
Ns buk/NL pu= 1. Ns/N =1 (maintained number fraction L/R, kinetics of monolayer formation are significantly different
=5. (c) 1376 total particles;f=0.75, 0=0.414, ngpu/N pux  Trom those whems p /N puik iS held constantsee Fig. 3.
=0.04 (maintained number fractionng/n, =2.2,L/R, =5. For example,d., varied between 0.71 and 0.73 for various
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TABLE I. Kinetic parameters determined using Ef8) from the data shown in Fig. 3.

Rs/Ry ns/ng L/R. 0. a B

0.155 2 © 0.73+0.01 0.42:0.001 0.14-0.01
0.53 0.04 5 0.91+0.06 0.510.03 0.110.03
0.53 2 ®© 0.72£0.01 0.40-0.001 0.16:0.01
0.414 0.024 5 0.94+0.04 0.58£0.01 0.12£0.03
0.414 1 5 0.720.01 0.39:0.01 0.19:0.02
0.414 1 e 0.72+0.03 0.370.01 0.18£0.05

#These are values ofs b /N puik-

conditions—e=0.155, 0.414, and 0.53%)s/n =2 and 1; orderedLS, array. This is well above the jamming limit
andL/R_ =5 andw«. This is a considerable decrease com-coverage of..,=0.73. Figure 5 shows the melting of &1,
pared to the situation where only the bulk concentration wasrray with o=0.155. Foro=0.414, the surface concentra-
specified @..>0.90). By specifying the number fraction of tion necessary for ordering into &% lattice was found to be
small and large disks on the surface, large particles arbetween 0.78 and 0.8%ee Figs. 6 and)7This, too, is well
forced onto the surface with great difficulty at long tim@s. above#,,=0.72. Foro=0.53, the surface concentration for
is slightly higher for the controlled surface concentrationordering into anLS, array was found to fall between 0.78
case, 0.14 3<0.19 compared to 0.K18<0.12. Therefore, and 0.82(see Figs. 8 and)9well aboved.,=0.72. For every
it would appear that the number of degrees of freedom in theize ratio studiedg.. fell far below the values of) required
system effectively decreases when the surface concentratidor mechanical stability. With controlledg/n, , the neces-
is held constant. All th¢ values are lower than the classical sary surface coverage for mechanically stab&and LS,
RSA value of 0.5« values of~0.4 are consistent with those arrays cannot be reached. When the ratio of large and small
determined previously in monodisperse and polydisperséisks is controlled only in the bulk, higher jamming limits
systems with similar tether lengti24,25. For monodis- are achieved, but at the expense of small particle enrichment
perse disks with./R, similar to those used in this study, the on the surface due to the kinetically preferential adsorption
liquid to hexatic transition takes place @t=0.70, and a of the small disks at long times. Hence, the surface concen-
hexatic to crystal transition takes place &t 0.74. When tration does not favoLS andLS, formation.
only ns puk/NL puik is held constanty>0.74 at the end of the OrderedL .S, lattices of bidisperse disks in 2D cannot be
simulation, however, the monolayer clearly does not exhibiteached by a tethered RSA process. This result does not nec-
crystalline order[see Figs. (8 and Zc), #=0.742 and essarily indicate that the,,S,, phases are not thegjuilibrium
0.745. When the surface concentrationy/n, is fixed, § phases at high packing fraction. Certainly, the melting simu-
falls well below that necessary for a liquid to hexatic transi-lations revealed that the bidisperse lattices appear to be
tion, with 6=0.661, 0.670, and 0.68%ee Figs. (), 2(a), stable for a small range of dense packing fractions, and per-
and 2b)]. haps a different path to monolayer formation exists that
Melting simulations(or simulations of mechanical stabil- would allow dense packing fractions with both spatial and
ity) were performed to determine the lower boundsédior ~ compositional order to be reached. However, it is clear from
stableLS andLS, lattice formation. Foroc=0.155, melting the simulations here that entropy plays a particularly disrup-
simulations showed thai>0.9 is necessary to maintain an tive role during the organization of bidisperse disks in 2D. In
the bidisperse case, greater configurational entropy is ex-

PO S o pected than in the monodisperse case because there are two
% different types of particles that require not only spatial order,
2% < but alsocompositionalorder. Given that geometric packing
San st (a) (b) (c)

Al ) b g X -‘ OO O L X Y

‘ O

@!
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FIG. 4. Tethered RSA simulations. 1501 total particles; FIG. 5. Mechanical stability of ah S, lattice with 0=0.155
=0.66,0=0.155,ng /N puk= 2, Ns/N =2 (maintained number and §=0.79 after(a) zero,(b) 10000, andc) 1 000 000 diffusion
fraction), andL/R_ =c. Note that the smaller disks are displayed cycles. Note that the smaller disks are displayed magnified for
magnified for easier viewing. easier viewing.
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FIG. 6. Mechanical stability of ahS lattice with c=0.414 and
6=0.78 after(a) zero,(b) 500 000,(c) 1 000 000, andd) 1 500 000
diffusion cycles.

calculations essentially rely dinee volumeentropy and ig-
noreconfigurationalentropy contributions to the free energy,
it is not clear how applicable these calculations are toward

determining thermodynamically stable phases in 2D. Despite |

the uncertain possibility of thermodynamically stalhlgS,

FIG. 8. Mechanical stability of ahS, lattice with c=0.53 and
0#=0.82 after(a) zero and(b) 1 000 000 diffusion cycles.

The tethered RSA simulations presented here indicate that
the bidisperse lattices of hard disks may not bettiermo-
dynamicallystable phases in 2D at high packing fractions. It
is worthwhile to keep in mind that monodisperse digR4],
and polydisperse disks with a limited size distributi@%],
readily organize into lattices during the tethered RSA pro-
cess, and so one must cautiously approach the use of geo-
metric packing calculations for determining stable.S,
phases in 2D. In two dimensions, the system entropy plays
an important role in particle organization that is qualitatively
different than 3D systems. Clearly, the experimental results
of Kiely and coworkers [21] demonstrate that two-
dimensional ordering of bidisperse sterically stabilized
nanocrystals occurs. The hard disk potential is not expected

s (a)

)19/010/09:0:010/0:0:0:0:9:010:9:0:0.:0:¢
) 910010:00:000:0:0:0:0:0:0:0:0:0:0:04
)19.010:0010:0:010:0:10:010:0:0108:0:0:¢

phases of hard disks in 2D at high density, the bidisperse disk

) 01900:0:019:0.09:0:0:0:0:0:0:8.0:0:0:0X

monolayers clearly do not attain sufficiently high packing |

fractions with the appropriate ratio of large and small disks |

on the surface for order to occur. The RSA process does not |

provide kinetic access to the very high-density phases of bid- L

isperse disks in 2D required for mechanical stability of the

LS, lattices, and the observed structures represent kineti- |

cally “locked” phases as a result of the “kinetic bottleneck”
to ordering.

(a) (b)

290960 208080800

FIG. 7. Mechanical stability of ahS lattice with 0=0.414 and
6#=0.81 after(a) zero and(b) 1 250 000 diffusion cycles.

FIG. 9. Comparison of the mechanical stability of t8, lat-
tices with different starting surface coverage, with-0.53 andé
=0.74 after(a) zero and(b) 30 000 diffusion cycles; and=0.78
after (c) zero and(d) 4 500 000 diffusion cycles.
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to be far from the actual interparticle potential for sterically systems, as well as to determine the ordered phases worth
stabilized nanocrystalf32]. As of now, however, we can targeting experimentally.

only speculate that either the nature of the interparticle po-

tential is significantly different from that of hard spheres, or ACKNOWLEDGMENTS
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